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CLASSIFICA TION OF POSITIVE SOLUTIONS OF p-LAPLA CE
EQUA TION WITH A GROWTH TERM

MATTEO FRANCA

Abstra ct. We give a structure result for the positiv e radial solutions of the
following equation:

pUu+ K (r)ujujd =0

with  some monotonicit y assumptions on the positive function K (r). Here
r = jxj, x 2 R"; we consider the casewhen n> p> 1,and q> p = %'

We contin ue the discussion started by Kawano et al. in [11], re ning
the estimates on the asymptotic behavior of Ground States with slow decay
and we state the existence of S.G.S., giving also for them estimates on the
asymptotic behavior, both asr! Oandasr! 1.

We make use of a Emden-Fowler transform which allow us to give a ge-
ometrical interpretation to the functions used in [11] and related to the Po-
hozaev identit y. Moreover we manage to usetechniques taken from dynamical
systems theory, in particular the ones developed in [10] for the problems ob-
tained by substituting the ordinary Laplacian for the p-Laplacian p in
the preceding equations.

1. Intr oduction

Let ,u= div(jDuj’ 2Du), p> 1, denote the degeneratep-Laplace operator.
The aim of this paper is to study the existenceand the asymptotic behavior of
positive radial solutions of the following quasilinear elliptic equation:

(1.1) pu + K (xj)ujuj? * =0

where K (jxj) is a radial function which we assumeto be as regular as needed,
usually C?. In particular we focus our attention on the existenceof radial Ground
States(G.S.), Singular Ground States (S.G.S) and crossingsolutionsin a ball. By
G.S. we mean a positive solution u(x) de ned in the whole spaceR" sud that
limjxpn  u(jxj) = 0, and by a S.G.S.we meana G.S. which is not de ned at the
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origin and satis es limj; o u(jxj) = +1 . By crossingsolution we meana solution
u(x) sudc that u(x) > 0if jxj < R and u(x) = 0 if jxj = R, therefore such a
solution can also be regarded as a solution of the Dirichlet problem in a ball of
radius R.

We will usethe term \singular solution" to refer only to a solution v(x) such that
limjxp oVv(jXxj) = +1 .

We are only able to deal with radial solutions, so we shall considerthe following
O.D.E.

WP 20+ " Lugudp 2+ K (ujui? *
u@©) = A>0 u¥%0)

0
0

(1.2)

where jxj = r, n is the dimension of the spaceand \ °" denotesderivation with
respectto r. A generalassumptionin this paperisthat n> pandg>p 1. We
will denotewith p = 1 the Sobolev critical exponert and with p = "1
another constart which plays a critical role in this context. We will usually assume

q>p.

In recen yearsthis equation hasbeenstudied by many authors: the situation for
the autonomouscaseis almost completely understood, seein particular the survey
givenin [6]. The purposeof this paper is to re ne the results obtained by Kawano
et al. in [11]. We combine some elemerns of that approach with others taken
from dynamical systemstheory, in particular the techniquesdevelopedby Johnson,
Battelli, Panand Yi in [1]andin [10], for the corresponding problem with the usual
Laplacian. We make useof a newtransform of Fowler type, intro ducedin [5], which
enablesusto give a geometricalinterpretation, from the point of view of dynamical
systems,to the function J (r) usedin [11], closelyrelated to the Pohozaevidentit y.
Exploiting thesetechniqueswe are able to re ne the estimateson the asymptotic
behavior of the solutions and to state the existenceof S.G.S.Furthermore we give a
non existenceresult which allows usto classifyall the possibleS.G.S.In particular
we complete the analysis of the problem of the existenceof S.G.Swhenq > p
for the autonomous equation, preserted in [6]. We are able to show that, under
rather generalassumptions,we can only have two kind of behavior asr ! 0 for
positive solutions u(r): the regular, that is 0 < u(0) < 1 , and the singular, that
isu(r) ra o1 if for examplewe assume0 < K (0) < 1 . Moreover we have only
two kinds of behavior asr ! 1 for positive solutions: fast decay, that is always
u(r) r :*5, and slow decay, that is u(r) ra e if K (r) is strictly positive
and bounded for r large.

With the notation u(r) r asr! cwemeanthat both the limits

limsup,, u(r)r and liminf, cu(r)r

are positive and nite.
We recall now some classical de nitions which will be useful in the following
sections. Given a system of the form

x=f(xt)
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and a solution x(t), the -limit set of x(t) is the set
A= P:ot,! 1 such that nI!ilm x(th) =P ;
while the ! -limit setis the set
W= P:9t,! +1 sud that nI!ilm x(th) =P
Onecanshow that, if x(t) is boundedon R, then those setsare compact. Moreover
if the systemis autonomousthese setsare invariant for the o w generatedby the

system. If the systemis non-autonomousthey are no longer invariant; however we
will seethat they are still useful for the presen purposes.

2. Autonomous pr oblem

We begin by intro ducing a transform of Fowler type which establishesa bijective
relationship between the solutions of (1.2) and the ones of a two-dimensional
dynamical system, thus allowing us to reach a geometrical understanding of the
behavior of the solutions. In particular we de ne

2.1) xi=umr 'y =unjuniP rt r=¢
' 1= (9 t)=KE)=K(r)  h)= (e

where
— p . _ pl . — .
e 1 el 1; 1= (n 1); pél 1

sothat equation (1.2) can be written asthe following dynamical system

XL 10 Xi yiiyije
2.2 =
(22) YL 0 Yi ¥ hi (H)xjxjd 1

where\ " denotesderivation with respect to t. We will often setl = p and in
this casewe will leave unsaid the subscript . Sometimesit will be useful to set
| = gin orderto have hq(t) = K (r). We point out that choosingp= 2andqg= p

our transformation coincideswith the one usedin [9].

