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SOLVABILITY OF A PERIODIC TYPE BOUND AR Y VALUE
PR OBLEM FOR FIRST ORDER SCALAR FUNCTIONAL

DIFFERENTIAL EQUA TIONS

ROBER T HAKL, ALEXANDER LOMT ATIDZE AND JI �R�I �SREMR

Abstra ct. Nonimpro vable su�cien t conditions for the solvabilit y and
unique solvabilit y of the problem

u0(t ) = F (u)( t) ; u(a) � �u (b) = h(u)

are established, where F : C([a; b]; R) ! L ([a; b]; R) is a contin uous op-
erator satisfying the Carath �eodory conditions, h : C([a; b]; R) ! R is a
contin uous functional, and � 2 R+ .

Intr oduction

The following notation is usedthroughout the paper.
R is the set of all real numbers, R+ = [0; + 1 [.
C([a; b]; R) is the Banach spaceof continuous functions u : [a; b] ! R with

the norm kukC = maxfj u(t)j : a � t � bg :
C([a; b]; R+ ) = f u 2 C([a; b]; R) : u(t) � 0 for t 2 [a; b]g.
eC([a; b]; R) is the set of absolutely continuous functions u : [a; b] ! R:
B i

�c ([a; b]; R), where c 2 R+ and i 2 f 1; 2g, is the set of functions u 2
C([a; b]; R) satisfying

(� 1)i +1 �
u(a) � �u (b)

�
sgn

�
(2 � i )u(a) + (i � 1)u(b)

�
� c :

L ([a; b]; R) is the Banach spaceof Lebesgueintegrable functions p : [a; b] !

R with the norm kpkL =
bR

a
jp(s)j ds:

L ([a; b]; R+ ) = f p 2 L ([a; b]; R) : p(t) � 0 for almost all t 2 [a; b]g.
M ab is the set of measurablefunctions � : [a; b] ! [a; b].
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eL ab is the set of linear operators ` : C([a; b]; R) ! L ([a; b]; R) for which there
is a function � 2 L ([a; b]; R+ ) such that

j`(v)( t)j � � (t)kvkC for t 2 [a; b] ; v 2 C([a; b]; R) :

Pab is the set of linear operators ` 2 eL ab transforming the set C([a; b]; R+ )
into the set L ([a; b]; R+ ).

Kab is the setof continuousoperatorsF : C([a; b]; R) ! L ([a; b]; R) satisfying
the Carath�eodory conditions, i.e., for each r > 0 there exists qr 2 L([a; b]; R+ )
such that

jF (v)( t)j � qr (t) for t 2 [a; b] ; kvkC � r :

K ([a; b] � A; B ), where A � R2, B � R, is the set of functions f : [a; b] �
A ! B satisfying the Carath�eodory conditions, i.e., f (�; x) : [a; b] ! B is a
measurablefunction for all x 2 A, f (t; �) : A ! B is a continuous function for
almost all t 2 [a; b], and for each r > 0 there exists qr 2 L([a; b]; R+ ) such that

jf (t; x)j � qr (t) for t 2 [a; b] ; x 2 A ; kxk � r :

[x]+ = 1
2 (jxj + x), [x]� = 1

2 (jxj � x).

By a solution of the equation

u0(t) = F (u)( t) ;(0.1)

whereF 2 Kab, weunderstanda function u 2 eC([a; b]; R) satisfying the equality
(0.1) almost everywhere in [a; b].

Consider the problem on the existenceand uniquenessof a solution of (0.1)
satisfying the boundary condition

u(a) � �u (b) = h(u) ;(0.2)

where h : C([a; b]; R) ! R is a continuous functional such that for each r > 0
there exists M r 2 R+ such that

jh(v)j � M r for kvkC � r ;

and � 2 R+ .
For ordinary di�eren tial equations, i.e., when the operator F is so{called

Nemitsky operator, the problem (0.1), (0.2) have been studied in details (see
[8,19{22] and referencestherein). The basisof the theory of generalboundary
value problems for functional di�eren tial equations were laid down in mono-
graphs [1] and [29] (seealso [2, 3, 9, 10, 19, 24{28]). In spite of a large number
of papers devoted to boundary value problems for functional di�eren tial equa-
tions, only a few e�cien t su�cien t solvabilit y conditions are known at present
even in the linear case

u0(t) = `(u)( t) + q0(t) ;(0.3)

u(a) � �u (b) = c0 ;(0.4)

where ` 2 eL ab, q0 2 L([a; b]; R), and c0 2 R (see[5{7, 11{18, 30]). Here, we
try to �ll this gap in a certain way. More precisely, in Sections1 and 2 there
are establishednonimprovable e�ectiv e su�cien t conditions for the solvabilit y
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and unique solvabilit y of the problems(0.3), (0.4) and (0.1), (0.2), respectively.
Section3 is devoted to the examplesverifying the optimalit y of the main results.

All results are concretized for the di�eren tial equations with deviating ar-
guments of the forms

u0(t) = p(t)u
�
� (t)

�
� g(t)u

�
� (t)

�
+ f

�
t; u(t); u

�
� (t)

� �
;(0.5)

and

u0(t) = p(t)u
�
� (t)

�
� g(t)u

�
� (t)

�
+ q0(t) ;(0.6)

where p;g 2 L([a; b]; R+ ), q0 2 L([a; b]; R), � ; �; � 2 M ab, and f 2 K ([a; b] �
R2; R).

1. Linear pr oblem

We need the following well{known result from the general theory of linear
boudary value problems for functional di�eren tial equations (see,e.g., [4, 24,
29]).

