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ON THE BOUNDARY CONDITIONS ASSOCIATED WITH
SECOND-ORDER
LINEAR HOMOGENEOUS DIFFERENTIAL EQUATIONS

J. DAS (NEE CHAUDHURI)

ABSTRACT. The ideas of the present paper have originated from the observa-
tion that all solutions of the linear homogeneous differential equation (DE)
y®P(t) + y(t) = 0 satisfy the non-trivial linear homogeneous boundary con-
ditions (BCs) y(0) + y(m) = 0, y%0) + %) = 0. Such a BC is referred
to as a natural BC (NBC) with respect to the given DE, considered on the
interval [0, 7]. This observation suggests the following queries : (i) Will each
second-order linear homogeneous DE possess a natural BC? (ii) How many
linearly independent natural BCs can a DE possess? The present paper
answers these queries. It also establishes that any non-trivial homogeneous
mixed BC, which is not a NBC with respect to the given linear homogeneous
DE, determines uniquely (up to a constant multiplier), the solution of the
DE. Two BCs are said to be compatible with respect to a given DE if both of
them determine the same solution of the DE. Conditions for the compatibil-
ity of sets of two and three BCs with respect to a given DE have also been
determined.

1. INTRODUCTION

We considerthe following second-ordetinear homogeneou®rdinary di eren tial
equation
1.1 LIyl = po(t)y" (1) + p1(t)y' (1) + p2(t)y(t) = O
where pg,p1,p2 : [a,b] — C (the set of complex numbers) are cortinuous and
po(t) # 0 for all ¢ € [a, b].

To set up regular Sturm-Liouville boundary value problem (SLP), the DE 1.1
is generally assaiated with two linear homogeneousBCs of the form
(1.2) Ualyl = ary(a) + azy'(a) + asy(b) + asy'(b) = 0,
(1.3) Uslyl = Biy(a) + Bay'(a) + B3y(b) + Bay'(b) = 0,
where o, B; (¢ = 1,2,3,4) are real numbers.
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However, we note that all solutions of the DE " (¢) + y(¢) = O satisfy the BC
y(0) + y(7) = 0. Thus, for a given DE of the form (1.1), there may exist a non-
trivial BC of the form (1.2), which is satis ed by all solutions of the given DE.
Let us name such a BC a natural BC (NBC) with respect to the given DE. In this
casethe DE (1.1) is said to possessa NBC. Having given a DE, one may ask the
following questions:

(i) Is there any NBC with respect to the given DE ?
(i) How many linearly independert NBCs are there with respectto the givenDE ?

The answersto these queriesare obtained in Theorem I. In Theorem |1, given
a BC of the form (1.2) which is not a NBC with respect to the given DE (1.1), we
determine the non-trivial solution of (1.1), uniquely up to a constart multiplier,
that satis es the given BC. As aresult, the SLP (1.1){(1.2) {(1.3) will have a non-
trivial solution provided the BCs (1.2) and (1.3) determine the same non-trivial
solution of (1.1). In that casethe BCs (1.2) and (1.3) are said to be compatible
with respect to the DE (1.1). Theorem |1l determinesthe conditions for the BCs
(1.2) and (1.3) to be compatible with respect to the DE (1.1). In [1] it has been
shown that a non-trivial solution of the DE (1.1) may satisfy, at the most, three
linearly independert BCs of the form (1.2). Hence,in Theorem IV, conditions
have been obtained for three linearly independert BCs of the form (1.2) to be
compatible with respect to the given DE (1.1).

2. SOME NECESSARY PRELIMINARIES
Let &,n : [a,b] — C denote the solutions of (1.1) that satisfy
(2.1) fa)=1, &(a)=0,
(2.2) n(@)=0, n'(a)=1.

As the coe cien ts pg, p1, p2 in (1.1) are complex-valued, the solutions &, n are
complex-valued. Let

(2.3) &) = & + ik, g'(b) = &+ i,
(2.4) nb) = m+ina,  1'(b) = ny+ inh,

where &;, n;, &, 0 (i = 1,2) are real numbers.
We further note that

(2.5) Ual€] = (a1 + aséy + aa€)) + i(aséo + aul) ,
and
(2.6) Ualn] = (o1 + asny + auny) + i(asnz + aany),

as oy, ag, asg, oy are real numbers.

