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THE TANAKA{WEBSTER CONNECTION FOR ALMOST
S-MANIF OLDS AND CAR TAN GEOMETR Y

ANTONIO LOTT A AND ANNA MARIA PASTORE

Abstra ct. We prove that a CR-integrable almost S-manifold admits a ca-
nonical linear connection, which is a natural generalization of the Tanaka{
Webster connection of a pseudo-hermitian structure on a strongly pseudo-
convex CR manifold of hypersurface type. Hence a CR-integrable almost
S-structure on a manifold is canonically interpreted as a reductive Cartan
geometry, which is torsion free if and only if the almost S-structure is normal.
Contrary to the CR-codimension one case, we exhibit examples of non nor-
mal almost S-manifolds with higher CR-codimension, whose Tanaka{W ebster
curvature vanishes.

1. Intr oduction

In [3] D. E. Blair initiated the study of the di erential geometry of manifolds
carrying an U(k) O(s)-structure. These are exactly the manifolds M which
admit an f -structure, i.e. atensor eld ' of type (1;1) with constart rank 2k, and
such that ' 2+ ' = 0. This kind of structure was investigated rst by K. Yanoin
[15]. An f {structure provides a splitting of the tangent bundle

™™ = Ker(") Im(")

and the restriction J of ' to D = Im(" ) is a partial complex structure, that is
J2 = Id. HenceM is an almost CR manifold having CR-dimension k and CR-
codimensions = n 2k, wheren = dimg M. Actually, anf -structure is equivalert
to an almost CR structure (D;J) together with the choice of a complemernary
subbundleto D in TM. Here we restrain our attention to the casewhere the
subbundle Ker(" ) is trivial, i.e. the structure group can be further reduced to
U(k) Is. In this caseM is called an f -manifold with parallelizable kernel (f pk
manifold). From the CR point of view, this is equivalent to the trivialit y of the
annihilator D°M of the analytic tangent bundle D, which is the subbundle of the
cotangert bundle T M whose b erisDM =f 2T,Mj (X)= 08X 2 Dyg.
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Notice that D°M is automatically trivial for any orientable almost CR manifold
of hypersurfacetype (s = 1); in this case,atrivialization of D°M is usually called
a pseudohermitianstructure and (M ; D; J; ) is called a pseudohermitianmanifold.

A metric f pk manifold isanf pk manifold endoved with a Riemannian metric
g suc that

X3

1) g(X;Y) =g('xX ;'Y )+ H(X) (YY)
i=1

-symmetric with respect to g.

In [4] an almost S-manifold is de ned asa metric f pk manifold suc that
2 d'= i=1:::s
where is the fundamertal 2-form of the f pk structure, de ned as usual by
( X5Y)=9(X;'Y ).

This notion is a natural generalizationof the conceptof contact metric structure,
which correspondsto the cases = 1 (cf. [2]).

It is known that an orientable almost CR manifold (M;D;J) of hypersurface
type is an almost S-manifold with underlying almost CR structure (D;J) if and
only if i) J is partially integrable, i.e. [X;Y] [JX;JY] 2 D for all sections
X;Y of D, and ii) a pseudohermitian structure  can be chosenwith positive
de nite Levi form L . Recallthat L isdened by L (X;Y)=d (IJX;Y) for all
X;Y 2 D. When thesetwo conditions are satis ed, a pseudohermitian structure

asin ii) uniquely determines an f -structure ' extending J and a compatible
metric g satisfying the above conditions (1) and (2) with ' = . If moreover i)
is replaced by CR-integrability, (M;D;J) is called a strongly pseudaorvex CR
manifold (seee.g. [11]).

The strongly pseudaorvex CR manifolds have been investigated by seweral
authors, and one of their fundamertal properties is the existence of a unique

linear connection r~ such that the tensors'; ;g are all r-parallel and whose
torsion satis es

3 T(X;Y)=2( X;Y) forall X;Y 2 D;

4) T(;X )= "T(;X) forall X 2X(M):

Here is the dual vector eld of with respectto the metric g.

