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SOLVABILITY OF A PERIODIC TYPE BOUND ARY VALUE
PROBLEM FOR FIRST ORDER SCALAR FUNCTIONAL
DIFFERENTIAL EQUA TIONS

ROBERT HAKL, ALEXANDER LOMT ATIDZE AND JIRI SREMR

Abstra ct. Nonimpro vable su cien t conditions for the solvability and
unique solvabilit y of the problem

uft) = F(u)();  u(@ u (b= h()

are established, where F : C([a;b; R) ! L([a; b];R) is a contin uous op-
erator satisfying the Carath eodory conditions, h : C([a;b;R) ! R is a
contin uous functional, and 2 R+ .

Intr oduction

The following notation is usedthroughout the paper.

R is the set of all real numbers,R, = [0;+1 [.

C([a; bJ; R) is the Banach spaceof continuous functions u : [a;b] ! R with
the norm kukc = maxfiu(t)j:a t bg:

C(a;b;R+)=fu2 C([a;b;R) : u(t) Ofort 2 [a;bg.

€([a; b; R) is the set of absolutely continuous functions u : [a;b]! R:

B'. ([a;b];R), where c 2 R, and i 2 f1;2g, is the set of functions u 2
C([a; b]; R) satisfying

( D™ u@ u() sgn (2 iu@+ (i ub) c:
L ([a; b; R) is the Banach spaceof Lebesgueintegrable functions p: [a;b] !
R
R with the norm kpk. = jp(s)j ds:

a
L(a;b;R+) =fp2 L([a;b;R) : p(t) O for almostall t 2 [a; blg.
M 4 is the set of measurablefunctions :[a;b]! [a;h].
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€, is the setof linear operators ™ : C([a;b];R) ! L([a;b]; R) for which there
is a function 2 L([a;b];R+) suc that

T (W] (t)kvke for t2J[a;b; v2 C([a;h;R):

Pab is the set of linear operators * 2 I€,, transforming the set C([a; b]; R+ )
into the setL([a;h]; R+ ).

Kap isthe setof continuousoperatorsF : C([a;b];R) ! L([a;b]; R) satisfying
the Caratheodory conditions, i.e., for ead r > 0 there existsg- 2 L([a;b]; R+)
sudh that

IFWM®) o (1) for t2[a;b]; kvke r:

K([a;bo] A;B), whereA R? B R, isthe setof functions f : [a;b]
A ! B satisfying the Caratheodory conditions, i.e., f(;x) : [a;b]! B isa
measurablefunction for all x 2 A, f(t; ) : A! B is a cortinuous function for
almost all t 2 [a; b], and for eadh r > 0 there exists g 2 L([a;b]; R+ ) suc that

ifFx) o) for t2]a;b; x2 A; kxk r:
Xl = 30X+ ), X = 23] %)

By a solution of the equation
0.1) u%t) = Fu)(t);

whereF 2 K, weunderstandafunction u 2 €([a; b]; R) satisfying the equality
(0.1) alImost everywherein [a;b].

Consider the problem on the existenceand uniquenessof a solution of (0.1)
satisfying the boundary condition

(0.2) u(@ u (b= h(u);

whereh : C([a;b];R) ! R is a continuous functional suc that for eadh r > 0
there exists M, 2 R, sud that

ih(v)j M, for  kvkc r;

and 2 R..

For ordinary dierential equations, i.e., when the operator F is so{called
Nemitsky operator, the problem (0.1), (0.2) have been studied in details (see
[8,19{22] and referencestherein). The basis of the theory of generalboundary
value problems for functional dierential equations were laid down in mono-
graphs[1] and [29 (seealso([2, 3, 9, 10, 19, 24{28]). In spite of a large number
of papers dewoted to boundary value problems for functional di erential equa-
tions, only a few e cien t su cien t solvability conditions are known at presen
even in the linear case

(0.3) u%t) = “(u)(t) + co(t) ;
(0.4) u@ u(=co;
where™ 2 B4, i@ 2 L([a;b];R), and ¢y 2 R (see[5{7, 11{18, 30]). Here, we

try to Il this gap in a certain way. More precisely in Sections1 and 2 there
are establishednonimprovable e ectiv e su cien t conditions for the solvability
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and unigue solvability of the problems(0.3), (0.4) and (0.1), (0.2), respectively.
Section3is devoted to the examplesverifying the optimalit y of the main results.

All results are concretized for the di erential equations with deviating ar-
gumernts of the forms

(0.5) uft) = pthu (1)  gt)u (1) +f tu)hu 1) ;

and

(0.6) ut) = pitiu (1) giu (1) + w(t);

wherep;g 2 L([a;b;R+), @ 2 L([a;b;R), ;; 2 M4, andf 2 K([a;h]
R2;R).