3. CONDITIONS FOR THE GIVEN DE (1.1) TO possEss NBC

Let the givenDE (1.1) possesa NBC, U,[y] = Ofor somea = (a1, asz, as, ay) 7
(0,0,0,0). Then we must have

3.1) Ual§] = 0= Ua[n].
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Theseimply that the following algebraic equationsin «a have a nontrivial solu-
tion:

(3.2) ar+ azéy + aufl = 0= ag+ azm + aun),
(3.3) aséo+ auby = 0= agme + auny,

We note that (as,a4) = (0,0) imply (a1,a2) = (0,0). Hencewe should have
(a3, aq) 7 (0,0) and this demandséan), — &5ne = 0, as can be seenfrom (3.3).

Conversely if &anh, —&4ne = 0, there exists at least one solution (as, «,) 7 (0,0)
of (3.3), and this (a3, ay) Will determine (a1, a2) from (3.2). In other words, there
is at least one NBC with respect to the DE (1.1).

Our next job isto nd the NBCs with respectto the DE (1.1). As the DE (1.1)
possessea NBC, we have &1 — £4n2 = 0. Two casesare to be considered:

(7’) (5275557727775) # (0705 07 0) )
(“) (527655772777§) = (0707 07 O) .
In case (i), the equations (3.3) possessa unique non-trivial solution (save a

constart multiplier). Using (3.2), the corresponding NBC with respect to the DE
(1.1) can be exhibited as

(3:4) (&8 — &&)y(a) + (&m — &m)y'(a) — &y(b) + &y'(b) = 0.

In case(ii), (3.3) is satis ed by any (as, ayg). Choosing (1,0) and (0, 1) for (as,
ay4) we nd two linearly independert NBCs with respect to the DE (1.1), viz,

(3.5) &1y(a) + my'(a) —y(b) = 0
(3.6) §1y(a) + my'(a) —y'(b) = 0.

Hencewe have the following theorem:

Theorem 1.

(@) The DE (1.1) possesses NBC if and only if Eanh — Ehne = 0.

(b) If &amh —&Ehma = 0 but (&2, &L, m2,m5) 7 (0,0,0,0), the DE (1.1) possesses only
one NBC, which is given by (3.4).

(©) If (&2, &, m2,m5) = (0,0,0,0), there are two linearly independent NBCs with
respect to the DE (1.1), and they can be exhibited as in (3.5)—(3.6).

Example 1. For the DE y"(t) —iy'(t) = O, t € [0,7], it can be veried that
&t = 1, n(t) = i1 — '), Henceéanl — &mp = 0 but no # 0. Herethe NBC with
respect to the given DE is 3/(0) + ¢'(w) = O.

Example 2. For the DE y"(t) + y(t) = 0, t € [0, 7], £(t) = cost, n(t) = sint. SO
& = &, = n2 = n, = 0. The two linearly independert NBCs with respect to the
given DE can be exihibited as

y(0) + y(m) = O, y'(0) + /(7)) = 0.
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4. THE UNIQUE SOLUTION OF THE DE (1.1) DETERMINED BY A BC U,[y] = 0
THAT IS NOT NATURAL WITH RESPECT TO (1.1)

We rst notethat, asthe DE (1.1) is homogeneousthe uniquenesof its solution
is to be understood up to a constart multiplier. That such a unique solution exists
has beenprovedin [1].

As the BC U,[y] = 0 is not natural w.r. to the DE (1.1), we can not have
Ualé] = 0= Ualn].

If Us[n] = 0, then U,[¢] # 0 and the required unique solution of (1.1) satys ing
Ualyl = Ois n.

If Us[n] # 0, the required unique solution ¢ of (1.1) should be of the form
= &+ (u+ iv))n, whereu, v are real numbers. Then U,[y] = O if and only if

(4.1) ar+ agu+ ag (& + wp — o) + ag (§ + un) —vny) = 0
and
4.2) v+ ag (o + umz + o) + au(&y + uny + vny) = 0.