This connectionwasintroduced rst by N. Tanaka in [10], and independerily by
Websterin [14]. Weremark that r~ actually dependsnot only on the CR structure
but also on the choice of the pseudohermitian structure

In this paper we provide a geometrical characterization of condition (2), shaw-
ing that a metric f pk manifold admits a connection r~ having the sameformal
properties as (3)-(4) (cf. (6){(7) in sec. 2), with the additional requiremert that
T vanisheson Ker(" ), if and only if (2) holds and the almost CR structure (D;J)
is integrable. This connection is uniquely determined and hence we call it the
Tanaka{W ebster connection of a CR-integrable almost S-manifold.
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This result is also interpreted from the point of view of Cartan's method of
equivalence,shawing that the datum of a CR-integrable almost S-structure on a
manifold admits a canonical interpretation as a reductive Cartan geometry (cf.
[9D).

We alsoobtain that, asa Cartan geometry, a CR-integrable almost S-structure
is torsion free if and only if the tensor eld

N=[;"]+2d’ |
vanishes,where[’; ' ]is the Nijenhuis torsion of ' , while f ;g is the g-orthonormal
frame of Ker(' ) dual of f g. This is the normality condition consideredby Blair
in [3], where an almost S-manifold satisfying N = 0 is called an S-manifold.
Finally, we exhibit examplesof r'-at non normal almost S-manifolds with
CR codimensions > 1. This is interesting sinceit is easily seenthat a strongly

pseudaornvex CR manifold of hypersurfacetype with vanishing Tanaka{W ebster
curvature is necessarilynormal.

Ac knowledgemen t. The authors are grateful to the refereefor valuable sugges
tions and remarks, especially asregardsthe examplesin the last section.

2. The Tanaka{Webster  connection of a CR-integrable  almost
S-manif old

Let M 2¢*S be a metric f pk manifold with structure (; ;; ':g).
Let r bethe Levi{Civita connectionof g. Denote by Q the tensor eld of type
(1;2) on M de ned by

(5) QX;Y) = (rx" )Y+ (X5 ) g(hjX;Y)
(Y) 2X + J(Y)h X :

Here and in thg foIIowmg the ﬁum symbol for repeated indices is omitted. In this
formula = = 7 : -, i, While h; is the operator h; = ZL .
denotesthe fundamertal 2- form dened by ( X;Y) = g(X;'Y ).

For basic properties of almost S-manifolds, we refer the readerto [4]. In par-

ticular, we have the following:

Prop osition 2.1 ([4]). Assumethat M is an almost S-manifold. Then:
1) Each h; is a self-adjoint operator anti-commuting with ' .
2) Each h; vanisheson Ker(' ) and takesvaluesin D.

3) For eachi;j = 1;:::;s we have
r.' =0r ,;=0;
rxi= "(X) 'hi(X):

4) M is CR-integrable, that is the partial complexstructure J induced by ' on
= Im(" ) is formally integrable,if and only if Q 0.

In this section we prove the following geometric characterization of the CR-
-integrable almost S-manifolds:
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Theorem 2.2. LetM beametric f pk-manifold with structure (; i; ':g). Then
M is a CR{inte grablealmost S-manifold if and only if it admits a linear connection
r~ with the following properties:

2) The torsion T of r~ satis es:

(6) T(X;Y)=2(X;Y) forall X;Y2D;

(7 T(;'X )= "T(i;X) forall X2X(M); i2f1:::;s0;
(8) T(i; j)=0; i;j2f1:::;80:

Sucha linear connection r~ is uniquely determined.

Notice that in the cases = 1, condition (8) is vacuous,and a CR-integrable
almost S-manifold is a strictly pseudacorvex CR manifold of hypersurfacetype (cf.
e.g.[11]], [13]); hencer™ coincideswith the Tanaka{W ebster connection (cf. [10],
[13], [11]). For this reason,we shall adopt the name Tanaka{W ebster connection
to referto r~ alsoin the higher CR-codimension case.

We remark that the factor 2 in (6) appearssincewe follow the cornvertion of [5]
for the exterior derivative (the sameconvertion is adopted in Blair's book [2]).