2.1. Remark (Regularity Hypothesis). It is important to obsene that system
(2.2)isCtifandonlyifqg landl p 2.

If this hypothesisis not satis ed the dynamical system is not even Lipschitz
so that local uniquenessof the solutions near the x and y axis is not anymore
ensured,thus our use of the term \dynamical system" is not quite rigorous.

2.2. Remark. Note that
1+ <0 () I>p and |+ ;>0 () I<p

=]

and| = p gives |+ | = 0. Note alsothat if | > p wehave0O< | < g—l
Obsenethat | increaseswhen| increasesand limj; | = p.
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We will seethat for g> p wewill obtain G.S.with decayrate r ¢ therefore,
for any given , we can chooseq large enoughin order to have G.S. with decay
rate slower than r
Moreover it will be possibleto cortrol the asymptotic behavior of functions K (r)
that tend to Oasr ! 1 , by choosingthe correct value of |. But if we are dealing
with a K(r) = o(rP) we will always obtain h;(t) ! Oast! 1. In this case
positive solution cannot tend to 0.

2.3. Remark. The solutionsu(r) of equation (1.2) correspondsto the tra jectories
(x(t);y(t)) of system(2.2) having the origin as -limit point. Moreoverif u(r) > 0
then x(t) > 0 and uqr) > 0 implies y(t) > 0.

2.4. Remark. It iswell known that uqr) < Oforr > Osmall, thusthe trajectories
(x(t);y(t)) corresponding to u(r) lie in the 4" quadrant ast! 1

2.5. Remark. Crossingsolutions u(r) correspond to trajectories of system (2.2)
departing from the origin and getting into the 4" quadrant, until they crossthe
y negative semiaxis.

2.6. Observ ation. Consider system (2.2), when h(t) h > 0 is a constart.
Then we have exactly 3 critical points: the origin O  (0;0), P (Px;Py) and

P wherePy > 0 and Py < 0.

Assumethat the limit limy;  hi(t) is nite and positive, then the samestate-
ment holds for system (3.3) with > 0, which will be introduced later on. Analo-
gously we have exactly three critical points alsofor system(3.3) with < 0, when
the limit limy;  h(t) is nite and positive.

From now on we restrict our attention to the halfplane de ned by x 0, since
tra jectories corresponding to positive u(r) have to stay there.

We de ne now two functions which were introduced in [11], which are closely
related to the Pohozaevidentity. Let u(r) be a solution of (1.2), then:

_N P oryiuOreyip 24 P Lo K() qju(s)it™
Pu(r) = o u(rju(n)juxr)j® “+r o Jux(nj® + T

here P is de ned in the domain of de nition of u, and
3 Z dK (s) s (@) Z dh(s) e (@*Ds
(r).—o ds q+1 5= , ds q+1
The function J(r) is the one which plays a discriminating role in the analysis
derived in [11], even if we have rewritten it in a form which seemsto us to be

simpler. Now we repeat one of the key obsenation of [11]: obsene that for any

given u(r), regular solution of (1.2), we h%ve
r

(2.3) Pu(r) = J(Nju(n)j** J(Nju(s)i“u%s) ds:
0

moreover note that, for a singular sglution v(r), we have
r

(2.4) Py(r) = J(r)jv(r)jo*t J(n)jv(s)jovY(s) ds IimOPV(r) :
0 r!



p-LAPLA CE EQUA TION WITH A GROWTH TERM 419

In our analysiswe will alsoneedthe following function similar to J(r)
21 ak(@s @D P dng e @

G = . ds g+1 . ds qg+1
especially to analyze positive solutions with fast deca. In fact we have:
z 1
(25)  Pu(r)= G(n)jv(n)j™ G(9)jv()i™vs)ds + lim Py(r):

r

2.7. Remark. Note that, if h(t) O for any t and the inequality is strict for
somet, we have that both J(r) and G(r) are positive for any r, while, if h(t) 0
for any t and the inequality is strict for somet, we have that J(r) and G(r) are
negative.

2.8. Remark. Consider a solution u(r), recalling Remark 2.4 we have that if
J(r) < O for any r we have Py(r) < O for any r, while if J(r) > 0 we have
Pu(r) > 0.

We introduce a function which will play a crucial role in the following analysis.
Let us considersystem (2.2); we de ne

Hy (X (1);yi(1);t) - = Py(eh)el 1+ 0t

(2.6) n p p 1 . jxijart
= X|y| + Jy|JD 1+ h|(t)m .
Obsene that if wesetl = p weobtain |+ | = 0andH (t) becomesan energy
function, in fact di erentiating we get:
d : o d Xp J7
(2.7) aHp (Xp (1);yp ();t) = ahp (t) q+ 1’

thus the monotonicity of h(t) implies the monotonicity of H (t). Now we give a
lemmathat describesthe level setsof this function.