Theorem 1.1. The problem(0.3), (0.4) is uniquely solvablei� the correspond-
ing homogeneous problem

u0(t) = `(u)( t);(0:30)

u(a) � �u (b) = 0(0:40)

has only the trivial solution.

Remark 1.1. It follows from the Riesz{Schauder theory that if ` 2 eL ab and
the problem (0:30), (0:40) has a nontrivial solution, then there exist q0 2
L([a; b]; R) and c0 2 R such that the problem (0.3), (0.4) has no solution.

De�nition 1.1. We will say that an operator ` 2 eL ab belongsto the set V + (� )
(resp. V � (� )), if the homogeneousproblem (0:30), (0:40) has only the trivial
solution, and for arbitrary q0 2 L([a; b]; R+ ) and c0 2 R+ , the solution of the
problem (0.3), (0.4) is nonnegative (resp. nonpositive).

Remark 1.2. From De�nition 1.1 it immediately followsthat ` 2 V + (� ) (resp.
` 2 V � (� )), i� for the equation (0.3) the certain theoremon di�eren tial inequal-
ities holds, i.e., whenever u; v 2 eC([a; b]; R) satisfy the inequalities

u0(t) � `(u)( t) + q0(t) ; v0(t) � `(v)( t) + q0(t) for t 2 [a; b] ;

u(a) � �u (b) � v(a) � �v (b) ;

then u(t) � v(t) (resp. u(t) � v(t)) for t 2 [a; b].

1.1. Main resul ts

Theorem 1.2. Let � 2 [0; 1[ and there exist an operator

`0 2 V + (� )(1.1)
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such that, on the set f v 2 C([a; b]; R) : v(a) � �v (b) = 0g, the inequality

`(v)( t) sgnv(t) � `0(jvj)( t) for t 2 [a; b](1.2)

holds. Then the problem (0.3), (0.4) has a unique solution.

Remark 1.3. Theorem1.2 is nonimprovablein a certain sense.More precisely,
the inequality (1.2) cannot be replacedby the inequality

`(v)( t) sgnv(t) � (1 + ")`0(jvj)( t) for t 2 [a; b] ;(1.3)

and the condition (1.1) cannot be replacedby the condition

(1 � " )`0 2 V + (� ) ;(1.4)

no matter how small " > 0 would be (seeOn Remarks 1.3 and 1.4, and Exam-
ples 3.1 and 3.2).

Theorem 1.3. Let � 2 [0; 1[ and there exist `0; `1 2 Pab such that, on the set
f v 2 C([a; b]; R) : v(a) � �v (b) = 0g, the inequality

j`(v)( t) + `1(v)( t)j � `0(jvj)( t) for t 2 [a; b](1.5)

holds. If, moreover,

`0 2 V + (� ) ; �
1
2

`1 2 V + (� ) ;(1.6)

then the problem (0.3), (0.4) has a unique solution.

Remark 1.4. Theorem 1.3 is nonimprovable. More precisely, the condition
(1.5) cannot be replacedby the condition

j`(v)( t) + `1(v)( t)j � (1 + ")`0(jvj)( t) for t 2 [a; b] ;(1.7)

and the assumption (1.6) can be replacedneither by the assumption

(1 � " )`0 2 V + (� ) ; �
1
2

`1 2 V + (� ) ;(1.8)

nor by the assumption

`0 2 V + (� ) ; �
1

2 + "
`1 2 V + (� ) ;(1.9)

no matter how small " > 0 would be (seeOn Remarks 1.3 and 1.4, and Exam-
ples 3.1, 3.2 and 3.3).

Remark 1.5. Let � 2 [1; + 1 [, ` 2 eL ab, q0 2 L([a; b]; R), and c0 2 R. Intro-
duce the operator  : L ([a; b]; R) ! L ([a; b]; R) by setting

 (w)( t) def= w(a + b� t) :

Let ' be the restriction of  to the spaceC([a; b]; R). Put # = 1
� , bc0 = � #c0

and
b̀(w)( t) def= �  

�
`(' (w))

�
(t) ; bq0(t) def= �  (q0)( t) :

It is clear that if u is a solution of the problem (0.3), (0.4) then the function

v def= ' (u) is a solution of the problem

v0(t) = b̀(v)( t) + bq0(t) ; v(a) � #v(b) = bc0 ;(1.10)
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and vice versa, if v is a solution of the problem (1.10) then the function

u def= ' (v) is a solution of the problem (0.3), (0.4).
Therefore, ` 2 V + (� ) (resp. ` 2 V � (� )) if and only if b̀ 2 V � (#) (resp.

b̀2 V + (#)).

According to Remark 1.5, Theorems1.2 and 1.3 imply

Theorem 1.4. Let � 2 ]1; + 1 [ and there exist an operator

`0 2 V � (� )

such that, on the set f v 2 C([a; b]; R) : v(a) � �v (b) = 0g, the inequality

`(v)( t) sgnv(t) � `0(jvj)( t) for t 2 [a; b]

holds. Then the problem (0.3), (0.4) has a unique solution.

Theorem 1.5. Let � 2 ]1; + 1 [ and there exist `0; `1 2 Pab such that, on the
set f v 2 C([a; b]; R) : v(a) � �v (b) = 0g, the inequality

j`(v)( t) � `1(v)( t)j � `0(jvj)( t) for t 2 [a; b]

holds. Let, moreover,

� `0 2 V � (� ) ;
1
2

`1 2 V � (� ) :

Then the problem (0.3), (0.4) has a unique solution.