To prove Theorem 2.2 we start by de ning a tensor eld H of type (1;2),
H:X(M) X(M)! X(M), suc that

HOGY) = (X5Y) + (Y) (X)+ (X) (Y)
+ (hXY)j+ T(Y)yh (X):
Lemma 2.3. For all X;Y;Z 2 X(M) we have:
9) gH(X;Y);Z)+ g(H(X;Z);Y) = 0;
moreover, if M is an almost S-manifold:
(10) HXY) HYGX)=2(XY) + 1(Y)h(X)  T(X)h(Y)
Pro of. Notice that for all X;Y;Z 2 X(M) we have
gHX;Y)Z) = ( X5Y) (2)+ (Z;X) (Y)+ (Z;Y) (X)
+ (i X5Y) 1(2)+ (Z:hiX) (Y);
interchanging Y and Z in this formula we get
gHX;2);Y) = ( X;2) (Y)+ (Y:X) (2)+ (Y;Z) (X)
+ (hX;2) 1Y)+ (YihjX) 1(2);

and (9) follows. To prove (10), it su ces to obsene that, assumingthat M is an
almost S manifold, then the operators h; are self{adjoint and they anti-commute
with ' ; this yields

(hX;Y)= (hY;X)
for all X;Y 2 X (M), and this implies (10). O
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Lemma 2.4. Assumethat M admits a linear connection r~ satisfying properties
1), 2) stated in Theorem 2.2. Then we have:

)rri=0 i2f1;:::;sg;
i) rzX2D forall X2DandZ 2 X(M);
i) [;D] D;

(1) TGO= hi) = ZNOG ):
Pro of. i) Sincer™ is metric, we get, for all X;Y 2 X(M):
9(Fx i:Y)=X g(i;Y) 9(i;rxY)
=X (Y) (rxY)=(rx ')Y)=o:
if) This is clear since
(rzX)=2z '(X) (rz )X =0;

iii) Expanding formula (7), and using i), we have

FX [ X=X+ X
using ' = 0, this equation can be rewritten as follows:
(12) 2 (r X)=[uX I+ [i;X]:

Notice that this formula implies that for all X 2 X(M), we have [ i;'X ]2 D,
thus proving iii). Now, assumethat X 2 D; applying ' to both sidesof (12), we
get
2 X ="[iX T [i:X]
which implies
1
13) TCiX)= St [aX 1+ [iX]g:
On the other hand, by de nition
1
hi(X) = éf[ X1 [ X]g
sothat
1
hi(X) = il [ X T+ [i;X]g:
This provesthe equality
T(i;X)= 'hi(X)
for X 2 D. Sinceby hypothesisT( i; ;) = 0, in forceofi) wealsohave[ i; ;]= 0,

and this givesh;( j) = 0. Hencewe concludethat the above equality is actually
valid for all X 2 X(M). The lemma s proved. O

Pro of of Theorem 2.2. De ne alinear connectionr™ on M by
(14) r=r +H
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wherer is the Levi{Civita connectionrelativeto g. We have
(Fx")Y =(r x" )Y+ HX;'Y ) 'H (X5Y)
= (rx" )Y+ (XY ) +g(h X 2Y)
(V) 2X J(Y) *hiX
= QY)Y+ K K(yX) (X))

Notice that when M is an almost S-manifold, accordingto Prop. 2.1, sincethe
operators h; take valuesin D, the above formula simpli es to

(15) rr =Q:
Now, assumethat M is a CR-integrable almost S-manifold. Then Q = 0, and
(15) yields r* = 0. Moreover, sincer g = 0, it is an immediate consequenceof
(9) that rrg = 0: Using the formula (Prop. 2.1)
rxi= "(X) 'hi(X);
we also get
(rx DY =Xg(Y; i) '(rxY)

ar xY; D+ aYirx i) (rxY)  (HX:Y))
g(Y;'’X ) a(Y;'hiX) g(H(X;Y); i) = 0:

Finally, notice that

TXY) = HOXGY)  HYX);
by virtue of (10), taking into accourt that ead h; vanisheson Ker(' ), this implies
that T has properties (6){(8). We have thus proved the existence of a linear
connection having the properties stated in the theorem, under the assumption
that M is a CR-integrable almost S-manifold. To showv the cornverse, we rst
prove that the equations