The equations (4.1){(4.2) determine u, v uniquely (and so, ¢ uniquely), since
Uu[n] # O implies (a2 + azm + aqn})? + (azne + asnh)? # 0. These obsenations
lead to the following theorem:

Theorem II. Let the BC Uylyl = 0 be not natural with respect to the DE (1.1).

() IfUyn] = O, then the required unique solution of (1.1), that satisfies Unly] =
0isn.

(i) IfUun] # O, then the required unique solution of (1.1), that satisfies Uy[y] =
0isy = &+ (u+ iv)n (u,v : real numbers), where u and v are uniquely
determined by the equations (4.1)—(4.2).

5. COMPATIBILITY OF BOUNDARY CONDITIONS

Let U,ly] = O, Ugly] = O, be two linearly independernt BCs, none of which is a
NBC with respectto the DE (1.1). Then, eat of theseBCs will determine a non-
trivial solution of the DE (1.1), uniquely up to a constart multiplier; in general,
the solutions determined by them will be di erent. In casethe two BCs determine
the samenon-trivial solution of the DE (1.1), then they are said to be compatible
with respect to the DE (1.1). In this sectionwe shall determine the condition that
will guararteethat the two BCs U,[y] = 0= Ug[y] are compatible with respect to
the DE (1.1). Equivalertly we determine the condition under which the Sturm-
Liouville problem (SLP) = : L[y] = 0= U,ly] = Ugly] has a non-trivial solution,
unique up to a constart multiplier.

In this connection, we needto usethe following result which has been proved
in [1].

5.1. Proposition. For any solution ¢ of the SLP (1.1), (1.2), (1.3) , let B(y)
denote the set of vectors A = (X, \,, \;, \,) of R* such that

(5.1) Ualy] = M\ v(a) + A0 (a) + A,0(0) + A, (b) = 0.
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Then
(A) foryp= &+ (ut iv)n,

dim B() = 2 if either (A1) Eomy — Ema 7 0,

or (A2) &amp—&m2 = 0,
(525 555 2, 77/2) 7 (03 07 Oa 0) )
vZ 0,

or (As) oy —&m2 = 0,

(525555772577/2) 7 (030703 0)7
v:07§2+un2?07 or, §é+uﬁ2707
or (Ag) &=&=m=nm=0, vZ0;

and

dim B(y) = 3 if either (As) &y —E&me =0,
(62)555772)77/2) ? (0’0707 0)7
v=0,&+ up = 0= &+ upy
or (Ag) =& =n,=n,=0, v=0;

(B) for ¢p=mn,
dim B(n) =2 if (B1) mnh —nim2 # 0,
dim B(n) =3 if (B2) mny —mn2=0,

5.2. Compatibility of two boundary conditions

Let Uu,ly] = 0 = Ugly] be two linearly independert BCs. We are to nd
conditions under which they are compatible with respectto the DE (1.1), assuming
that noneof them is a NBC for the DE (1.1). We shall actually provethe following:

Theorem III. The two linearly independent BCs Uyly] = 0 = Uglyl, none of
which is a NBC for the DE (1.1), are compatible with respect to the DE (1.1) if
and only if

(5.2)  Ass(&1m2 — &umy + Eom — Eomy) — Arzne — Arany + Agslo + A€y = 0,
where Aij = Oéiﬂj — Oéjﬂi (’L,] = :I.7 2, 37 4)

Proof. First supposethat the BCs

(5.3) Ualyl = 0= Ugly]
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are linearly independert and are compatible with respect to the DE (1.1). Then,
both the BCs determine the samesolution ¢ of the DE (1.1). We are to consider
the following two cases.

@ ¢=¢&+ (utiv)n, (b) v=n.