2.9. Lemma. Consider any T suchthat 0 < h|(T) < 1. Then the equation
Hi(x;;y1; T) = 0, restricted to the halfplanex 0, de nes a closel boundel curve
containing the origin and which is contained in the closel 4" quadmant. The
equation H|(x;;y;;T) = b< 0, where H|(P(T);T)= b(T)< b< 0, denes
a closal boundel curve in the halfplanex 0. Finally, the equation H (x;;y;; T) =
b> 0 de nes a closel boundel curve in the whole plane which contains the origin
in its interior.

Now we give someinformation about the asymptotic behavior of the solutions,
both asr! Oandasr! 1.

2.10. Lemma. Consider a solution v(r) of Eq. (1.2) de ned and positive in a
right neightorhood of r = 0. Fix | in order to havethat limy,  hi(t) < 1.
Suppse that the correspnding trajectory of (2.2) admits the origin as -limit
point, then we have that v(0) < 1 . Consider a solution u(r) of Eq. (1.2) de-
ne d and positive in a right neightorhood of r = 1 . Fix | in order to have that
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limy1 hi(t) < 1. Supmsethat the correspnding trajectory of (2.2) admits the
origin as! -limit point, then we havethat u(r) r P Tasr! 1.

Pro of. The proof of Lemma 2.9 is completely analogousto the one of Lemma 2.6
in [5]. The proof of Lemma 2.10 can be easily obtained reasoningasin the proofs
of Obsenation 5.4 and Obsenation 5.5 in [5], for the equation with two growth
term. O

We will seethat the solutions of Eq. (1.2) can exhibit only two kind of behavior
asr ! 0, that is the regular, just described, and the singular. They correspond
respectively to the casein which the trajectory hasthe origin as -limit point or
whenit is bounded and bounded away from the x axis,ast! 1 . Analogouslywe
also have only two kinds of decay asr ! 1 : the slow one, which dependson the
asymptotic behavior of K (r) and on g, and the fast onethat is always r oy
Once again they correspond to trajectories bounded and bounded away form the
X axis or converging to the origin.

2.11. Prop osition. Consider Eq. (1.2) and assumeK (r) const > 0 and q =
p . Consider the correspnding autonomoussystemof the form (2.2) with | = g=
p . Then the following holds.

A All the trajectories correspnding to positive valuesH (x; y) = b> 0 represent
periodic trajectories which crossthe axis. They correspnd to singular solu-
tions u(r) of (1.2) with in nitely many positive maxima and negative min-
ima; moreover there existsa > 0 suchthat ar u(r) ar 8r > 0.

B The trajectory corresmpnding to H (x; y) = 0 is homcclinic to the origin; this
means that all the solutions u(r) of (1.2) are monotonedecreasing G.S., with

decay rate r PToatl (fast decay).

C All the trajectories correspnding to some negative value H (x1;x2) = b>
H (P) represent periodic trajectories which belong to the x 0 halfplane.
They represent monotone decreasing S.G.S. u(r) of Eq. (1.2) with rate of
decay and growth  r 5 respectively at 1 and at 0.

D For the valueH = H(P) we haveone xed point P, which correspndsto a
monotone decreasing S.G.S of (1.2) of the form u(r) = Pyr 5" where we
recall that Py dependsonly on the value of K .

All the solutions u(r) regular at the origin are G.S with fast decay, therefore no

crossing solutions can exist. Moreover no other S.G.S can exist but the ones de-
scribed.

2.12. Remark. The precedingproposition canbetrivially generalizedto the case
in which g6 p , but h(t) const > 0, that isK (r) = Ar "+ ® 9 whereA > 0
is a constant.

Pro of. To provethe claim is enoughto obsene that the system(2.2) correspond-
ing to Eq. (1.2) is autonomous,with theseassumptions,and admits H, asa rst
integral; then using Lemma 2.9 and Lemma 2.10 we get the thesis. O
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2.13. Remark. Assumethat the regularity hypothesisis satis ed. Then all the
solutions u(r) corresponding to the homoclinic trajectory are sud that u(0) > 0
and u%0) = 0. Therefore no other solutions u(r) positive in a right neighborhood
of r = 0 can exist, but the onesdescribed in the Proposition.

A priori we could nd solution u(r) of (1.2), corresponding to trajectories of
(2.2) having the origin as -limit point. In Obsenation 3.17 we show that, if
q< p_p_l this casecan be excluded.

2.14. Observ ation. Supposethat the regularity hypothesisis satis ed and as-
sumethat system (2.2) is autonomous. Then it admits periodic solutions if and
only if | = p . Moreoverif | 6 p and the regularity hypothesisis not satis ed, the
periodic tra jectoriesif they exist, must have the origin in their interior or crossit.

Pro of. This fact easily follows applying the Poincare-Bendixson criterion that
arms that a necessarycondition for the existence of periodic solutions in an
autonomous system of the form

x _  fixy)
28 y fa(x;y)

is that

d.(xy) , d20xy) _
dx dy

If we remove the regularity hypothesis we can still apply the criterion to ead
open quadrant. Obsene that the ow is always rotating clockwise on the axes
and remenber that on the axesand in the origin we lose local uniguenessof the
solutions and conclude. O

(2.9) + 1= 0:

2.15. Remark. Obsenrethat the homoclinic and the other tra jectories of system
(2.2) where h(t) const > 0, correspond to families of solutions, becausethe
systemis autonomous, soit is invariant for translation in time. To be more precise,

if u(r) is a solution (regular or singular), us(r) = u(g)s * is a solution aswell.
Therefore if we call ua(r) the solution such that u(0) = A and u%0) = 0, then
ua(r) = Aul(Anpp r), whereu(r) is ug (r) whereB = 1.