(16) d'(X;Y)= (X;Y) i2f1:::;sg
hold asa consequencef the existenceof r~. Indeed,if X;Y 2 D, from (6) we have

FxY ryX [X;Y]=2(X;Y) ;
which gives

grxYi i) 9rvX; i) (X YD = 2(X;Y):

Obsene that, since ™ is metric and ; is parallel with respect to r~, we have
9(rxY; i) =9(ryX; i) = 0. Hence '([X;Y]) = 2( X;Y) andthis shonsthat
(16) holds for X;Y 2 D. Usingiii) in the above lemma, we alsogetd '( ;X) =
0= ( «;X) for X 2 D and since[ «; j] = O (seethe proof of iv) in the same
lemma), we alsohaved '( «; j) = 0= ( «; j): Thesefacts imply (16), that is

M is an almost S-manifold. To concludethe proof of the theorem, we make the
following

Claim : Let r be a linear connection satisfying conditions 1) and 2) in Theorem
2.2; then r~ is given by formula (14).



TANAKA{WEBSTER CONNECTION  OF ALMOST S-MANIF OLDS 53

Clearly, this implies the uniqguenessassertionabout r~: Moreover, sinceM is an
almost S-manifold, using (15) again, we get Q = 0, that is M is CR{in tegrable.
To provethe claim, setr %:= r~ H; thenr %is alinear connection. We just have
to verify that r ©is metric and without torsion. Sincer™ is metric, we obtain

Xg(Y:Z) = o(r X Y:Z) + o(Yir X Z)+ g(H(Z;X);Y) + g(Y:H(X:2))

for all X;Y;Z 2 X (M), and in force of (9) this implies that r °is metric. Clearly,
the condition that r © be torsionlessis equivalert to

T(X;Y) = H(X;Y) H(Y;X);

taking into accourt (10), the validity of this equation is an immediate consequence
of the formulas

TXY)=2(X3Y)  T(i:Z2)= 'hi(Z); X;Y2D; Z2X(M)

which hold by assumptionon r~ and by virtue of Lemma 2.4. This completesthe
proof of Theorem 2.2. O

Corollary 2.5. LetM be a CR-integrable almost S-manifold with Tanaka{Webs-
ter connection r~. Then M is normal, i.e. the tensor N = [; ']+ 2d ' i
vanishes,if and only if

T(i;X)=0; forall X 2D;i2f1:::;s9:
We end this section with a remark on the relationship between Theorem 2.2
and a result of R. Mizner [8]. Let M be an almost S-manifold with structure
(; i; ";g). Denote by TMC the complexi ed tangernt bundle of M, and let H

be the complexversion of the almost CR structure (D;J), namely the distribution
H TMFC dened by

Hp=fZ2D§jJZ=izg=fX iIX|X 2Dpg:

It is easily veri ed that the almost CR structure under consideration is partially
integrable, namely [H;H] H H. Moreover the 1-formsf *;:::; Sg make up
an annhilating frame, i.e. a globally de ned frame for the annihilator D°M of D.
In the terminology of Mizner ([8], p. 1341), such a frame is nondegenearte of type

I L, is a nondegeneratehermitian form on Hp, where
Lp:Hp Hp! TME=HT
is the Levi form (cf. e.g.[8], p. 1340). We recall that L, is de ned by
Lo(Zp;Wp) =i [Z; W] Zp;Wp 2 Hp

whereZ and W are arbitrary extensionsof the tangent vectorsZ,; W, to sections
of H. In the presern situation, if Z2 H,, Z = X iJ X, with X 2 D,, we have

(1 Lp)(Zp)=i1(Z;2)y)= 2id)(Z;2)
2i(2;2)= 2ig(Z;32)
29(Z;Z2) = 49(X;X)



54 A. LOTT A, A. M. PASTORE

sothat | L, is negative de nite. The main result in [8] statesthat a globally de-
ned nondegenerateannhilating frame for a partially integrable almost CR struc-
ture canonically determinesan ane connectionr % This connectionis uniquely
determined by the following requiremerts. Consider the decomposition of TM ©