1. Linear problem

We need the following wel{known result from the general theory of linear
boudary value problems for functional di erential equations (see,e.g., [4, 24,
29)).

Theorem 1.1. The problem(0.3), (0.4) is uniquely solvablei the corresmpnd-
ing homaen®us problem

(0:30) u%t) = “(u)(L);
(0:4y) u@ ud=0
has only the trivial solution.

Remark 1.1. It follows from the Riesz{Scauder theory that if * 2 I€,, and
the problem (0:3p), (0:49) has a nontrivial solution, then there exist gy 2
L([a;h; R) and ¢y 2 R sudh that the problem (0.3), (0.4) has no solution.

De nition  1.1. Wewill say that an operator * 2 1€, belongsto the setV* ()
(resp. V ( )), if the homogeneousproblem (0:3p), (0:4p) has only the trivial
solution, and for arbitrary g 2 L([a;b]; R+) and ¢ 2 R+, the solution of the
problem (0.3), (0.4) is nonnegative (resp. nonpositive).

Remark 1.2. From De nition 1.1it immediately followsthat = 2 V* () (resp.
“2V ()),1 forthe equation(0.3) the certain theoremondi erential inequal-
ities holds, i.e., whenewer u; v 2 €([a;b]; R) satisfy the inequalities

utt) T+ o) VI () + ) for t2 [ash];
u@ u() v(@ v(b;
then u(t) v(t) (resp. u(t) v(t)) fort 2 [a;b].

1.1. Main resul ts

Theorem 1.2. Let 2 [0;1] and there exist an operator
1.1 02VT()
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suchthat, onthe setfv2 C([a;b];R) : v(a) v (b) = Og, the inequality
1.2) (V) sgnv(t)  Tojvi)(t)  for  t2[ajh]
holds. Then the problem (0.3), (0.4) has a unique solution.

Remark 1.3. Theorem1.2is nonimprovablein acertain sense.More precisely
the inequality (1.2) cannot be replacedby the inequality

1.3 (MO sgnv(t) 1+ ") o(vi)t)  for  t2[ah];
and the condition (1.1) cannot be replacedby the condition
(1.4) L "o2VT();

no matter how small " > 0 would be (seeOn Remarks 1.3 and 1.4, and Exam-
ples3.1and 3.2).

Theorem 1.3. Let 2 [0;1] and there exist "o; 1 2 P4, suchthat, on the set
fv2 C([a;b;R) : v(a) v (b) = Og, the inequality
(1.5) FMM + (MM To(vi)(t)  for 2 [ajh]
holds. If, moreover,
1

(16) W2VI() 312V

then the problem (0.3), (0.4) has a unique solution.

Remark 1.4. Theorem 1.3 is nonimprovable. More precisely the condition
(1.5) cannot be replacedby the condition

.7 JW@@)+ (] @+ ") ovi)t)  for  t2[aib];
and the assumption (1.6) can be replacedneither by the assumption

. 1.
(1.8) @ "Yo2V'(); 512V7();
nor by the assumption
N + . 1 N + .
(1.9) 02V7(); 2+..12V().

no matter how small " > 0 would be (seeOn Remarks 1.3 and 1.4, and Exam-
ples3.1, 3.2 and 3.3).

Remark 1.5. Let 2 [L,+1] " 2 Eyp, o 2 L([a;0];R), and co 2 R. Intro-
ducethe operator :L([a;b;R)! L([a;b];R) by setting

w)(t) € w@+b 1):
Let ' be the restriction of to the spaceC([a;b];R). Put #= 1 by = #co

and
def

Bw € ccw) 0 ®mE (@)
It is clear that if u is a solution of the problem (0.3), (0.4) then the function

v (u) is a solution of the problem

(1.10) VD) = Bt + (1) V@) #v(b) = b
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and vice versa, if v is a solution of the problem (1.10) then the function

u%"" (v) is a solution of the problem (0.3), (0.4).

Therefore, > 2 V* () (resp. ~ 2 V ()) if and only if bo v (#) (resp.
b2 v+ (#).

According to Remark 1.5, Theorems 1.2 and 1.3 imply
Theorem 1.4. Let 2 ]1;+1 [ and there exist an operator
02V ()
suchthat, on the setfv 2 C([a;b;R) : v(a) v (b) = Og, the inequality
"MW sgnv(t)  To(vi)(t)  for t2[a;b]
holds. Then the problem (0.3), (0.4) has a unique solution.