We recall that for the autonomousequation (1.2)) with g=p andK(r) 1is
already known the exact expression

h h i nop
p 5

Ua(r) = A 1+ D (AT sr)rt

whereD = (p 1)(n p)an1 is a constant, see[6)].

3. Non-A utonomous pr oblem

We begin with a lemma concerningthe phaseportrait of the non autonomous
system (2.2).
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3.1. Lemma. Consider any trajectory of the non autonomoussystem (2.2) pass-
ing through the 1% quadmnt, which has not the origin as -limit point. Then it
comesfrom the 2" quadmant and geesinto the 4" quadmant after nite time.

Pro of. Setl = p and considersystem (2.2). Consider a trajectory (x(t);y(t))
belonging to the 1%' quadrant for a certain t = t; assumethat it is bounded
away from the origin for t ' 1 . We claim that there exists a t; < t for
which (x(t);y(t)) crossesthe y positive semiaxis. Supposeby cortradiction that
x(t) > Oforany t > T where T 1 is the inf of the maximal interval of
cortinuation of (x(t);y(t)). Supposethat (x(t);y(t)) is unboundedast! T ,
then limy, + H(x(t);y(t);t) = +1 . We recall that

d

et = ST
FH iy = Zh)

q+ 1’

Therefore, recalling that x(t) is nite we concludethat %H(x(t);y(t);t) <1 for
any t nite. Thereforewe have T = 1 . Now recalling that %x(t) > > 0we
concludethat (x(t);y(t)) crossedhe y axis after nite time sincethe distancefrom
the trajectory and the axis is nite.

Now we follow the trajectory forward in time. Supposethat it doesnot cross

the x axis, then we have c‘,’—tx(t) > > Oforanyt>tandfor some > 0. Assume
that the sup of the maximal interval of cortinuation is T. Supposethat T < 1,
then there exist A such that h(t) > A for any t < T. We de ne the function
Ha (x(t);y(t)) obtained setting h(t) = A in H(t):

n p p 1 .5 gl .
Xy + —jyj7 T + Ajxj9" :
D y pJ)/J JX]

3.1) Ha (x(t);y(1)) =

Di eren tiating we get

%HA(X(t):Y(t)) =[A  h@OXx? *x;

thus Ha(t) is decreasingalong (x(t);y(t)). Since the level sets of Ha(t) are
bounded, we have that (x(t);y(t)) is bounded, so it can be cortinued also for
t>T. ThusT = 1 ; now observingthat Of'—ty(t) < < 0O for any t we have that
(x(t);y(t)) must crossthe x axis. O

Now we needto intro ducea newtransform in order to dealwith an autonomous
system. Applying to Eq. (1.2) the change of variables (2.1) and setting z; = t we
obtain the following system:

o 1 0 10 1 0
XL ; 0 O X| p (1)
(3.2) @yA=@0 | 0A@y A+@ nhi(z) x) A
2 0 0 0 2 1

where ,(s) = sjsi™ 2. We will alsoconsiderthe systemobtained setting z = e !
in order to investigate the behavior ast! 1 , setting > 0,andast! 1,
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setting < O:
0 1 0 10 1 0
XL ; 0 0 X] p (Y|)
(3.3) @yA=@0 | 0A@y A+@ hi(z) qx)A:
z 0 O z 0

Now we give the de nitions of three setsof system (2.2) for a genericvalue of the
parameter |:

U* =f(x;y;z)jx 0,y 0 and x> Og
U =f(xy;2)jx 0y 0 and x< Og
c=f(x;y;2)jx 0,y 0 and x= 0Og
Si="fxuyisz)jx 0y 0 and Hi(xi;y;z) = 0g:

3.2. Remark. We will sometimesfocus our attention on the set S sz| = 0g of
system(3.3). Note that P,(r) < Oforanyr Oimpliesthat, for the corresponding
tra jectory, we have Hp (Xxp (t);yp (t);t) < Ofor any t and alsoast! 1 . Note
also that P,(r) < 0 implies H (x(t);yi(t);t) < O for any t nite, but letting
t! 1 wecanonly say that H|(t) O.

3.3. Theorem. Assumethat J(r) Ofor anyr > 0, butJ(r) 6 0 and that
0< Iiminf h(t) limsup h(t) < 1 :
! ti1

Then all the solutions u(r) of Eq. (1.2) are G.S. with decay of order r » .
Moreover assumethat h(t) is monotone for t large and that 0 < limy;  h(t) =
A < 1. Then for each G.S. u(r) there existsa S.G.S. v(r) of the frozenEqg. (1.2)
whee K (r) = Ar » (P 9 sychthat

limpg (u(r) wv(r))r » =0:

Pro of. Werecall that the S.G.S.v(r) have already beendescribed in Proposition
2.11. Setl = p ; considerany solution u(r), then for the corresponding tra jectory
we have H (x(t); y(t);t) < 0, seeRemark 2.8, soit liesinside S, . SinceS, is a
surfacehomeomorphicto a cylinder and boundedin the (x;y) variables, we have
that x, is boundedand positive. Thus the corresponding u(r) is a G.S. with slow
deca, that isu(r) r