TMC¢ =E, E, Ej Ecio

whose torsion is the skew-symmetric bilinear map : TM¢ TMC¢ 1 TMC
de ned asfollows:
1X?
=5 il i ils
20
where ; : TM € | E; denotesthe natural projection, and [ ;; ;] is the Nijenhuis
Ej :
X
(Zi;Z5) = [Zi;Z; 1k
K6 iij

where [Zi;Z;]k = «[Zi;Zj]. Then Mizner's connectionr ©is the unique a ne
connectionon M whose C-linear extensionto TM € sati es the following condi-
tions:

1. r %is a parallelizing connection for E;

2.T) = forall distinct i;j 2 f1;:::;s+ 2g;

3.r°% =0 foralli2fl;:::;sg

4.1r9% 123=0 forany X 2 H:

Here TCis the torsion of r % and we have adopted the following convertion: for
amapF :TM¢ TMC1 TMC andforalli;j; k2fl:::;s+ 2g,

Fi :Ei Ej! TM®; Fjx:E E;! Ex

denote the maps obtained from F in the obvious way.

Theorem 2.6. Let M be an almost S-manifold with structure (; i; ';g), and
let r © be its Mizner's connection according to the alove discussion. Then the
following conditions are equivalent:

(@) M is CR-integrable;
(b) TYZ;W)=0for all Z;W 2 H.

When (a) or (b) holds,r ° coincides with the Tanaka{Webster connection r~ of
M according to Theorem 2.2.
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Pro of. To prove (b)) (a), it suces to usethe following relation which holds as
a consequencef the conditions de ning r ° (for a proof see[8], p. 1353):

TY = foralldistinct i;j 2 f1;:::;s+ 2g:
1 we get 135(Z;W) = 0, for all
0 for all j 2. This provesthat

Assuming (b), applying this relation for i
sectionsZ; W of H, which means[Z;W];
[H;H] H,i.e. M is CR-integrable.

In order to prove that (a)) (b), it suces to show that if M is CR-integrable,
then the Tanaka{W ebster connection r~ coincideswith r °. After this, (b) follows
from

a7 TX;Y)=2(X;Y) ; X;Y2 D:
Indeed, if X;Y 2 D, then
T(X IX;Y JY)
=20 (X5Y) (XY ) i (XY) (X 5'Y)g =0

and this yields T(Z;W) = 0 for all Z;W 2 H. Hencewe verify that r~ = r ©
showing that r~ satis es the above conditions 1:  4: It is clear that, since' and
the ; areall r-parallel, then r~ parallelizesE, and morever I~ satis es condition 3.
To prove 2, we consider rst the casewherei = 1andj = 2. LetZ = X iJX and

W =Y + iJ Y be arbitrary sectionsof H and H respectively, where X;Y 2 D.
Then, using (13):

T]_z(Z;W)

A (X5Y)+i (XY ) (X)) + (XY )g
a ( X;Y) i ('X;Y)g

On the other hand,

x5
[Z;W]k = X YD)

12(Z; W) =
k61 ;2 t=1
H X t H X t X t
+i XY Do X 5Y] o+ XY D
t=1 t=1 t=1
= 2(X;Y) 20(X;'Y) +2('X YY) 2(X:;'Y)
and this implies T12 =  12. Next we treat the casewherei = 1andj > 2. Using

(16), settingt = j 2, we have
Ty (Z; ) = Ty(X5 o) iTy(X 5 o)
= 2P TX 14 LoXIg of [aXT+[0X Io
= SHLGXT+ i [aXlg SfLaX 1+ 7 10X g
[6X] [oX 2=[62Z]:
Now, since[ ;D] D, wehave[Z; ]2 (H H), hence
4§ (Z; 1) = [Z; il
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sothat Ty = 1j. The verication of 2. wheni = 2andj > 2 is similar. For
the casewheni;j 3, obsene that both sidesof 2. vanish. This completesthe
veri cation of 2. As to property 4, it is a consequenceof rrg= 0Oand ™ ; = 0,
since

123(Z;W) = [Z;Wls = Y([Z;W]) 1
= 2(Z;W) 1=29(Z;W) 1:
We concludethat r~ = r %and this completesthe proof. O

We remark that our approac in the determination of the Tanaka{W ebster
connection of an almost S-manifold provides an explicit formula for r~ involving
the Levi-Civita connection of the metric g (cf. (14)).