Theorem 1.5. Let 2 ]1;+1 [ and there exist "o; 1 2 P4, suchthat, on the
setfv2 C([a;h;R) :v(a) v (b) = 0g, the inequality
W) M) To(vi)(t)  for t2[ash]

holds. Let, moreover,

. 1.

02V (); 512V()3
Then the problem (0.3), (0.4) has a unique solution.

Remark 1.6. According to Remarks 1.3{1.5, the conditions in Theorems 1.4
and 1.5 are also nonimprovable in an appropriate sense.

Remark 1.7. In [17] and [18], e ectiv e nhonimprovable su cien t conditions for
an operator * 2 1€, to belongto the setV* ( ) orV () havebeenestablished.
Therefore, accordingto Theorems1.2{1.5, the following corollaries are valid.

Corollary 1.1. Let 2 [0;1] and the functions p; satisfy at least one of the
following conditions:
a) (t) tfort2]Ja;b and
Zb
exp p(s)ds < 1;
a

b) there exists 2 ]0;1[ suchthat

Zb Z9) Zt Zs)
T P& p()dds+ p(s) p()dds
a a a a
Zb 7Zb Zt
T p(s) ds T p(s)ds+ p(s)ds for t2[a;h;
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7b Zb Z9) Zb

exp  p(s)ds + p(s) (s) p()d exp p()d ds<1;

a a S S

where (t)= 2(1+sgn (t) t) for t2 [a;b];

d) 60 p6 0andthereexistx2 0;In1 suchthat
( zm ) ok L !
esssup p(s)ds:t2[a;h < Iz(L kp(kL% ;
t

while the functions g, satisfy at least one of the following conditions:
e) 6 0and

+ In

Zb
g(s)ds 2 ;

a

f) (t) tfort2[a;b] and

Zb
g(s)ds 2;
a
g () tfort2][a;band
Zb Zs Zzs
o9 o)exp 3 o()d dds 4
a (s) ()
h) g6 0, (t) tfort2]a;b and
( 7t )

esssup g(s)ds:t2[a;h] <2
()

where

IMV/ ©

X
InBx + x>0

R
exp 5 g(s)ds 1
a

X |

8
3
= sup.§

W

Then the problem (0.6), (0.4) has a unique solution.

Corollary 1.2. Let 2 ]1;+1 [ and the functions g, satisfy at least one of
the following conditions:
a) (t) tfort2l[a;b and
2 !
exp g(s)ds < ;
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b) there exists 2 ]0; 1[ suchthat

Zb Zb Zb Zb
— 9 g()dds+ g(s) g()dds
a (s) t (s)

L 2 ! L2 2z !
1 g(s)ds 1 g(s)ds+ g(s)ds
a a t
for t2J[a;b;
C)
L 2z ) Zs ! Zs !
—exp g(s)ds + g(s) (s) g()d exp g()d ds<1;
a a (s) a

whee (t)= 3 1+sgnt (t) fort2 [a;b];
d) g6 0 and there exist x 2 ]0;In ] suchthat

( 7z ) !

esssup g(s)ds:t2 [ajh < ngkL X+ In %
(t)

while the functions p; satisfy at least one of the following conditions:
e)

7b
ps)ds 2
fy (t) tfort2]a;b and
7b
p(s)ds 2;
g (t) tfort2]a;b and
7Zb As) 1 Z) !
ps) pC)exp 5 p()d dds 4
h) p6 0, (t) tfort2[a;band
( zn )

esssup p(s)ds:t2[a;b <2

95
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where
0 1

8
:supiimgm X X gx>o§:

R
exp 3 p(s)ds 1
a

MW ©

Then the problem (0.6), (0.4) has a unique solution.

1.2. Pr oofs of main resul ts

Pro of of Theorem 1.2. According to Theorem 1.1, it is sucien t to show
that the problem (0:3p), (0:4p) hasonly the trivial solution.
Let u be a solution of (0:3p), (0:40). Then, in view of (1.2), we have

ju®i®= "(u)(t)sgnu(t)  ojui)(t)  for t2 [a;bl;
ju@j  ju()j=0:

Hence, juj is a solution of the problem (0.3), (0:4p) with = "o and gp(t) =
ju®)j® “(uj)(t) 0ofort 2 [a;b]. Therefore, accordingto (1.1), we obtain
ju(t)j Ofort2[a;b],i.e.u 0. O

Pro of of Theorem 1.3. According to Theorem 1.1, it is sucien t to show
that the problem (0:3p), (0:4p) hasonly the trivial solution.
Let u be a solution of (0:3p), (0:40). Then, in view of (0:3p), u satis es