Remark 1.6. According to Remarks 1.3{1.5, the conditions in Theorems1.4
and 1.5 are also nonimprovable in an appropriate sense.

Remark 1.7. In [17] and [18], e�ectiv e nonimprovablesu�cien t conditions for
an operator ` 2 eL ab to belongto the set V + (� ) or V � (� ) havebeenestablished.
Therefore, according to Theorems1.2{1.5, the following corollaries are valid.

Corollary 1.1. Let � 2 [0; 1[ and the functions p; � satisfy at least one of the
following conditions:

a) � (t) � t for t 2 [a; b] and

� exp
� bZ

a

p(s) ds
�

< 1;

b) there exists � 2 ]0; 1 [ such that

�
1 � �

bZ

a

p(s)

� (s)Z

a

p(� ) d� ds +

tZ

a

p(s)

� (s)Z

a

p(� ) d� ds

�
�

� �
�

1 � �

bZ

a

p(s) ds
�� �

1 � �

bZ

a

p(s) ds +

tZ

a

p(s) ds
�

for t 2 [a; b] ;
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c)

� exp
� bZ

a

p(s) ds
�

+

bZ

a

p(s)� (s)
� � (s)Z

s

p(� ) d�
�

exp
� bZ

s

p(� ) d�
�

ds < 1;

where � (t) = 1
2 (1 + sgn

�
� (t) � t)

�
for t 2 [a; b];

d) � 6= 0, p 6� 0 and there exist x 2
�
0; ln 1

�

�
such that

esssup

( � ( t )Z

t

p(s) ds : t 2 [a; b]

)

<
kpkL

x

 

x + ln
(1 � � )x

kpkL
�
ex � 1

�

!

;

while the functions g, � satisfy at least one of the following conditions:

e) � 6= 0 and
bZ

a

g(s) ds � 2� ;

f ) � (t) � t for t 2 [a; b] and
bZ

a

g(s) ds � 2 ;

g) � (t) � t for t 2 [a; b] and
bZ

a

g(s)

sZ

� (s)

g(� ) exp
� 1

2

sZ

� ( � )

g(� ) d�
�

d� ds � 4 ;

h) g 6� 0, � (t) � t for t 2 [a; b] and

esssup

( tZ

� ( t )

g(s) ds : t 2 [a; b]

)

< 2� � ;

where

� � = sup

8
>>><

>>>:

1
x

ln

0

B
B
B
@

x +
x

exp
�

x
2

bR

a
g(s) ds

�
� 1

1

C
C
C
A

: x > 0

9
>>>=

>>>;

:

Then the problem (0.6), (0.4) has a unique solution.

Corollary 1.2. Let � 2 ]1; + 1 [ and the functions g, � satisfy at least one of
the following conditions:

a) � (t) � t for t 2 [a; b] and

exp

 bZ

a

g(s) ds

!

< � ;
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b) there exists � 2 ]0; 1[ such that

1
� � 1

bZ

a

g(s)

bZ

� (s)

g(� ) d� ds +

bZ

t

g(s)

bZ

� (s)

g(� ) d� ds

�

 

� �
1

� � 1

bZ

a

g(s) ds

! 
1

� � 1

bZ

a

g(s) ds +

bZ

t

g(s) ds

!

for t 2 [a; b] ;

c)

1
�

exp

 bZ

a

g(s) ds

!

+

bZ

a

g(s)� (s)

 sZ

� (s)

g(� ) d�

!

exp

 sZ

a

g(� ) d�

!

ds < 1;

where � (t) = 1
2

�
1 + sgn

�
t � � (t)

� �
for t 2 [a; b];

d) g 6� 0 and there exist x 2 ]0; ln � ] such that

esssup

( tZ

� ( t )

g(s) ds : t 2 [a; b]

)

<
kgkL

x

 

x + ln
(� � 1)x

� kgkL
�
ex � 1

�

!

;

while the functions p; � satisfy at least one of the following conditions:

e)
bZ

a

p(s) ds �
2
�

;

f ) � (t) � t for t 2 [a; b] and

bZ

a

p(s) ds � 2 ;

g) � (t) � t for t 2 [a; b] and

bZ

a

p(s)

� (s)Z

s

p(� ) exp

 
1
2

� ( � )Z

s

p(� ) d�

!

d� ds � 4 ;

h) p 6� 0, � (t) � t for t 2 [a; b] and

esssup

( � ( t )Z

t

p(s) ds : t 2 [a; b]

)

< 2� � ;
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where

� � = sup

8
>>>><

>>>>:

1
x

ln

0

B
B
B
B
@

x +
x

exp

 
x
2

bR

a
p(s) ds

!

� 1

1

C
C
C
C
A

: x > 0

9
>>>>=

>>>>;

:

Then the problem (0.6), (0.4) has a unique solution.

1.2. Pr oofs of main resul ts

Pro of of Theorem 1.2. According to Theorem 1.1, it is su�cien t to show
that the problem (0:30), (0:40) has only the trivial solution.

Let u be a solution of (0:30), (0:40). Then, in view of (1.2), we have

ju(t)j0 = `(u)( t) sgnu(t) � `0(juj)( t) for t 2 [a; b] ;

ju(a)j � � ju(b)j = 0 :

Hence, juj is a solution of the problem (0.3), (0:40) with ` � `0 and q0(t) =
ju(t)j0 � `(juj)( t) � 0 for t 2 [a; b]. Therefore, according to (1.1), we obtain
ju(t)j � 0 for t 2 [a; b], i.e. u � 0.

Pro of of Theorem 1.3. According to Theorem 1.1, it is su�cien t to show
that the problem (0:30), (0:40) has only the trivial solution.