3. CR-integrable  almost S-str uctures as Car tan geometries

As an application of Theorem 2.2, in this sectionwe give a canonicalinterpreta-
tion of the notion of CR{in tegrable almost S-structure on a manifold asa Cartan
geometrywith an appropriate reductive model Klein geometry. About this notion,
we shall follow the terminology and notations in R. Sharpe's book [9], Chap. 5.

Consider the real vector space
vi=R%* R°S=D D’

wherek 1,s 1. Wedenoteby fx1;:::;Xo;€1;:::;€s0 the standard basisand
by g, the standard inner product on V. Moreover, let J : D! D be the complex
structure assaiated to the matrix

0 I«
Ik O
with respect to the basisfxi;:::;xokgof D. Letf : V! V bethe endomorphism
de ned by
Jz if z2D
0 if z2D?°
P
We alsoset e := f:l g 2 D? and we denoteby , the 2-form on V sud that

o(X;Y) == Go(X; fy)

f(2) =

for all x;y 2 V.

Now let M be a smooth manifold of dimensionn = 2k + s; we denoteby L (M)
the bundle of framesof M ; we think of L(M ) asthe GL (V)-principal bre bundle
over M consisting of all linear isomorphismsu: V! TyM, x 2 M. The following
proposition is standard:

Prop osition 3.1. Thereis a natural bijective correspndene betwesn metric f pk
structures = (; i; ';g) of rank 2k and U(k) Is-reductions Q of the bunde
L(M). A frameu 2 Ly(M) belongsto Q if and only if

"x u=u f; u(k)=0; ue)= i(x):
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Moreover, a linear connection on M, with covariant di er entiation r , is reducible
to Q if and only if

r-=rg=r ;=0:

Next we introduce a Lie algebra structure on the vector space
(18) g=ulk) V
as follows. We set
Xyli= 2 o(x;y)e; [A;x] = A x=1 [x;A]; [A;B]:= AB BA

forall x;y 2 V and A; B 2 u(k); here A x denotesthe natural action of u(k) on
V. We remark that the validity of the Jacobiidentity for [; ] is basedon the fact
that each A 2 u(k) acts as a skew-symmetric endomorphismof V with respect to
0o, COMmuting with f.

The adjoint represeration of U(k) |s on its Lie algebra u(k) extendsto a
represenation, still denotedby Ad : U(k) Is! Aut(g) sud that

Ad(h)(x) = h x; Ad(h)(A)=hAh ' forall x2V;A 2 uk):

Hencethe Klein pair (g;u(k)) is a model geometry with group H = U(k) I
GL (V) accordingto R. Sharpe's de nition in [9], page174. Notice that the repre-
sentation Ad and the induced represertation Ady of H on V are faithful, sothat
the modelis e ective and of rst{or der. Moreover, the decompositiong= u(k) V
is areductive one,namelyV is an Ad(H )-submodule of g: This property implies the
following characterization of Cartan connectionswith model (g; u(k)) and group
H (seee.qg. [1] or [9], Appendix A):

Prop osition 3.2. Up to gaugeequivalen@, every Cartan geometry on M modeled
on (g;u(k)) with group H is given by (Q;!) wher Q is an H-reduction of the
bundeL(M),and! = + ,where :TQ! u(k) is a principal connection form
on Q, while :TQ! V is the canonical form given by

w(Y)=u 1 Y); :Q! M natural projection
for eachframeu2 Q andY 2 T,Q.