CaSE (a):
From the proposition givenin §5.1, it is clearthat the following six casesare to
be consideredseparately:

(a1)  &emh —&m2 7 0,

(a2) ané - 5&772 07 (527 555 2, 775) 7 (07 Oa 07 O)a v 7/ 07

(a’3) 62775 - 55772 07 (527 géa 2, 775) 7 (07 Oa 07 O)a v = 07 52 + une 7 07
(a4) 62775 - 65772 07 (527 géa 2, 775) # (07 07 07 0)7 v = 07 62 T oung = 07
(as) &= &=m=n=0v70,

(ag) & = &=m=n=07v=0,

SUBCASE (a1) : In this casewe know that dim B(y) = 2.
Therefore, the equation U,[¢] = 0 being equivalent to

(5.4) AL+ dgu+ A&y + i — o) + Ag(&] + un) —omy) = 0,
(5.5) Aov + A3(&2 + uma + vmy) + Ag(&y + iy —onf) = 0,

the systemof equations(5.4){(5.5) in A = (A1, A2, A3, A4) have exactly two linearly
independert solutions, and « = (a1, as,as,a4) and 5 = (51, B2, 03, B4) form one
such pair. This requiresthat the rank of the coe cien t matrix of (5.4){(5.5) is
two. Therefore, we are to further subdivide the subcase(a;) into the following:

(a1 —1) 070,

(a1 —ii) ©v=0, &+ unZ0,

(a1 —iii) v=0, &+ uny= 0.

SUBCASE (a1 —1i):  &2m5 &4m2 60, v6& 0.
Here, two linearly independen solution vectors of (5.4){(5.5) can be obtained
by taking (A3, A4) = (1,0) and (0,1)as

(56) n= Ugg - vgl + (’11,2 + ’02)7727 7(52 + un2 + vnl)vvv 0 ’
(5.7) v= uby — &+ (W + o)y, (& + uny + o), 0,0

If v = £+ (u+ 4v)n is the non-trivial solution of the SLP (1.1), (1.2), (1.3), the
vectorsa = (a1, ag, as, aq) and 5 = (61, Ba, O3, B4) must belongto B(y). As a, 3
are linearly independert, the vectors i, v (givenin (5.6), (5.7)) of B(v) should be
expressiblein terms of o, 3. Hencethere exist real numbers A, B,C,D (A, B) #
(0,0),(C,D) # (0,0) such that

(5.8) uw= Aa+ Bj and v=Ca+ Dg.
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Eliminating u, v, u? + v?, A, B, C, D from the eight equationsof (5.8) we have,
if the BCs U,[y] = 0 = Ugly] are compatible with respect to the DE (1.1), then
(5.2) holds.

SUBCASE (a1 — ’LZ) 621’]; 6;1’]2 =5 0, v=0, 62 + un2 6 0.

In this caseequations (5.4){(5.5) become

AL+ dou+ A3(&n+ um) + Aa(§] + umy) 0,

A3(&2 + uma) + Aa(&5 + uns) 0.
Since B(v) = B(§ + un) = 2, equations (5.9) yield two linearly independen
solutions, which can be takento be

M1 = Ka 07 _(§é+ U77/2)7 £2+ umn2 = (—’LL, 17070)7

(5.9)

where
K= (& + um)(& + umg) — (&1 + unmp)(&e + ung) .
If the BCs U,[y] = 0 = Ugly] are compatible with respect to the DE (1.1), there
must exist real numbers A, B, C, D (in general,di erent from thoseusedin (5.8)),
(A,B) # (0,0),(C,D) #Z (0,0) , suc that
(5.10) w1 = Aa+ Bj, rn=Ca+ Dg.

Then (C, D) # (0,0) implies A3, = 0 from the secondset of equationsin (5.10).
Hence
uAgz+ A13= 0, (6o + ume) Aoz + (5 + uip) Aza = 0,

and

UA24 + A14 = 0.
Theseimply

Azg A1y = AggArs
and

Ao3(Arsn, — Agzs — An&s) + A1z Aaan, = 0.

Hence
(5.11) Ags(A1sne — Aoglo — Aaslh + Aqams) = 0.

Now, if Ao3 = 0, it followsthat A5 = 0.