Let u be a solution of (0:30), (0:40). Then, in view of (0:30), u satis�es

u0(t) = �
1
2

`1(u)( t) + `(u)( t) +
1
2

`1(u)( t) ; u(a) � �u (b) = 0:(1.11)

By virtue of the assumption � 1
2 `1 2 V + (� ) and Theorem 1.1, the problem

� 0(t) = �
1
2

`1(� )( t) + `0(juj)( t) +
1
2

`1(juj)( t) ; � (a) � �� (b) = 0(1.12)

has a unique solution � . Moreover, since`0; `1 2 Pab and � 1
2 `1 2 V + (� ),

� (t) � 0 for t 2 [a; b] :(1.13)

The equality (1.12), in view of (1.5) and the condition `1 2 Pab, yields

� 0(t) � �
1
2

`1(� )( t) + `(u)( t) +
1
2

`1(u)( t) for t 2 [a; b] ;

�
� � (t)

� 0
� �

1
2

`1(� � )( t) + `(u)( t) +
1
2

`1(u)( t) for t 2 [a; b] :

The last two inequalities and (1.11), on account of the assumption � 1
2 `1 2

V + (� ) and Remark 1.2, yield

ju(t)j � � (t) for t 2 [a; b] :(1.14)
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On the other hand, due to (1.14) and the conditions `0; `1 2 Pab, the equality
(1.12) results in

� 0(t) � `0(� )( t) for t 2 [a; b] :

Since `0 2 V + (� ), the last inequality, together with � (a) � �� (b) = 0, yield
� (t) � 0 for t 2 [a; b] which, in view of (1.13), implies � � 0. Consequently , it
follows from (1.14) that u � 0.

2. Nonlinear pr oblem

Throughout this sectionweassumethat q 2 K ([a; b]� R+ ; R+ ) is nondecreasing
in the secondargument and satis�es

lim
x ! + 1

1
x

bZ

a

q(s; x) ds = 0:(2.1)

2.1. Main resul ts

Theorem 2.1. Let � 2 [0; 1[, c 2 R+ ,

h(v) sgnv(a) � c for v 2 C([a; b]; R) ;(2.2)

and let there exist `0; `1 2 Pab such that on the set B 1
�c ([a; b]; R) the inequality

�
F (v)( t) + `1(v)( t)

�
sgnv(t) � `0(jvj)( t) + q(t; kvkC ) for t 2 [a; b](2.3)

is ful�l led. If, moreover,

`0 2 V + (� ); � `1 2 V + (� ) ;(2.4)

then the problem (0.1), (0.2) has at least one solution.

Remark 2.1. Theorem2.1 is nonimprovablein a certain sense.More precisely,
the inequality (2.3) cannot be replacedby the inequality

�
F (v)( t) + `1(v)( t)

�
sgnv(t) � (1 + ")`0(jvj)( t) + q(t; kvkC ) ;(2.5)

no matter how small " > 0 would be. Moreover, the condition (2.4) can be
replacedneither by the condition

(1 � " )`0 2 V + (� ) ; � `1 2 V + (� ) ;(2.6)

nor by the condition

`0 2 V + (� ) ; � (1 � " )`1 2 V + (� ) ;(2.7)

no matter how small " > 0 would be (seeOn Remark 2.1 and Example 3.4).

Theorem 2.2. Let � 2 [0; 1[ ,

[h(v) � h(w)] sgn
�
v(a) � w(a)

�
� 0 for v; w 2 C([a; b]; R) ;(2.8)



98 R. HAKL, A. LOMT ATIDZE, J. �SREMR

and let there exist `0; `1 2 Pab such that, on the set B 1
�c ([a; b]; R), where c =

jh(0)j, the inequality

[F (v)( t) � F (w)( t) + `1(v � w)( t)] sgn
�
v(t) � w(t)

�
� `0(jv � wj)( t)

is ful�l led. If, moreover, the condition (2.4) is satis�ed, then the problem (0.1),
(0.2) has a unique solution.

Remark 2.2. Theorem 2.2 is nonimprovable in a certain sense(seeOn Re-
mark 2.2).

Remark 2.3. Let � 2 [1; + 1 [ , ' ,  be the operators de�ned in Remark 1.5.
Put # = 1

� , and

bF (w)( t) def= �  
�
F (' (w))

�
(t) ; bh(w) def= � #h

�
' (w)

�
:

It is clear that if u is a solution of the problem (0.1), (0.2), then the function

v def= ' (u) is a solution of the problem

v0(t) = bF (v)( t) ; v(a) � #v(b) = bh(v) ;(2.9)

and viceversa,if v is a solution of the problem (2.9), then the function u def= ' (v)
is a solution of the problem (0.1), (0.2).

In view of Remarks 1.5 and 2.3, the following results are an immediate
consequenceof Theorems2.1 and 2.2.

Theorem 2.3. Let � 2 ]1; + 1 [ , c 2 R+ ,

h(v) sgnv(b) � � c for v 2 C([a; b]; R) ;(2.10)

and let there exist `0; `1 2 Pab suchthat, on the set B 2
�c ([a; b]; R), the inequality

�
F (v)( t) � `1(v)( t)

�
sgnv(t) � � `0(jvj)( t) � q(t; kvkC ) for t 2 [a; b]

is ful�l led. If, moreover,

� `0 2 V � (� ) ; `1 2 V � (� ) ;(2.11)

then the problem (0.1), (0.2) has at least one solution.