We recall that two Cartan geometries(P;!) and (Q;! 9 on a manifold M,
having the same Klein model, are called gauge equivalent it there is a bundle
isomorphism : P! Q covering the identity iy, sud that %=1,

In order to get a canonicalinterpretation of CR-integrable almost S-structures
as Cartan geometries,we needto restrain our attention to a special classof the
latter, which we shall call normal Cartan geometries. Their characterization is
done by meansof the corresponding curvature function. We recall that the cur-
vature form  of a Cartan geometry (P;! ) modeled on (g; u(k)) is the g-valued
2-form on P, suc that

(X3¥) = di (X;Y) + 5[ 00t (V)]
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Denoteby C2?(V; g) the real vector spaceof alternating bilinear maps :V V! g.
This is an H{module under the left action

h  (;):=Ad(h) Ady(h );Ady(h 1)
The curvature function of (P;!) is the smooth map K : P! C2(V;g) de ned by
Ku)(X;Y):= o X1 ty)y:

A Cartan geometry is called torsion free if Ky = 0, whereKy (u) = pry, K (u).
Now consider the subspace M of C2(V;g) consisting of the bilinear maps
V. V! gsud that

vix;y) = vi(e;g)=0; v(e;fx)= f v(e;x)
for all x;y 2 D.
Remark 3.3. M is an H{submadule of C2(V;qg).

This is an immediate consequenceof the fact that the decomposition V =
Ck RS is H-invariant and that H acts by complex linear maps on CK.

According to this remark, we de ne an M -normal Cartan geometry on M,
modeled on (g; u(k)) with group H, to be one which is of curvature type M , i.e.
K(P) M : This is in accordancewith the general prescription in [9], page 201.
Notice that normality is presened under gaugeequivalence.

Now we can state the main result of this section.

Theorem 3.4. Let M be a real manifold of dimension 2k + s. There is a natural
bijection between the set of CR{inte grable almost S{structur es of rank 2k on M
and the setof M -normal Cartan geometrieson M modeled on (g; u(k)), with group
H = U(k) s, modulo gaugeequivalen®@. Moreover, the S-structures correspnd
to the torsion free Cartan geometries.

Before starting the proof, we make the following remark:

Lemma 3.5. Maintaining the notation in Proposition 3.2, let Q be an H -reduc-
tion of L(M), andlet! = + bea Cartan gometry on M modela on (g; u(k))
with group H. We denote by r~ the linear connection induced by the principal
connection . Let K denote the curvature function of ! , and let T denote the
torsion tensor of r~. Then for each frameu 2 Q , we havethe following formula:

(19) 2uKy (UW(X;Y) = T(uX;uY)+u[X;Y]; forall X;Y2V:
Pro of. This is a standard computation, cf. [9] or [5]. O

Pro of of Theorem 3.4. Fix aCR-integrablealmost S-structure = ('; i; ':g);
accordingto Proposition 3.1, givesrisescanonicallyto areduction Q of L(M) to
the groupH. Moreoveron M we havethe Tanaka{W ebsterconnectionr~ according
to Theorem 2.2. Sincethe tensor elds '; g; ; are all parallel with respect to r~,
this connectionreducesto a principal connection on Q . Let be the canonical
form of Q andset! = + . Then (Q ;! ) is a Cartan geometry modeled on
(g; u(k)) with group H (Proposition 3.2). Using formula (19) we seethat (Q ;! )
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is a normal geometry. Indeed, for all X;Y 2 D wehave [X;Y]= 2 oX;Y)e if
u2 Q (x), x2 M, it follows

uX; Y= 2( x)(uxX;uY) x;

and on the other hand, taking into accourt property (6) of ™, sinceuX;uY 2 D(x),
we have

T(uX;uY)=2(x)(uX;uY) x:
It follows from (19) that uKy (u)(X;Y) = 0, that is Ky (u)(X;Y) = 0. Since
[e;g]= 0, in the sameway we can verify that Ky (D?;D?) = 0. Finally, using
property (7) of r~, we get

2uK y (U)(e; X)) =T(i(x);" (UX)) = '"xT(i(x);uX)
= 2 xuKy(u)(e;X)= 2ufKy(u)(e;X)

whenceKy (u)(g;fX) = fKy(u)(e;X).