1) W= 3O+ @O+ S u@  ub)=o:

By virtue of the assumption %‘1 2 V* () and Theorem 1.1, the problem

1 N i ..
112) A= 5 1))+ “o(ui(t) + 5 2 (ui)(t) ; (a) (=0
has a unique solution . Moreover, since o; 1 2 P4, and %‘1 2V*H(),
(1.13) (t)y o for t 2 [a;b]:

The equality (1.12), in view of (1.5) and the condition "1 2 Py, yields
1
0

(t)

The last two inequalities and (1.11), on accourt of the assumption %‘1 2
V* () and Remark 1.2, yield

(1.14) ju(t)j (1) for t2 [a;b]:

=

T + T (u)(t) + %‘1(11)('[) for t2 [a;h];

NI~ NI

() + (u)t) + %‘1(U)(t) for t2 [ajb]:
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On the other hand, dueto (1.14) and the conditions “¢; "1 2 Pap, the equality
(2.12) results in
%) Co( )t)  for t2[ab]:
Since "o 2 V* (), the last inequality, together with  (a) (b = 0, yield
(t) Ofort 2 [a;b] which, in view of (1.13), implies 0. Consequetly, it
follows from (1.14) that u 0. O

2. Nonlinear pr oblem

Throughout this sectionwe assumethat q2 K ([a;b] R+ ;R.) isnondecreasing
in the secondargument and satis es

Zb

(2.1) Iir‘pl g(s;x)ds= 0:

x!

X |

2.1. Main resul ts

Theorem 2.1. Let 2[0;1], c2 Rs,

(2.2) h(v)sgnv(a) c for v2 C([a;h;R);

and let there exist “o; '1 2 Pap suchthat on the set B ([a;b]; R) the inequality
(2.3)  F)(t) + "2(v)(t) sgnv(t)  “o(jvi)(t) + a(t; kvke)  for t 2 [a;b]
is full led. If, moreover,

(2.4) 02 V() 12VT();

then the problem (0.1), (0.2) has at least one solution.

Remark 2.1. Theorem2.lis nonimprovablein acertain sense.More precisely,
the inequality (2.3) cannot be replacedby the inequality

(2.5) FMW() + "a(v)(1) sgnv(t)  (1+ ") o(jvi)(t) + o(t; kvke) ;

no matter how small " > 0 would be. Moreover, the condition (2.4) can be
replacedneither by the condition

(2.6) (T ")o2V(); 12VE();
nor by the condition
(2.7) 02 VT(); @ ")12Vi();

no matter how small " > 0 would be (seeOn Remark 2.1 and Example 3.4).
Theorem 2.2. Let 2 [0;1[,
(2.8) [h(v) h(w)]sgn v(a) w(a) 0 for v;w 2 C([a;b];R);
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and let there exist “g; 1 2 P4, suchthat, on the set BlC ([a;h]; R), where c =
jh(0)j, the inequality

[F()  FW)(t) + "1(v w)(t)]sgn v(t) w(t)  “oliv  wij)(t)
is ful | led. If, moreover, the condition (2.4) is satis ed, then the problem (0.1),
(0.2) has a unique solution.

Remark 2.2. Theorem 2.2 is nonimprovable in a certain sense(seeOn Re-
mark 2.2).

Remark 2.3. Let 2[1;+1[,', bethe operatorsde ned in Remark 1.5.
Put #= %, and

def

Pw®) = FCw) ®; R E #h e w)
It is clear that if u is a solution of the problem (0.1), (0.2), then the function
def , . .
v = ' (u) is a solution of the problem
(2.9) VY = B v@)  #v() = A);
and vice versa,if v is a solution of the problem (2.9), then the function u -l (v)
is a solution of the problem (0.1), (0.2).

In view of Remarks 1.5 and 2.3, the following results are an immediate
consequencef Theorems?2.1 and 2.2.

Theorem 2.3. Let 2]1;+1[,c2 R,

(2.10) h(v) sgnv(b) c for v2 C([a;h;R);

and let there exist “o; "1 2 Pap suchthat, on the setB?2 ([a; b]; R), the inequality
FV()  “2(V(t) sgnv(t)  “o(jvi)(t) alt kvke)  for t2 [a;h]

is full led. If, moreover,

(2.11) 02V () 12V ()

then the problem (0.1), (0.2) has at least one solution.

Theorem 2.4. Let 2]1;+1 [,

(2.12) [h(v) h(w)]sgn v(b) w(b) 0 for v;w 2 C([a;b];R);

and let there exist “g; 1 2 Pg suchthat, on the set 82C ([a;h]; R), where c =
jh(0)j, the inequality

[FW()  Fw)(t) “2(v w)(]sgn v(t) w(t) “o(iv o wi)(t)
is full led. If, moreover, the condition (2.11) is satis ed, then the problem
(0.1), (0.2) hasa unique solution.