Theorem 2.4. Let � 2 ]1; + 1 [ ,

[h(v) � h(w)] sgn
�
v(b) � w(b)

�
� 0 for v; w 2 C([a; b]; R) ;(2.12)

and let there exist `0; `1 2 Pab such that, on the set B 2
�c ([a; b]; R), where c =

jh(0)j, the inequality

[F (v)( t) � F (w)( t) � `1(v � w)( t)] sgn
�
v(t) � w(t)

�
� � `0(jv � wj)( t)

is ful�l led. If, moreover, the condition (2.11) is satis�ed, then the problem
(0.1), (0.2) has a unique solution.

Remark 2.4. According to Remarks 1.5, 2.1, 2.2, and 2.3, Theorems 2.3
and 2.4 are nonimprovable in an appropriate sense.

For the problem (0.5), (0.2), Theorems 2.1{2.4 imply the following asser-
tions.
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Corollary 2.1. Let � 2 [0; 1[ , c 2 R+ , the condition (2.2) be ful�l led, and

f (t; x; y) sgnx � q(t; jxj) for t 2 [a; b] ; x; y 2 R :

Let, moreover, the functions p, � satisfy at least one of the conditions a), b),
c) or d) in Corollary 1.1, while the functions g, � satisfy at least one of the
following conditions:

e) � 6= 0 and
bZ

a

g(s) ds � � ;

f ) � (t) � t for t 2 [a; b] and
bZ

a

g(s) ds � 1 ;

g) � (t) � t for t 2 [a; b] and

bZ

a

g(s)

sZ

� (s)

g(� ) exp

0

B
@

sZ

� ( � )

g(� ) d�

1

C
A d� ds � 1 ;

h) g 6� 0, � (t) � t for t 2 [a; b] and

esssup

8
><

>:

tZ

� ( t )

g(s) ds : t 2 [a; b]

9
>=

>;
< � � ;

where

� � = sup

8
>>>><

>>>>:

1
x

ln

0

B
B
B
B
@

x +
x

exp

 

x
bR

a
g(s) ds

!

� 1

1

C
C
C
C
A

: x > 0

9
>>>>=

>>>>;

:

Then the problem (0.5), (0.2) has at least one solution.

Corollary 2.2. Let � 2 [0; 1[ , the condition (2.8) be ful�l led, and

[f (t; x1; y1)� f (t; x2; y2)] sgn(x1� x2) � 0 for t 2 [a; b] ; x1; y1; x2; y2 2 R :

Let, moreover, the functions p, � satisfy at least one of the conditions a), b),
c) or d) in Corollary 1.1, while the functions g, � satisfy at least one of the
conditions e), f), g) or h) in Corollary 2.1. Then the problem (0.5), (0.2) has
a unique solution.

Corollary 2.3. Let � 2 ]1; + 1 [ , c 2 R+ , the condition (2.10) be ful�l led, and

f (t; x; y) sgnx � � q(t; jxj) for t 2 [a; b] ; x; y 2 R :

Let, moreover, the functions g, � satisfy at least one of the conditions a), b),
c) or d) in Corollary 1.2, while the functions p, � satisfy at least one of the
following conditions:
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e)
bZ

a

p(s) ds �
1
�

;

f ) � (t) � t for t 2 [a; b] and

bZ

a

p(s) ds � 1 ;

g) � (t) � t for t 2 [a; b] and

bZ

a

p(s)

� (s)Z

s

p(� ) exp

0

B
@

� ( � )Z

s

p(� ) d�

1

C
A d� ds � 1 ;

h) p 6� 0, � (t) � t for t 2 [a; b] and

esssup

8
><

>:

� ( t )Z

t

p(s) ds : t 2 [a; b]

9
>=

>;
< � � ;

where

� � = sup

8
>>>><

>>>>:

1
x

ln

0

B
B
B
B
@

x +
x

exp

 

x
bR

a
p(s) ds

!

� 1

1

C
C
C
C
A

: x > 0

9
>>>>=

>>>>;

:

Then the problem (0.5), (0.2) has at least one solution.

Corollary 2.4. Let � 2 ]1; + 1 [ , the condition (2.12) be ful�l led, and

[f (t; x1; y1) � f (t; x2; y2)] sgn(x1 � x2) � 0 for t 2 [a; b] ; x1; y1; x2; y2 2 R :

Let, moreover, the functions g, � satisfy at least one of the conditions a), b),
c) or d) in Corollary 1.2, while the functions p, � satisfy at least one of the
conditions e), f), g) or h) in Corollary 2.3. Then the problem (0.5), (0.2) has
a unique solution.

2.2. Auxiliar y pr opositions and pr oof of main resul ts

First we formulate a result from [26, Theorem 1] in a suitable for us form.

Lemma 2.1. Let there exist `1 2 eL ab and a positive number � such that the
problem

u0(t) + `1(u)( t) = 0; u(a) � �u (b) = 0(2.13)



SOLVABILITY OF A PERIODIC TYPE BVP FOR FIRST ORDER FDES 101

has only the trivial solution and for every � 2 ]0; 1[ , an arbitrary function
u 2 eC([a; b]; R) satisfying the relations

u0(t) + `1(u)( t) = �
�
F (u)( t) + `1(u)( t)

�
; u(a) � �u (b) = � h(u) ;(2.14)

admits the estimate

kukC � � :(2.15)

Then the problem (0.1), (0.2) has at least one solution.