Then A;3 = 0 = A3 = Asy will lead to the fact that « and 3 are linearly
dependert, which is contrary to our hypothesis. Hence A>3 # 0. So, A3, = 0, and
(5.11) then implies that (5.2) holds.

SUBCASE (a1 —it1):  &2my €5m2 60, v =0, &2 + unz = 0.

In this casewe have &, + un), # 0. Then (5.9) implies that A, = 0. So
(512) Qy = ﬁ4 = 0.

As a = (a1as,a3,a4), 8= (61, 52,03, 84) satisfy the rst equation of (5.9), and
&+ unp = 0, we get

(5.13) &2 Aoz — A3 = 0.
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(5.12){(5.13) will then imply that (5.2) is satis ed.

SUBCASE (a2): 52"7§ 5;"72 =0, (52, ééa N2, "7&) & (O’Oa o, 0)’ v & 0.

In this casewe know from Theorem | that there is a unique NBC for DE (1.1).
Proceedingasin subcase(a; — i), we obtain real numbers A, B, C, D suc that
(5.8) hold.

Using &nh — &hne = 0, the eight equations in (5.8) can be reduced to eight
equationsin A&, — C&, BEy, — Dés, Anh — Cna, By — Dny and v. As v # 0, it
will then follow that

(5.14) Asq(E1m2 — &mh) — Arany — A1sne = 0
and
(5.15) Aza(Ehm — Eamy) + Aoamh + Agz&o = 0

(5.14) and (5.15) then imply that (5.2) is satis ed.

SUBCASE (as): 5277; 6;"’2 =0, (62’65’ N2, 77;) & (0,0,0,0), v =0,
€2 + unz 6: 0.

Asv =0, a= (a1,as,as,aq), 8= (61,52, 53,64) are two linearly independert
solutions of (5.9). From the four equations so determined, as&; + un, # 0 we can
prove that

(5.16) A3, =0,
(5.17) Agg+ Agzu= 0,
(5.18) A1a + Aggu= 0.
Using (5.17){(5.18), it is then easyto show that
(5.19) Agz&a + Aoay — Aranz — Awam = 0.

Then (5.16) and (5.19) imply that (5.2) is satisied.

SUBCASE (a4): 52"7é 5;"72 =0, (&2, géa n2, "7%) & (0,0,0,0), v =0,
52 + unz = 0.
Two casesarise: (i) &+ unhb Z 0 (i) &+ un,= 0.
In both casesproceedingas before,it may be shown that (5.2) holds.

SUBCASE (as5): &2 =&, =m2=mn,=0,v60.

In this casewe shall show that there is no non-trivial BC, other than the NBCs,
which is satised by ¢ = £+ (u+ v)n. If possible, supposethat the solution
=&+ (u+ iv)n, (vZ 0) of the DE (1.1) satis es the BC U,[y] = 0 which is not
a NBC of the DE (1.1). Then we get
(5.20) Ao+ Agmi+ Mgy = 0,

(5.21) AL+ Asé+ g

1
o
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As U,[y] = 0is not a NBC of the DE (1.1), (A1, A2, A3, A1) must be orthogonal to
the vectors (¢1, 71, —1,0) and (&}, 71,0, —1), seeTheorem|. So

(5.22) A€+ Ao — A3 = 0,
(5.23) &L+ Aoy — A = 0.

We nd that the determinant of the coe cient matrix of the linear equations
(5.20){(5.21){(5.22){(5.23) is non-zero.
Henceli = Aa = A3 = Ny = 0.

SUBCASE (ag): &2 =&, =m2=mn,=0,v=0.

In this casewe know that dim B(v) = 3 and there are two linearly independert
NBCs for DE (1.1), which may be given by (3.5), (3.6).

Hence,if U,[y] = 0is a BC satis ed by v, and if it is not a NBC for the DE
(1.1), we have

A+ dou+ Az(&+ um) + Ma(& + uny) = 0
A&+ dam—A3=0
)\161 + )\2’17/1 - =0.

It can be easily proved that the above systemof linear equationsin i, Az, A3z, A4
has a unique solution (up to a constart multiplier).