Remark 2.4. According to Remarks 1.5, 2.1, 2.2, and 2.3, Theorems 2.3
and 2.4 are nonimprovable in an appropriate sense.

For the problem (0.5), (0.2), Theorems 2.1{2.4 imply the following asser-
tions.
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Corollary 2.1. Let 2 [0;1[, c2 R, the condition (2.2) be full led, and
f(tx;y)sgnx  q(t; jxj) for t2[a;b; x;y2 R:

Let, moreover, the functions p, satisfy at least one of the conditions a), b),
c) or d) in Corollary 1.1, while the functions g, satisfy at least one of the
following conditions:

e) 6 0and
Zb
o(s) ds

a

f) (t) tfort2[a;b] and
76
g(s)ds 1;

g () tfort2][a;band
Zb zs 7s
o9 g)exp@ g()dKdds 1
a (s) ()
h) g6 0, (t) tfort 28[a; b] and g
2 2 >
esssup.> g(s)ds:t 2 [a; b]’> <
(t)

0 1

9
In%x+ X E:x>0§:

R 3
exp x g(s)ds 1 ,

a
Then the problem (0.5), (0.2) has at least one solution.
Corollary 2.2. Let 2 [0;1], the condition (2.8) be full led, and
[f (t; x25y1) f(txa;y2)lsgnxs x2) O for t2[ajb]; Xi;y15X2;y22 R

Let, moreover, the functions p, satisfy at least one of the conditions a), b),
c) or d) in Corollary 1.1, while the functions g, satisfy at least one of the
conditions e), f), g) or h) in Corollary 2.1. Then the problem (0.5), (0.2) has
a unique solution.

Corollary 2.3. Let 21]1;+1 [, c2 R4, the condition (2.10) befull led, and
f (t; X; y) sgnx q(t; jxj) for t2[a;b]; x;y 2 R:

Let, moreover, the functions g, satisfy at least one of the conditions a), b),
c) or d) in Corollary 1.2, while the functions p, satisfy at least one of the
following conditions:

1

where

= sup

X |

:
:
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e)
7b
ps)ds
a
fy (t) tfort2]a;b and
Zb
p(s)ds 1;
a
g (t) tfort2]a;b and
1
Zb 29 Z)
ps)  p(lexp® p()d K dds 1;
a S S
h) p6 0, (t) tfort 28[a; b] and 9
2 ZY =

esssup_ p(s)ds:t 2 [a; b]> <
7 ;

where
0 1

1In%x+ X 1 E:x>0
X

R
exp x p(s)ds 1

a

IMW ©

= sup

TWW AW 0
= WW

Then the problem (0.5), (0.2) has at least one solution.
Corollary 2.4. Let 2]1;+1 [, the condition (2.12) be ful | led, and
[f(t;x1;y1) f(tx2;y2)lsgn(xy X2) O for t2 [a;b]; X1;Y1;X2;¥2 2 R:

Let, moreover, the functions g, satisfy at least one of the conditions a), b),
c) or d) in Corollary 1.2, while the functions p, satisfy at least one of the
conditions e), f), g) or h) in Corollary 2.3. Then the problem (0.5), (0.2) has
a unique solution.

2.2. Auxiliar y propositions and proof of main resul ts

First we formulate a result from [26, Theorem 1] in a suitable for us form.

Lemma 2.1. Let there exist 1 2 &, and a positive numbker  such that the
problem

(2.13) udt) + “1(u)(t) = O; u@ u=0
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has only the trivial solution and for every 2 ]0;1[, an arbitrary function
u 2 €([a;h; R) satisfying the relations
(2.14)  udD)+ Ca(u)(t) = FQU)() + a(u)(t) 5 u@  u (D)= h(u);
admits the estimate
(2.15) kukc
Then the problem (0.1), (0.2) has at least one solution.

De nition 2.1. We say that the pair of operators ("o; 1) belongsto the set
U( ), if 9 2 Pap, "1 2 [&, and there exists a positive number r sud that,
for arbitrary q 2 L([a;b];R+) and ¢ 2 R., every function u 2 €([a;h];R)
satisfying the inequalities

(2.16) [u(@ u(b]sgnu(a) c;
(217) U + “(u)B]sgnu(t)  To(uid(t) + g (t)  for t2 [ah];
admits the estimate

(2.18) kukc r(c+ kqky):
Lemma 2.2. Letc2 R,
(2.19) h(v)sgnv(a) ¢ for v2 C([a;b;R);

and let there exist ("o; 1) 2 U( ) suchthat, on the set B ([a;b];R), the in-
equality

(2.20) F(v)(t) + "2(v)(1) sgnv(t)  “o(jvi)(t) + a(t; kvkc)  for t2[ajh]
is full led. Then the problem (0.1), (0.2) has at least one solution.