Let us considerthe trajectory (x(t);y(t);z(t)) of the system(3.3), correspond-
ing to u(r). If we assumethat h(t) is monotone for t large, we can conclude that
H (x(t);y(t); z(t)) is monotone. Assumeat rst that 3—2 = 0, sothat local unique-
nessof the solution is ensured. Obsene that the system (3.3) with < 0 admits
a critical point P; = (Xp;yp;0) whereyp < 0 < Xp. Note that the value of
H is negative and bounded below by the value of the function at P; . Thus the
limit fort ! 1 of H(x(t);y(t);t) exists and is negative. Now obsene that the
-limit  set of the trajectory hasto belongto the z = 0 plane. Note that, if we
restrict our attention to this plane, we obtain a system analogousto (2.2) where
h(t) limyy h(t). Recalling that, from Proposition 2.11, we know that ead
negative value of H characterizesa closedtrajectory of (2.2), we have the thesis.
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If the hypothesisis not satis ed we have that the systemis only continuousin
the plane z = 0. So,in principle, we could lose local uniquenessof the solutions.
Note that H (x(t);y(t);z(t)) is monotone along the solutions, so we can assume,
for example,that it isincreasing. Considera trajectory (X(tn);y(tn); z(tn)) having
(X1;Y1;0) and (X2;y2;0) in its ! -limit set. SinceH is monotone and cortin uous
we have H (x1;Yy1;0) = H(X2;Y2;0), sothe thesisis proved. O

The existenceof the G.S. wasalready provedin [11], using di erent argumerts;
anyway our approad allow us to re ne the estimate on the asymptotic behavior.

3.4. Remark. To satisfy the hypothesisof the theoremit is enoughto take h(t)
monotone decreasingand strictly positive. For example, we can setq= p and
choosea function K (r) which is strictly positive and monotone decreasing.

Now we want to show which are the possibleasymptotic behaviors of positive
solutionsasr ! Oandasr! 1. We needto introducethe following function:

jir)y = Kyr—¢ D = h(t) where t= log(r):

This function is in fact K (r) multiplied by somepower of r.

3.5. Prop osition. Consider a solution v(r) of (1.2), de ned in a neightorhood
ofr = 1. Assumethat j, (r) is monotonefor r large.
Assumethat there exists| > p suchthat 0< lim,;; j;(r) < 1 and suppse

that lim;; j((’,j—r'(r)rl+ j= 0, for some > 0smal. Then

P n_p
v(r) r meT or v(r) r »1;

that is v(r) has slow decay or fast decay, respectively.
Assumethat there existl, 13> p and > 0 suchthat

limsup j,(r)<1; liminf j,(r)>0; and lim dJ(r)rl’“ = 0:
ri1 ri1 ril dr
Then, for any > 0 we have
1 p _p
—-r T eT <vy(r) Cr 2T (slowdecay);
where C > 0 is a given positive constant, or

v(r) r a3 (fast decay):

Analogously consider a solution v(r) of (1.2), de ned in a right neighlwrhood of
r = 0, and assumethat j, (r) is monotonefor t ! 0. Then v(r) can have only
two kind of behavior asr ! 0: the regular behavior, that is 0 < v(0) < 1, and
the singular behavior.

Assumethat there exists| > p and > 0 suchthat

di

el 1 _0-
ar (r)r 0:

O< limj(r)<1 and Im
rt o rt o

Then the singular behavioris v(r) r b
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Assumethat there existl, ;> p and > 0 suchthat

limsupj,(r)<1 and liminf j,(r)>0; and Ilim %(r)rl = 0;
rro rt o rto dr

then the singular behavioris ir T < v(r) Dr © (=

Pro of. We beginwith the rst claim. Considersystem(3.3) with < 0. Obsere
that, if the systemis Lipschitz, the -limit set of any bounded trajectory must
belongto the z = 0 plane. The dynamics in this plane is that of the autonomous
system (2.2) whereh|(t) h|(z)b,=0 .

Assume at rst that there exists | such that limy; h(t) exists and 0 <
limyy  hi(t) < 1. Then system (3.3), with this choice for |, admits exactly
three critical points which are the origin, P = (xp;yp;0) and P. Obsene that

. dh(z) _ . di(r)ydr _ . 1di(r) ; _ ..

M MM o @ gt SO
if we choose < . Therefore,in the subsetwherex > 0 and y < 0, the system
is Lipschitz.

We have already describedthe casein which | = p , in the precedingtheorem, so
we assumel 6 p . We recall that, for any trajectory de ned in a neighborhood of
t = 1, wehavethat there existsthe limit limy:  Hp (Xp (t);yp (t);t). According
to Obsenation 2.14we cannot have periodic tra jectoriesin the x 0 subset. Thus
boundedtra jectories corresponding to positive u(r), can only have the origin or P
as -limit set. Now recalling Lemma 2.10 the corresponding u(r) can only have
fast decay or slow decay, respectively.

We examinenow the generalcase:considerat rst atrajectory (x(t);y(t);z(t))
of system (3.3) with | = p, such that limya  H(X(t);y(t);z(t)) 0. Let us set
now | = |, and consider system (3.3). Obserwe that the setS,, fz, = 0g is
bounded for any M > 0 and call Dy, its interior. Note that the ! -limit set of
(x1,(t); y1,(1); z,(t)) belongsto Dy,. Therefore for the corresponding v(r) we have

v(r) DrT b for somegivenD > 0. Setnow | = | = lp: obsene that
limya  hy,(t) = 0, thus the only critical point of system (3.3) is the origin.