Hencethe BCs U,[y] = 0 = Ugl[y] can not be compatible unless either they
are linearly dependert or at least one of them is a NBC for the DE (1.1), both of
which are contrary to our hypothesis. Sothis casedoesnot arise.

Case (b) : ¢p = n
We note that U,[n] = 0 implies
Az + Aami+ Agmpy = 0, Asnz + Aarp = 0.
Clearly two casesare to be considered:

(b1) mmy—mmn2 70, (b,) mmy —mm2 = 0.

SUBCASE (b1) : mmy  mim2 & 0.

From the above system of equations we can determine A5 : A3 : \y. So, if the
BCs U,ly] = 0= Ugly] are compatible, we must have

Hence,

(524) A23 = A24 = A34 = 0.
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Also,

Aggmz + Anamy = (183 — asfB)ne + (a1Bs — aafi)nf
= a1(Banz + Barp) — Bi (aznz + cunp)
=0,

since
(5.25) Ualyl = 0= Ugly].

Theseimply that (5.2) is satis ed.
SUBCASE (b2) : mmy  mimz = 0.

We rst note that (n1,72,m1,7,) 7 (0,0,0,0), for, otherwise, we have 7(b) =
7’ (b) = 0, which is contrary to our hypothesis,asn is a non-trivial solution.
Two further subcasesare to be considered:

(i) (n2.m5) 7 (0,0), (i) (m2,m3) = (0,0).

SUBCASE (by — i) : Here Ux[n] = O will imply A2 = 0. HenceU,[y] = 0= Us[y]
will imply as = 82 =0, A34 = 0,

(526) A137]2 + A1477/2 = 0
Then it follows that (5.2) holds.
SUBCASE (by —ii) : 2 = n% = 0.
Here U,[y] = 0= Ugly] imply
Agg —mjAsg = 0= Aoy + mAss.
It then follows that (5.2) is satis ed.
Now we prove the necessiy part of Theorem I1l. We supposethat (5.2) holds,

where U,[y] = 0 = Ugly] are two linearly independert BCs, none of which is a
NBC for the DE (1.1). We are to show that the two BCs are compatible, i.e.,

LiY]l= 0, U,[¥]=0 and(5.2) mustimply Ugs[]= 0.
Once again we are to consider separately the following cases:
O v=¢&+(wtavy () $=rn.
Case (I) ¢ = €+ (u+ iv)n.
Here U,[v] = 0 implies
a1+ agu+ az(§y+ um — vip) + aa(§y + ugy — i) = 0
and

v+ ag(&e + unp + vm) + au(€y + ung + vni) = 0
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or
(a1 + asé + as€y) + ulon + asm + aun)) — v(asne + agny) = 0
and
(3&a + a&y) + ulasma + aumy) + v(ag + azm + agny) = 0
or
(5.27) A+ Bu—Dv=0=C+ Du+ Bv,
where
(5 28) A= ap + 04351 + 04451 ) C= a3£2 + 04455 )
' B= as+ azm + auny, D = azny + aun,.

Now, (5.2) can be rewritten in the form

(5.29) DP—CQ+ BR— AS = 0,

where

(5.30) P = 01+ Bs& + Ba&l, R = (3é + Ba&h,
' Q= [at Bam + Banf, S = [ana+ Bany .

As dim B(y)) = 2 or 3, these three equations (5.27) and (5.29) in A, B, C,
D will have two / three linearly independert solutions. Hencethe rank of the
corresponding coe cien t matrix is not greater than two.

Hencewe have

(5.31) R+ Su+ Qu=0= P+ Qu— Sv.

Now Ugly] = [P+ Qu — Sv]+ i[R+ Su+ Qu]. HenceL[y] = 0, U,[y] = O imply
Usly] = 0, by (5.31).

Case (IT) 1 ¢ = n.

We note that U,[n] = B+ iD = 0 implies B = 0= D. Then (5.2) implies
AS+ CQ=0.
The three equations B = 0= D = AS + CQ treated as linear equationsin «,
a9, ag, ay must yield at least two solutions. This leadsto n, = 75 = 0. Then
dim B(n) = 3. So, all secondorder minors of the coe cien t matrix of the above
system of linear equations must also vanish, from which we have

£Q=0=§Q.