Pro of. First note, that dueto the condition ("o; 1) 2 U( ), the homogeneous
problem (2.13) has only the trivial solution.

Let r be the number appearing in De nition 2.1. According to (2.1), there
exists > 2rc sud that

Zb
1 (s;x) ds < 1 for x>
X as; 2r

a

Now assumethat a function u 2 €([a;b];R) satis es (2.14) for some 2
10;1[. Then, according to (2.19), u satis es the inequality (2.16), i.e., u 2
B ([a;b];R). By (2.20), the inequality (2.17)is ful lled with g (t) = q(t; kukc)
for t 2 [a;b]. Hence,by the condition (To; 1) 2 U( ) and the de nition of the
number , the estimate (2.15) holds.

Since dependsneither on u nor on , from Lemma 2.1 it follows that the
problem (0.1), (0.2) has at least one solution. O
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Lemma 2.3. Let
(2.21) [h(v) h(w)]sgn v(a) w(a) 0 for v;w 2 C([a;b];R);
and let there exist ("o; 1) 2 U( ) suchthat, on the set B ([a;h];R), where
¢ = jh(0)j, the inequality

FMV()  Fw)(t) + "1(v w)(t) sgn v(t) w(t)

To(jv wij)(t) for t 2 [a;h]

is full led. Then the problem (0.1), (0.2) has a unique solution.
Pro of. It follows from (2.21) that the condition (2.19) is fullled with ¢ =
jh(0)j. By (2.22), we get that, on the set BL ([a;b];R), the inequality (2.20)
holds, where g  jF(0)j. Consequetly, the assumptions of Lemma 2.2 are
fullled and sothe problem (0.1), (0.2) hasat least one solution. It remainsto
show that the problem (0.1), (0.2) has at most one solution.

Let uz, up be solutions of the problem (0.1), (0.2). Put u(t) = ui(t) ux(t)
fort 2 [a;b]. By (2.21) and (2.22) it is clear that

[u(@ u(b]sgnu(a) O;

[Ut) + “1(u)(DIsgnu(t)  “o(juj)(t)  for t 2 [a;h]:
Now the condition (To; 1) 2 U( ) impliesu 0, consequetly, u;  us. O

(2.22)

Lemma 2.4. Let ' 2 I, and the homayeneus problem
VAt = To(W)(1); V(@ v(D=0

haveonly the trivial solution. Then there exists a positive number ro suchthat,
for arbitrary q 2 L([a;h]; R) and c 2 R, the solution v of the problem

(2.23) VI = "o+ g (t);  v@ v(p=c
admits the estimate

(2.24) kvkc 1o jo + kg ki

Pro of. Let

R L([a;h;R)=f(c;q):c2R;q 2 L([a;b];R)g

be the Banach spacewith the norm

k(c;g )kr L = jcj+ kg ki ;
andlet bean operator mappingevery (c;q ) 2 R L([a;b]; R) to the solution
v of the problem (2.23). Accordingto Theorem1.4in[24], :R L([a;b;R)!
C([a;b]; R) is a linear bounded operator. Denote by ro the norm of . Then,
clearly, for every (c;q ) 2 R L([a;b]; R), the inequality

k( c;g)ke 1o joj+ kg ke

holds. Consequetly, the solution v = ( c;q ) of the problem (2.23) admits
the estimate (2.24). O

Lemma 2.5. Let 2[0;1], 0; 12 Pap, 02V*( ),and 12V*(). Then
(Cos 1) 2U().
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Proof. Letq 2 L([a;b];R+), c2 R+, and u 2 €([a; b]; R) satisfy the inequal-
ities (2.16) and (2.17). We will show that (2.18) holds, wherer = rg is the
number appearing in Lemma 2.4.