Once more the hypothesis on % ensure that %bm): 0. Thus system
(3.3) restricted to x > 0 and y < 0 is Lipschitz. If (x,(t);Vy,(t);z,(t)) converges
to the origin ast! 1 , it must correspond to a solution u(r) with fast decay, see
Lemma 3.5. Otherwise it is unbounded, therefore, if it has slow decay, we have
that, for any > 0, u(r) > ir 5 . Thus we can have solutions with fast
decay, corresponding to trajectory corverging to the origin, and with slow decay,
which are the onesdescribed in the thesis. Note that for the trajectory described
we havelimyr  Hi(x(t);yi(t);t) 0.

Now we claim that any trajectory (xp (t);yp (t);zp (t)) such that

Jim Hp (xp (8):yp (1)) > 0;

has to get into the setx < 0 in nite time. Note that this limit exists because
of the assumptionsregarding the monotonicity of h(t) for t large. We recall that
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we are considering tra jectories which can be cortinued in the future for any t.
Suppose by cortradiction that xp (t) > 0 for any t; rst of all note that there
exists T such that H, (X, (t);yp (t);t) > O; forany t > T.

Consider system 2.2: sinceH (Xp (t);yp (t);t) > 0, when the trajectory is in
U™ it is bounded away from the isocline y = 0, while in U it is bounded away
from the isocline x = 0. If it isin U* for somet it will reac the isocline x = 0
and getinto U in nite time, sincey < < 0 for some > 0. Analogously, if it
isin U , it will reach the y axisin nite time, sincex < < 0. This provesthe
claim.

We have already examined bounded trajectories: consider now a trajectory
(R, (t); %, (1); 21, (1)) that is unboundedast! 1 . Then we have
limus  Hi, (R, ()%, (t);t) = 1 ; thusthere exist T sudh that Hy, (R, (t); %, (1);1),
and henceH (R(t); y(t);t), are positive for any t > T. Therefore there exista T, >
T such that ®2(Ty) < 0, thusit cannot represen a positive solution u(r). Reasoning
in the sameway we can concludethat, if limy1  Hy (Xp (1);yp (t);t) > 0O, then
the tra jectory of (2.2) must crossthe positive y semiaxis,thusit cannot represer
a positive solution u(r).

The proof of the claim regarding the asymptotic behavior of solutionsasr ! 0
is completely analogous,soit will be skipped. O

Now we give a corollary to make clearerwhich could be the applications of the
theorem. In particular we want to emphasizethat, if K (r) is uniformly positive
and bounded, then we can setl = s= g in the theorem.

3.6. Corollary . Assumethat K (r) is strictly positive and bounded and that it is
monotoneasr ! Oandasr ! 1. Moreover assumethat there exists > 0
small, sothat lim;; oKYr)r! = 0= lim;nu KYr)r'* and consider a solution
u(r) de ned and positive for anyr > 0. Thenasr ! 0 we have
u(r)< 1 (regular behavior) wu(r) ra prT (singular behavior);
whileasr! 1 we have
u(r) r pT (fast decay) u(r) ra pri (slow decay):

3.7. Remark. Note that we can drop the technical assumption on K {r) (and
on jr)) of Proposition 3.5, here and in Theorems 3.8 and 3.10, but we loose
something on the precision of the estimate on the asymptotic behavior. To be
more precisewe would have

h p P __ . .

cr 7 <u(ry<ecrszr T as r! 0 for singular solutions and
n_p b . .

cr p <u(r)<ecriier as r! 1 for slow decaing solutions.
We are ready now to state one of the main theorem of the paper.

3.8. Theorem. Assumethat J(r) O for anyr > 0, but J(r) 6 O, then all the
solutions u(r) of Eq. (1.2) can be continued for any r > 0 and are always positive.
A1 Moreover assumethat there exist | and > 0 suchthat

ri1

o N I P
O<rl!|lmj|(r)<1 and lim a(r)r = 0:
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Then all the regular solutions u(r) of Eqg. (1.2) are G.S. with decay rate

reT oasr! 1 (slow decay).
A, Assumethat there existl; |, p and > 0 suchthat

d

limsup ji,(r)<1; liminf j,(r)>0 and lim L (nri* = o:
ri1 rii ri1 dr
Then all regular solutions u(r) of Eq. (1.2) are G.S. suchthat for any given
> 0 we have
1

Sro mET<u(r) Cr TeT o (slow decay);

where C > 0 is a given positive constant.
Assumethat G(r) O for anyr > 0 and that G(r) 6 0.
B1 Assumethat there exist s and > 0 suchthat
ds
dr
Then there exists at least one S.G.S. v(r) with slow decay, that is v(r)
r= asr ! 0 and hasthe samerate of decay as the G.S., for r large. If
s> p this is the only S.G.S. admissible,while if s= p we could also have
other S.G.S., with the samebehavior as the one descriled, both asr ! 0 and
asr! 1.
B, Assumethat there exists, s; > p and > 0 suchthat

limjs(r)= D >0 and lim==>(r)r! =o0:
rt o rl 0

0< liminf js,(r) limsupjs,(r)<1 and Ilim cisz(r)rl = 0:
rt o oo rt o dr

Assume that there exists a S.G.S. v(r); then it must have the same decay
ofthe G.S.asr ! 1 andfor any > O we have ir T o< v(r)

Cr 7T asr! 0, wher C > 0 is a given constant.