De�nition 2.1. We say that the pair of operators (`0; `1) belongsto the set
U(� ), if `0 2 Pab, `1 2 eL ab, and there exists a positive number r such that,
for arbitrary q� 2 L([a; b]; R+ ) and c 2 R+ , every function u 2 eC([a; b]; R)
satisfying the inequalities

[u(a) � �u (b)] sgnu(a) � c;(2.16)

[u0(t) + `1(u)( t)] sgnu(t) � `0(juj)( t) + q� (t) for t 2 [a; b] ;(2.17)

admits the estimate

kukC � r (c + kq� kL ) :(2.18)

Lemma 2.2. Let c 2 R+ ,

h(v) sgnv(a) � c for v 2 C([a; b]; R) ;(2.19)

and let there exist (`0; `1) 2 U(� ) such that, on the set B 1
�c ([a; b]; R), the in-

equality
�
F (v)( t) + `1(v)( t)

�
sgnv(t) � `0(jvj)( t) + q(t; kvkC ) for t 2 [a; b](2.20)

is ful�l led. Then the problem (0.1), (0.2) has at least one solution.

Pro of. First note, that due to the condition (`0; `1) 2 U(� ), the homogeneous
problem (2.13) has only the trivial solution.

Let r be the number appearing in De�nition 2.1. According to (2.1), there
exists � > 2rc such that

1
x

bZ

a

q(s; x) ds <
1
2r

for x > � :

Now assumethat a function u 2 eC([a; b]; R) satis�es (2.14) for some � 2
]0; 1[. Then, according to (2.19), u satis�es the inequality (2.16), i.e., u 2
B 1

�c ([a; b]; R). By (2.20), the inequality (2.17) is ful�lled with q� (t) = q(t; kukC )
for t 2 [a; b]. Hence,by the condition (`0; `1) 2 U(� ) and the de�nition of the
number � , the estimate (2.15) holds.

Since � dependsneither on u nor on � , from Lemma 2.1 it follows that the
problem (0.1), (0.2) has at least one solution.
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Lemma 2.3. Let

[h(v) � h(w)] sgn
�
v(a) � w(a)

�
� 0 for v; w 2 C([a; b]; R) ;(2.21)

and let there exist (`0; `1) 2 U(� ) such that, on the set B 1
�c ([a; b]; R), where

c = jh(0)j, the inequality
�
F (v)( t) � F (w)( t) + `1(v � w)( t)

�
sgn

�
v(t) � w(t)

�

� `0(jv � wj)( t) for t 2 [a; b]
(2.22)

is ful�l led. Then the problem (0.1), (0.2) has a unique solution.

Pro of. It follows from (2.21) that the condition (2.19) is ful�lled with c =
jh(0)j. By (2.22), we get that, on the set B 1

�c ([a; b]; R), the inequality (2.20)
holds, where q � jF (0)j. Consequently , the assumptions of Lemma 2.2 are
ful�lled and so the problem (0.1), (0.2) has at least onesolution. It remains to
show that the problem (0.1), (0.2) has at most one solution.

Let u1, u2 be solutions of the problem (0.1), (0.2). Put u(t) = u1(t) � u2(t)
for t 2 [a; b]. By (2.21) and (2.22) it is clear that

[u(a) � �u (b)] sgnu(a) � 0 ;

[u0(t) + `1(u)( t)] sgnu(t) � `0(juj)( t) for t 2 [a; b] :

Now the condition (`0; `1) 2 U(� ) implies u � 0, consequently , u1 � u2.

Lemma 2.4. Let `0 2 eL ab and the homogeneous problem

v0(t) = `0(v)( t) ; v(a) � �v (b) = 0

haveonly the trivial solution. Then there exists a positive number r 0 suchthat,
for arbitrary q� 2 L([a; b]; R) and c 2 R, the solution v of the problem

v0(t) = `0(v)( t) + q� (t) ; v(a) � �v (b) = c(2.23)

admits the estimate

kvkC � r0
�
jcj + kq� kL

�
:(2.24)

Pro of. Let

R � L ([a; b]; R) = f (c;q� ) : c 2 R; q� 2 L([a; b]; R)g

be the Banach spacewith the norm

k(c;q� )kR� L = jcj + kq� kL ;

and let 
 be an operator mapping every (c;q� ) 2 R � L ([a; b]; R) to the solution
v of the problem (2.23). According to Theorem1.4 in [24], 
 : R� L ([a; b]; R) !
C([a; b]; R) is a linear bounded operator. Denote by r 0 the norm of 
. Then,
clearly, for every (c;q� ) 2 R � L ([a; b]; R), the inequality

k
( c;q� )kC � r0
�
jcj + kq� kL

�

holds. Consequently , the solution v = 
( c;q� ) of the problem (2.23) admits
the estimate (2.24).

Lemma 2.5. Let � 2 [0; 1[, `0; `1 2 Pab, `0 2 V + (� ), and � `1 2 V + (� ). Then
(`0; `1) 2 U(� ).
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Pro of. Let q� 2 L([a; b]; R+ ), c 2 R+ , and u 2 eC([a; b]; R) satisfy the inequal-
ities (2.16) and (2.17). We will show that (2.18) holds, where r = r 0 is the
number appearing in Lemma 2.4.