Henceto eat CR-integrable almost S-structure  we have assaiated a normal
Cartan geometry C = (Q ;! ) modeled on (g; u(k)) with group H. Clearly, the
map 7! C isinjective. Notice that, accordingto corollary 2.5, is normal, i.e.
it is an S-structure, if and only if T( i;Z) = Ofor all Z 2 D. Using again (19), we
easily seethat this is equivalert to Ky (u)(e;X) = Oforallu2 Q and X 2 D.
By de nition of M , this is equivalent to Ky = 0, that isto C being torsion free.

To conclude the proof of the theorem, it suces to verify that, up to gauge
equivalence,every normal Cartan geometry (P;! ) with model (g; u(k)) and group
H is given by C for some CR-integrable almost S-structure on M. We know
from Proposition 3.2 that (P;!) is gaugeequivalent to C = (Q;! 9 where Q is
a reduction of L(M) to H, and ! °= + |, where is a principal connection
form on Q. There exists a unique metric f pk structure = (; i; ';g) on
M such that Q = Q . To there corresponds a linear connection r~; clearly,
' =1 g=r ;= 0. Moreover, usingthe M -normality of (Q;! 9, we seeasabove
that the torsion T of I~ satis es the conditions (6){(8) in Theorem 2.2. Hence is
actually a CR-integrable almost S-structure and r~ is the corresponding Tanaka{
Webster connection. In particular, it follows that C = C and this concludesthe
proof of the theorem. O

Examples. We end by discussingexamplesof homogeneoushon normal almost
S-manifold whose Tanaka{W ebster curvature vanishes. Notice that, for the case
s = 1, a manifold with this properties does not exist. Namely, it can be easily
veri ed by usingthe Bianchi identit y that a contact metric manifold with vanishing
Tanaka{W ebster curvature is necessarilySasakian.
Set
m=R%* RS=V, Vys 2

Ik

. Moreover
Ik 0
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obtained by declaring the basisf X;;JX;; g to be orthonormal. Let' :m! m
be the natural f -structure on m, i.e.' is the endomorphismwhich coincideswith
J on V; and vanisheson V,.

We alsodenote by U the end%morphism of rln which is assaiated to the matrix

Ik 0 O
@o l, OA :
0 0O O

Notice that U' = 'U .

We denote by h the Lie subalgebraof End(m) consisting of all endomorphisms
which vanish on V, and annihilate the tensors' , g and U when extendedto the
tensor algebra of m as derivations. We r%mark that 1

A 0O
A2sdk) 7' @0 A O0A
0 0O

providesa Lie-algebraisomorphismsak) = h. In particular, his compactsemisim-
ple provided k 3.
Now we de ne a Lie algebrastructure ong:= h m asfollows:

[X;Y]:= 29(X;JY)e; [v;X]:=aWV)UX = [X;V]
[A; X]=A X = [X;A]; [A;v]:=0; [vI;DW] = 0;[A;B]:= AB BA

for eah X;Y 2 Vi;v;w 2 Vo; A 2 h: Heree: i i2V,,anda:V,! Risa
xed non null linear functional suc that a(e) = 0:

Let G be the connectedand simply connectedLie group with Lie algebrag and
let H denote the analytic subgroup corresponding to the subalgebrah. Assuming
k 3, wehavethat H is compact, sothat M = G=H is a reductive homogeneous
space. The tensors' and g on the reductive summand m are Ad(H )-invariant,
and Ad(h) ; = i, foreahhh 2 H. Then (; i; ':g), wherethe ' are the dual
forms of the i, canonically determine a G-invariant metric f pk structure on M.
The canonical G-invariant linear connection r~ satis es the conditions 1), 2) in
Theorem 2.2. Indeed, since the structure is G-invariant, the tensor elds ',
and g are all parallel with respect to r~. Moreover at the point o = H, under
the natural identi cation ToM = m, we have the formula To(Z; W) = [Z; W] for
the torsion of r~, which implies that 1~ satis es properties (6){(8), accordingto
the de nition of the Lie bracket m m! m; in particular notice that (7) holds
since[v;JX]= a(vV)UIX = J[v;X], for eah v2 V, and X 2 V;. HenceM is a
homogeneousalmost S-manifold, which is not normal accordingto Corollary 2.5.
Finally, r~ hasvanishing Tanaka{W ebster curvature becauselm;m|] m;
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