C Assumethat n > pand K (r) = o(r P), then all the solutions u(r) of (1.2),
can be continued for any r and are always positive and have positive nite
limit. No S.G.S can exist: if hypothesis B; is satis ed then there exists
a singular solution which behaveslike rse1 asr ! 0, is monotone
decreasing, is well de ned and positive for any r > 0 and has positive nite
limit.

Proof. Setl = p in (2.1); we recall that the trajectory (x(t);y(t)) of (2.2)
corresponding to a regular solution u(r) of (1.2) have the origin as -limit point.
Obserwethat, dueto the assumptionon J(r) we have H, (Xp (t);yp (t);t) < Ofor
any t and alsoast! 1, see(2.8). Thus (xp (t);yp (t)) cannot corvergeto the
origin, henceu(r) cannot have fast decay.

Let us assumethat | > p sincethe casel = p has already been described
in Theorem 3.3. Consider system (3.3) with < 0 and | = I. Note that the
level setsof (2.2) de ned by H,(x,;y,;t) < 0 are bounded for any t, therefore we
deducethe cortinuability of the trajectory. Obserwe that the systemadmits three
critical points which are the origin, P = (Xp;yp;0) and P, whereyp < 0< Xp.
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From the assumption on fj‘—r' we know that the system, restricted to x;, > 0 and
y; < 0, is Lipschitz. Moreover, if A; issatised, S, fz = 0gis bounded, thus the
tra jectories consideredmust have P or the origin as -limit point. But, according
to Lemma 2.10, in the latter casethe corresponding u(r) would have fast decay.
But this is impossible,so (x,(t);y,(t); z(t)) must corvergeto P and the claim is
proved.

Assumethat A, is satis ed, then the tra jectory belongsto S, thusit is positive
and decaing, but cannot havefast decay. Using Proposition 3.5we havethe thesis.
Note that we are not assumingthat h(t) is monotone, but we already know that
H (x(t);y(t);t) < 0, thus the proof still works.

Now assumethat hypothesis B; is satis ed and consider system (3.3) with

> 0 and | = s. Recall that the system admits three critical points: P, P
and the origin. We recall that the hypothesis guarantees that c'J‘—;(z)bzzoz 0:
Thus P admits a certer unstable manifold CU which is transversalto the z = 0
plane. Therefore the matrix of the linearized system has an eigenvector parallel
to the z direction corresponding to the eigervalue . Note alsothat if s > p,
CU is one-dimensional; in fact it is a trajectory (Xs(t);ys(t);zs(t)). Note that
limgs Hs(Xs(t);ys(t);t) < O, therefore limsup,;;  Hp (Xp (1);yp (1);t) O
from the assumptionon J(r) we have Hy, (Xp (t);yp (t);t) < O for any t, unless
we have somet for which y(t) > 0. But this casecan be excluded sincethe ow
on the y axis is always going downwards. Thus we can repeat the proof done for
the regular solution and nd the samebehavior at 1 .

We want to prove that any S.G.S. v(r) corresponds always to a trajectory
belonging to CU. First of all obsene that, for the corresponding trajectory,
limaa HX(t);y(t);t) O
In fact, assumeby contradiction that limy1  H(X(t);y(t);t) > 0, then there
exists T > 0 such that H (x(t);y(t);t) > Ofor any t < T. Then following the
tra jectory backwards and reasoningasdonein the proof of Proposition 3.5, we con-
clude that the trajectories must have y(t) > 0 for somet. Then, recalling Lemma
3.1, we concludethat sudc atrajectory cannot represen a positive solution. Thus
limas HX(t):y(t);t) O

Moreover, from Lemma 3.1, we know that vqr) 0O for any r. Thus we have
H(x(t);y(t);t) O for any t, seeequation (2.4). Then we can repeat the proof
of Proposition 3.5 and conclude that singular solutions, asr ! 0 can only have
the behavior described in the thesis. If B is satis ed, the non existencereason-
ing continue to apply, but we cannot use anymore invariant manifold theory to
concludethe existenceof CU. Thus we losethe existenceresult.

Suppose that C is satis ed, then we cannot nd any | in order to make
limgs  hi(t) > 0. In [11], pages738-739,it is proved that decaying solutions
can only have fast decay. Therefore, if we setl = p, we nd that decaing so-
lutions v(r) must correspond to trajectories (xp (t);yp (t)) of (2.2) corverging to
the origin, ast! 1 ; therefore we have limys  Hp (Xp (1);yp (t);t) = O. Let us
call u(r) a genericsolution, regular or singular, which is de ned and positive for
any r > 0. We have seenthat u(r) correspondsto a trajectory for which H, (t) is
negative for any t. Moreover it is easyto provethat H, (t) is negative alsoletting
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t! 1. Thusu(r) cannot be decaying. The continuability and the positiveness
of a genericu(r), de ned in a neighborhood of r = 0, follows from the fact that
the corresponding tra jectory is forced to stay in the setde ned by H(x;y;t) < O,
which is boundedfor any t nite. Moreover, from this obsenation, we alsodeduce
that they are in the 4" quadrant, thus uqr) 0. Thus u(r) is monotone de-
creasingand must have positive lower bound, thus the thesisis proved. The same
kind of argument apply also to the trajectory belongingto CU, thus the claim
regarding the singular solution is proved as well. O

Once again we restrict to a simple situation in order to make clearer which
could be the applications of the theorem.