It is clear that

(2.25) uqt) = Ta(u)(t) + et ;
where
g(t) = uqt) + “1(u)(t)  for t2 [a;b:
Evidently, accordingto (2.17),
(2.26) e(t) sgnu(t)  “o(jup(t) + q (t)  for t2[ah]:

Furthermore, from (2.25), in view of the assumption™; 2 P4, and the inequality
(2.26), it follows that

U@L a(ul )(®) + o(ui)(t) + q (1)

(2.27) = a([ule (1) + "2 (uid(t) + To(juil(t) + g (1)
for t 2 [a;b];
and
[u®1®  aul () + oui)(t) + g (1)
(2.28) = a(fu] )(t) + "2 (ui(t) + To(jui(t) + q (1)

for t 2 [a;b]:
Since 12 V*( ), accordingto Theorem 1.1, the problem
229) A= "1()® * "1Gui®) + o(udt) + g () () (H=c

has a unique solution . Moreover, from (2.27), (2.28), and (2.29), on accourt
of the conditions ;2 V*( ) and

u@Il+  [u®l+ c;  [u(@] [ud  c;
it follows that

u®l-  @®;  [u®)] (t)y for t2[ah]
and consequetly
(2.30) ju(®)j (1) for t 2 [a;h]:
By (2.30) and the condition “g; 1 2 Pap, (2.29) results in

) o ) +q(t) for t2[ah:

Since’'p2V*( )and (a) (b) = ¢, the latter inequality yields

(2.31) (t) v(t) for t 2 [a;b];
where v is a solution of the problem (2.23). Now from (2.30) and (2.31),
accordingto Lemma 2.4, the estimate (2.18) holds. O

Theorem 2.1 follows from Lemmas 2.2 and 2.5, whereasTheorem 2.2 is a
consequencef Lemmas2.3 and 2.5.
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3. On remarks 1.3, 1.4, 2.1 and 2.2

On Remarks 1.3 and 1.4. In Examples3.1, 3.2and 3.3, there are constructed
operators © 2 [€;, such that the homogeneousproblem (0:3y), (0:49) has a
nontrivial solution. Then, accordingto Remark 1.1, there exist go 2 L ([a;b]; R)
and ¢y 2 R such that the problem (0.3), (0.4) has no solution.

Example 3.1. Let " > 0 and the operators *; "¢ 2 I€;, be de ned by
def def

(3.1) W) = @+ "pvb); (W) = p(t)v(b);
wherep 2 L([a;b]; R+ ) is such that

Zb
(3.2) p(s) ds = 17 :

a
According to Corollary 1.1 b) in [17], we have o 2 V*( ). Obviously, the
assumptionsof Theorem 1.2 are ful lled except of the condition (1.2), instead
of which the condition (1.3) is satis ed. Moreover, the assumptionsof Theo-
rem1.3arefullled with ;1 0, exceptfor the condition (1.5), instead of which
the condition (1.7) is satis ed.
On the other hand, the problem (0:3p), (0:4p) has a nontrivial solution

Zt
ut)= +((1+") p(s)ds for t 2 [a;b]:
a
Example 3.1 shows that the inequalities (1.2) and (1.5) in Theorems 1.2
and 1.3 cannot be replacedby the inequalities (1.3) and (1.7), respectively, no
matter how small " > 0 would be.
Example 3.2. Let " 2 ]0;1[ and the operator * 2 1€, be de ned by
def

(3-3) “(V)(t) = p(t)v(b);
wherep 2 L([a;b]; R+ ) is such that
Zb
(3.4) p(s)ds= 1
a
Put °o 7, "1 0. Then the conditions (1.2) in Theorem 1.2 and (1.5) in

Theorem 1.3 are ful lled. Furthermore, accordingto Corollary 1.1 b) in [17],
wehave (1 ")o2V*().
On the other hand, the problem (0:3p), (0:4p) has a nontrivial solution
Zt
ut)= + p(s)ds for t 2 [a;b]:
a
Example 3.2 showvsthat the condition (1.1) in Theorem 1.2 and the condition
(1.6) in Theorem 1.3 cannot be replaced by the condition (1.4) and (1.8), no
matter how small " > 0 would be.
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Example 3.3. Let">0, = ") and" 2 I8y be an operator de ned by
(3.5) W Epv (@) ;
where 8 8
21 fort 2 [0;1] 23 fort2]0;1]
p(t):> 2 fort2 [1;2] ; (t):>1 fort2 [1;2] :
T2 fort 2 [2; 3] "2 fort2[2;3]

Let, moreover,

(36) o) F RV o)) 5 i) E putv ) ;
wherepo [P+, pr  [P] 8
20 fort2]0;1[
o 3; 1(t):>1 fort2[1;2] :
2 fort2[2;3]
It is clearthat “¢; 1 2 Pg3 and the condition (1.5) is ful lled. Moreover,
Z3 zL
o(1)(s)ds= po(s)ds=1 <1
0 0
Consequetly, according to Corollary 1.1 b) in [17], o0 2 V*( ). It is not
dicult to verify that the homogeneougroblem
W)= o@D w0 u@)=0
has only the trivial solution and, for arbitrary g 2 L([0;3];R+) and ¢ 2 R,
the solution of the problem
W= s 1O+ B0 U0 U@ =

is nonnegative. Therefore, by De nition 1.1, we obtain  >2-"1 2 V* ().
On the other hand, trée function

2(1 't + fort 2 [0; 1]
u(t) = S 2 yr op+1 fort 2 [1; 2]
"2t 5 fort 2 [2; 3]

is a nontrivial solution of the problem (0:3p), (0:49).