If (&2,€3) 7 (0,0), we get @ = 0. HencelUpln] = Q@+ iS = 0. If &= &= n2
15 = 0, there are two linearly independert NBCs given by (3.5), (3.6).
As U,ly] = 0is not a NBC, we have

—Nn— / /
05161 + aom — a3 = 0= Oélfl + oy —ag.

In this caseAS+ CQ = 0implies a; = 0. Then B = 0 implies as + azn + aqn)
as(L+ 2+ 12) = 00r as = 0, sothat we get a; = as = a3 = ay = 0, contrary
to our hypothesis. Hencethis casecannot arise.
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The proof of Theorem I11 is now complete.

5.3. Compatibility of three boundary conditions

We areto nd conditions under which three linearly independert BCs U,[y] =
0= Ugly] = U,[y] are compatible.

Theorem IV. Three linearly independent BCs Uyly] = 0 = Uglyl = U,ly] are
compatible with respect to the DE L[y] = 0 if and only if

A P L
(5.32) 550°
where A, B, P, Q are as defined in (5.28) and (5.30), and
(5.33) L=y + 36+ néy, M = o+ y3m1 + an) .

Proof. A solution ¢ of the DE L[y] = 0 will satisfy three linearly independen
BCs, i.e., dim B(y) = 3, if
either (1) &mp —&me =0, (&,8,m2,m,) 7 (0,0,0,0), v=10
tun=0= &+ uny, v=E+uy
or (2) &=&=m=n=0 v=0 ¢=_,+ un,
or @ mm—mmn2=0, ¥=n.
Supposethat the three given BCs are compatible. Then,

Ual] = 0= Uply] = U,[¥],
which leadsto
(5.34) A+ Bu=0= P+ Qu= L+ Mu,

if ¢» = &+ un. In other words, (5.32) is satis ed.

If ¥ = n, wehave Uy[n] = 0= Ug[n] = Uy[n], and miny — nin2 = 0. It will then
follow that as = B3 = 9 = 0, whence A = P = L = 0. Hence(5.32) holds.

Converselysuppose(5.32) holds. We are to show that L[] = 0= U,[] should
imply Ugl[y] = 0= U,[¢].

If =&+ un, Uyfyy] = 0implies A+ Bu = 0.

Using (5.32), we can immediately show that P+ Qu = 0 = L+ Mu, i.e.,
Usly] = 0= U,[].

If v =mn, Usn] = 0implies B= 0= D.

Using (5.32) again, we deducethat ¢ = M = 0; in other words Ug[n] = 0 =
Uy [n).

6. REMARKS

The presen paper takesnotice of the following:
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(A) All the solutions of a DE of the form (1.1) may satisfy one or more non-
trivial boundary condition of the form U,[y] = 0. Such a boundary condition has
been named a natural boundary condition (NBC).
(i) A necessaryand su cien t condition for the nonexistence
of such NBC has beenderived.
(i) The number of NBCs for a given DE has beendetermined.
(i) The NBC/s for a given DE have been preserned.
(B) Every real second-order linear homogeneous DE possesses two linearly in-
dependent NBCs.
(C) Each boundary condition of the form U,[y] = 0, which is not a NBC for DE
(1.1), determines a solution of DE (1.1) uniquely up to a constant multiplier.
(D) Two boundary conditions U,[y] = 0= Ugly] are said to be compatible with
respect to DE (1.1) if both of them determine the same solution of DE (1.1).
(i) The necessaryand su cien t condition for the boundary conditions
Ualy] = 0= Ugly] to be compatible with respect to DE (1.1)
has beenobtained.
(i) The necessaryand su cien t condition for the boundary conditions
Ualyl = 0= Ugly]l = U,ly] to be compatible with respect to DE (1.1)
has also beenderived.
Theseobsenations urge oneto rethink about Sturm-Liouville Problems regarding
the number of boundary conditions to be taken into accourt.
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