It is clear that

u0(t) = � `1(u)( t) + eq(t) ;(2.25)

where
eq(t) = u0(t) + `1(u)( t) for t 2 [a; b] :

Evidently , according to (2.17),

eq(t) sgnu(t) � `0(juj)( t) + q� (t) for t 2 [a; b] :(2.26)

Furthermore, from (2.25), in view of the assumption`1 2 Pab and the inequality
(2.26), it follows that

[u(t)]0
+ � `1([u]� )( t) + `0(juj)( t) + q� (t)

= � `1([u]+ )( t) + `1(juj)( t) + `0(juj)( t) + q� (t)

for t 2 [a; b] ;

(2.27)

and

[u(t)]0
� � `1([u]+ )( t) + `0(juj)( t) + q� (t)

= � `1([u]� )( t) + `1(juj)( t) + `0(juj)( t) + q� (t)

for t 2 [a; b] :

(2.28)

Since� `1 2 V + (� ), according to Theorem 1.1, the problem

� 0(t) = � `1(� )( t) + `1(juj)( t) + `0(juj)( t) + q� (t) ; � (a) � �� (b) = c(2.29)

has a unique solution � . Moreover, from (2.27), (2.28), and (2.29), on account
of the conditions � `1 2 V + (� ) and

[u(a)]+ � � [u(b)]+ � c ; [u(a)] � � � [u(b)] � � c ;

it follows that

[u(t)]+ � � (t) ; [u(t)] � � � (t) for t 2 [a; b]

and consequently

ju(t)j � � (t) for t 2 [a; b] :(2.30)

By (2.30) and the condition `0; `1 2 Pab, (2.29) results in

� 0(t) � `0(� )( t) + q� (t) for t 2 [a; b] :

Since`0 2 V + (� ) and � (a) � �� (b) = c, the latter inequality yields

� (t) � v(t) for t 2 [a; b] ;(2.31)

where v is a solution of the problem (2.23). Now from (2.30) and (2.31),
according to Lemma 2.4, the estimate (2.18) holds.

Theorem 2.1 follows from Lemmas 2.2 and 2.5, whereasTheorem 2.2 is a
consequenceof Lemmas2.3 and 2.5.
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3. On remarks 1.3, 1.4, 2.1 and 2.2

On Remarks 1.3 and 1.4. In Examples3.1,3.2and 3.3, there areconstructed
operators ` 2 eL ab such that the homogeneousproblem (0:30), (0:40) has a
nontrivial solution. Then, accordingto Remark 1.1, there exist q0 2 L([a; b]; R)
and c0 2 R such that the problem (0.3), (0.4) has no solution.

Example 3.1. Let " > 0 and the operators `; `0 2 eL ab be de�ned by

`(v)( t) def= (1 + ")p(t)v(b) ; `0(v)( t) def= p(t)v(b) ;(3.1)

where p 2 L([a; b]; R+ ) is such that
bZ

a

p(s) ds =
1 � �
1 + "

:(3.2)

According to Corollary 1.1 b) in [17], we have `0 2 V + (� ). Obviously, the
assumptionsof Theorem 1.2 are ful�lled except of the condition (1.2), instead
of which the condition (1.3) is satis�ed. Moreover, the assumptionsof Theo-
rem 1.3 are ful�lled with `1 � 0, except for the condition (1.5), instead of which
the condition (1.7) is satis�ed.

On the other hand, the problem (0:30), (0:40) has a nontrivial solution

u(t) = � + (1 + ")

tZ

a

p(s) ds for t 2 [a; b] :

Example 3.1 shows that the inequalities (1.2) and (1.5) in Theorems 1.2
and 1.3 cannot be replacedby the inequalities (1.3) and (1.7), respectively, no
matter how small " > 0 would be.

Example 3.2. Let " 2 ]0; 1 [ and the operator ` 2 eL ab be de�ned by

`(v)( t)
def
= p(t)v(b) ;(3.3)

where p 2 L([a; b]; R+ ) is such that
bZ

a

p(s) ds = 1 � � :(3.4)

Put `0 � ` , `1 � 0. Then the conditions (1.2) in Theorem 1.2 and (1.5) in
Theorem 1.3 are ful�lled. Furthermore, according to Corollary 1.1 b) in [17],
we have (1 � " )`0 2 V + (� ).

On the other hand, the problem (0:30), (0:40) has a nontrivial solution

u(t) = � +

tZ

a

p(s) ds for t 2 [a; b] :

Example 3.2showsthat the condition (1.1) in Theorem1.2and the condition
(1.6) in Theorem 1.3 cannot be replaced by the condition (1.4) and (1.8), no
matter how small " > 0 would be.
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Example 3.3. Let " > 0, � = " (1 � � )
1+ " , and ` 2 eL 03 be an operator de�ned by

`(v)( t) def= p(t)v
�
� (t)

�
;(3.5)

where

p(t) =

8
><

>:

1 � � � � for t 2 [0; 1[

� 2� �
1� � for t 2 [1; 2[

� 2 for t 2 [2; 3]

; � (t) =

8
><

>:

3 for t 2 [0; 1[

1 for t 2 [1; 2[

2 for t 2 [2; 3]

:

Let, moreover,

`0(v)( t) def= p0(t)v
�
� 0(t)

�
; `1(v)( t) def= p1(t)v

�
� 1(t)

�
;(3.6)

where p0 � [p]+ , p1 � [p]� ,

� 0 � 3 ; � 1(t) =

8
><

>:

0 for t 2 [0; 1[
1 for t 2 [1; 2[

2 for t 2 [2; 3]

:

It is clear that `0; `1 2 P03 and the condition (1.5) is ful�lled. Moreover,
3Z

0

`0(1)(s) ds =

1Z

0

p0(s) ds = 1 � � � � < 1 � � :

Consequently , according to Corollary 1.1 b) in [17], `0 2 V + (� ). It is not
di�cult to verify that the homogeneousproblem

u0(t) = �
1

2 + "
`1(u)( t) ; u(0) � �u (3) = 0

has only the trivial solution and, for arbitrary q0 2 L([0; 3];R+ ) and c0 2 R+ ,
the solution of the problem

u0(t) = �
1

2 + "
`1(u)( t) + q0(t) ; u(0) � �u (3) = c0

is nonnegative. Therefore, by De�nition 1.1, we obtain � 1
2+ " `1 2 V + (� ).