Example 3.3 shows that the assumption (1.6) in Theorem 1.3 cannot be
replacedby (1.9), no matter how small " > 0 would be.

On Remark 2.1. Let" > 0, ;"o 2 I8, be dened by (3.1), where p 2
L([a;b]; R+) satises (3.2). According to Example 3.1, the problem (0:3p),
(0:4p) has a nontrivial solution. By Remark 1.1, there exist g 2 L([a;h]; R)
and ¢o 2 R such that the problem (0.1), (0.2), where

B7)  FMOE WO+ at) for t2[ab;  h(v) co;
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has no solution, while the conditions (2.2), (2.4) and (2.5) are ful lled with
C=jCj,q j%j, 1 0. Thus, Example 3.1 showsthat the condition (2.3) in
Theorem 2.1 cannot be replaced by the condition (2.5), no matter how small
"> 0 would be.

Let " 2 ]0;1[, * 2 &, be de ned by (3.3), wherep 2 L([a;b];R+) satis es
(3.4). According to Example 3.2, the problem (0:3p), (0:4p) has a nontrivial
solution. By Remark 1.1, there exist gop 2 L([a;h];R) and ¢y 2 R sudc that
the problem (0.1), (0.2), where F and h are de ned by (3.7), has no solution,
while the conditions (2.2), (2.3) and (2.6) are fullled with ¢ = jcoj, 9  jOoj,
o ,and 3 0. Therefore, Example 3.2 shows that the condition (2.4) in
Theorem 2.1 cannot be replacedby (2.6), no matter how small " > 0 would be.

Example 3.4. Let 2 ]0;1[ (for the case = 0 see[15]), " 2 ]0;1[, =
"1 ), #2 ]0;1 [ such that # < 1— * 2 |85 be an operator de ned by
(3.5), where

8
: 8
51 fortz[oﬁl[ _ 25 fort2[0;1]

(1+#) fort2[45] 3 fort2[3;5]

and “o, '1 bede ned by (3.6), wherepo [pl+,p1  [P] .

8

20 fort2]0;1[
o 95 ()= 1 fort2[L3[ :

"3 fort2]3;5]

Put

S0 for t 2 [0 1[[ [2;3[[ [4:5[
2(t) = N W fort 2 [1;2]
. % fort 2 [3;4]
It is clearthat z2 L([0;5];R+), "0; 1 2 Pos and
75 z1
o(1)(s)ds=  po(s)ds= 1 <1
0 0

Consequetly, according to Corollary 1.1 b) in [17], o0 2 V*( ). It is not
dicult to verify that the homogeneougroblem

)= (@ ") a(u)t);  u@ u(®G)=0

has only the trivial solution and, for arbitrary ¢y 2 L([0;5];R+) and ¢y 2 R+,
the solution of the problem

u) = @ ") U+ w);  u@) u®)=co

is nonnegative. Therefore, by De nition 1.1, weobtain (1 ")"12 V*( ).
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On the other hand,8the function

a )t + fort 2 [0; 1]

% (1 #A t)+1 fort 2 [1;2]

ut)y = _A+#H2 tH+# fort 2 [2; 3]
@a #He 3 1 fort 2 [3;4]
C@A+#t 4 # fort 2 [4;5]

is a nontrivial solution of the problem
uqt) = piu (1) +z(Mu); u@ u(b=o0:

Consequetly, accordingto Remark 1.1, there exist gp 2 L([a;b]; R) and ¢y 2

R sudh that the problem (0.1), (0.2) with F (v)(t) & p(tyv (t) + z(t)v(t) +

o(t) for t 2 [a;b], h(v) o hasno solution, while the conditions (2.2), (2.3)
and (2.7) are ful lled with ¢ = jcoj, 9 jopj.

Example 3.4 shows that the assumption (2.4) in Theorem 2.1 cannot be
replacedby the assumption (2.7), no matter how small " > 0 would be.

On Remark 2.2. Examples3.1, 3.2 and 3.4 also show that the assumptions
on the operators “¢; "1 in Theorem 2.2 cannot be weakened.
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