On the other hand, the function

u(t) =

8
><

>:

(1 � � � � )t + � for t 2 [0; 1[
(2 � � )(1 � t) + 1 � � for t 2 [1; 2[

2t � 5 for t 2 [2; 3]

is a nontrivial solution of the problem (0:30), (0:40).

Example 3.3 shows that the assumption (1.6) in Theorem 1.3 cannot be
replacedby (1.9), no matter how small " > 0 would be.

On Remark 2.1. Let " > 0, `; `0 2 eL ab be de�ned by (3.1), where p 2
L([a; b]; R+ ) satis�es (3.2). According to Example 3.1, the problem (0:30),
(0:40) has a nontrivial solution. By Remark 1.1, there exist q0 2 L([a; b]; R)
and c0 2 R such that the problem (0.1), (0.2), where

F (v)( t) def= `(v)( t) + q0(t) for t 2 [a; b] ; h(v) � c0 ;(3.7)
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has no solution, while the conditions (2.2), (2.4) and (2.5) are ful�lled with
c = jc0j, q � jq0 j, `1 � 0. Thus, Example 3.1 shows that the condition (2.3) in
Theorem 2.1 cannot be replaced by the condition (2.5), no matter how small
" > 0 would be.

Let " 2 ]0; 1 [, ` 2 eL ab be de�ned by (3.3), where p 2 L([a; b]; R+ ) satis�es
(3.4). According to Example 3.2, the problem (0:30), (0:40) has a nontrivial
solution. By Remark 1.1, there exist q0 2 L([a; b]; R) and c0 2 R such that
the problem (0.1), (0.2), where F and h are de�ned by (3.7), has no solution,
while the conditions (2.2), (2.3) and (2.6) are ful�lled with c = jc0 j, q � jq0j,
`0 � ` , and `1 � 0. Therefore, Example 3.2 shows that the condition (2.4) in
Theorem 2.1 cannot be replacedby (2.6), no matter how small " > 0 would be.

Example 3.4. Let � 2 ]0; 1 [ (for the case� = 0 see[15]), " 2 ]0; 1 [ , � =
" (1 � � ), # 2 ]0; 1 � � [ such that # < �"

1� " , ` 2 eL 05 be an operator de�ned by
(3.5), where

p(t) =

8
>>><

>>>:

1 � � � � for t 2 [0; 1[
0 for t 2 [1; 2[ [ [3; 4[

� 1+ #
1� � for t 2 [2; 3[

� (1 + #) for t 2 [4; 5]

; � (t) =

8
><

>:

5 for t 2 [0; 1[
1 for t 2 [1; 3[

3 for t 2 [3; 5]

;

and `0, `1 be de�ned by (3.6), where p0 � [p]+ , p1 � [p]� ,

� 0 � 5 ; � 1(t) =

8
><

>:

0 for t 2 [0; 1[
1 for t 2 [1; 3[

3 for t 2 [3; 5]

:

Put

z(t) =

8
><

>:

0 for t 2 [0; 1[ [ [2; 3[ [ [4; 5[

� 1� � � #
(1 � � � # )(1 � t )+1 � � for t 2 [1; 2[

� 1� #
1� (1 � # )( t � 3) for t 2 [3; 4[

:

It is clear that � z 2 L ([0; 5];R+ ), `0; `1 2 P05 and

5Z

0

`0(1)(s) ds =

1Z

0

p0(s) ds = 1 � � � � < 1 � � :

Consequently , according to Corollary 1.1 b) in [17], `0 2 V + (� ). It is not
di�cult to verify that the homogeneousproblem

u0(t) = � (1 � " )`1(u)( t) ; u(0) � �u (5) = 0

has only the trivial solution and, for arbitrary q0 2 L([0; 5];R+ ) and c0 2 R+ ,
the solution of the problem

u0(t) = � (1 � " )`1(u)( t) + q0(t) ; u(0) � �u (5) = c0

is nonnegative. Therefore, by De�nition 1.1, we obtain � (1 � " )`1 2 V + (� ).
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On the other hand, the function

u(t) =

8
>>>>>><

>>>>>>:

(1 � � � � )t + � for t 2 [0; 1[
(1 � � � #)(1 � t) + 1 � � for t 2 [1; 2[

(1 + #)(2 � t) + # for t 2 [2; 3[
(1 � #)( t � 3) � 1 for t 2 [3; 4[

(1 + #)( t � 4) � # for t 2 [4; 5]

is a nontrivial solution of the problem

u0(t) = p(t)u
�
� (t)

�
+ z(t)u(t) ; u(a) � �u (b) = 0:

Consequently , accordingto Remark 1.1, there exist q0 2 L([a; b]; R) and c0 2

R such that the problem (0.1), (0.2) with F (v)( t) def= p(t)v
�
� (t)

�
+ z(t)v(t) +

q0(t) for t 2 [a; b], h(v) � c0 has no solution, while the conditions (2.2), (2.3)
and (2.7) are ful�lled with c = jc0j, q � jq0j.

Example 3.4 shows that the assumption (2.4) in Theorem 2.1 cannot be
replacedby the assumption (2.7), no matter how small " > 0 would be.

On Remark 2.2. Examples 3.1, 3.2 and 3.4 also show that the assumptions
on the operators `0; `1 in Theorem 2.2 cannot be weakened.
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