3.9. Corollary . Setg > p. Assume J(r) 0 and that the function K (r)
is strictly positive and bounded and that the limit lim,; K(r) = A > 0 ex-
ists. Moreover assumethat there exists > 0 such that there exist the limits
lim;; oKqr)rt = 0andlim,; KYr)r'* . Then any solution u(r) of (1.2) is
a monotone decreasing G.S. suchthat u(r) ra Pl ,asr ! 1 . Moreover there
exist a S.G.S. v(r) with slow decay, that is u(r) ra »T pothasr ! 0 and as
r! 1. No other S.G.S. can exist. Moreover if 1< q< p—pl andl< p 2 these
are the only positive solutions of the problem.

We recall that, if > p and K (r) is monotone decreasing,then J(r) < 0.

The corollary is an immediate consequencef the precedingtheorem. We only
have to remark that, if 1 q< Ep_l and 1< p 2, the certer stable manifold
departing from the origin is made up only of trajectories corresponding to regular
solutions u(r). In fact, with these hypothesiswe can apply the Obsenation 3.17.
Otherwise we could have alsosolutionsw(r) suc that w(0) = A > 0andw9%0) < 0.

3.10. Theorem. Assumethat G(r) O for anyr > 0O, but G(r) 6 0, and that
there exists, s1>p,| p suchthat

|im i(r)lf js,(r) > 0; rIi!mojsl(r) <1; O rI!ilm jirn=L<1;

d S2
dr

(nrt =o0; lim ﬁ(r)r1+ =0

lim
) dr

for some > 0 small.

A Assumethat L > 0, then there exist a S.G.S v(r) with slow decay, that is
P p p
cr sz pH v(r) Cr st »™ asr! Qandv(r) r T»% asr! 1.

Moreover, if | 6 p , this is the only S.G.S. with this behavior.
B Assumethat the regularity hypothesisis satis ed. Then there exist in nitely
many S.G.S. w(r) with fast decay. To be more explicit any solution w(r) has

the samebehavior asv(r) asr ! O, but we havew(r) r 71 asr! 1.
C Assumethat A holds, then any S.G.S. must belongto one of the families of
solutions descrited at the points A and B.
D Assumethat J(r) Ofor anyr > 0, butJ(r) 6 O, then all solutions u(r) of
Eq. (1.2) are crossing solutions.
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Pro of. We begin by proving D, recalling that Kawanida et al in [11] have already

given a proof of this result. Consider system (2.2) wherel = p and a trajectory

(x(t);y(t)) corresponding to a solution u(r) of (1.2). First of all from the assump-
tions on J(r) we have that H(x(t);y(t);t) > 0. Therefore, reasoningas in the

proof of Proposition 3.5, we conclude that the trajectory starts from the origin,

getsinto U* and then crossesc and getsinto U in nite time. Then it crosses
the y negative semiaxis: thus u(r) is a crossingsolution.

Now assumethat A is satis ed and considersystem(3.3) where < Oand| = I.
Obserne that it admits only three critical points O, P and P, belongingto the
z = 0 plane. Moreover P admits a certer stable manifold CS, transversalto the
z = 0 plane. We recall that the hypothesis guaranteesthat c%(z)bzzo = 0. Note
also that the ! -limit set of any bounded trajectory hasto belongto this plane.
Furthermore, if | 6 p , in this plane there are no periodic trajectories and CS is
one-dimensional.

Let uscall (x(t);y(t); z(t)) atrajectory belongingto CS and v(r) the corresponding
solution of (1.2). Then

tI!ilm H,(x,(1);y,(t);t) < 0 therefore tI!ilm Hp (xp (t);yp (1);t)= M O:

Then it follows that 2
vt

Pv(r)= M G(r) q+ 1 r

G(s)jv(s)j9vYs)ds < 0:
HenceH, (xp (t);yp (t);t) < Ofor any t; thus using Proposition 3.5 we can con-
clude.

Now assumethat the regularity hypothesisis satis ed, and consideragain sys-
tem (3.3) where < O and| = I|. Note that the origin admits a certer stable
manifold CSy, which has at least dimension 2 and is transversalto the z = 0
plane. Considera generictrajectory (x,(t); y;(t); z(t)) belongingto CSy and the
corresponding solution w(r) of (1.2). Recalling Lemma 2.10we can concludethat
w(r) hasfast decay.

Moreover

lim H, 04 (D):y(1):t) = 0 hence Hp (% (1) ¥p (1)it) = O

Repeating the reasoningdonefor v(r) we nd that w(r) isa S.G.S.with fast decay.

Now assumeby cortradiction that there exists a S.G.S. a(r) dierent from
the onesdescribed. Consider again system (3.3) where < Oand | = I. Ob-
serne that any trajectory, bounded in the future and belonging to the x 0
subset, must have the origin or P as! -limit set, if | 6 p . Therefore their
behavior has already been described. If | = p the ! -limit set could also be
made up of union of periodic trajectories; anyway the corresponding value of
H would be negative, therefore we could repeat the analysis just done and nd
S.G.S.with slow deca. Then a(r) must correspond to an unbounded tra jectory
(X (1);y,(0); z(1). Thuslimur  H (X, (t);y(t);t) = 1 ; thereforethere exist T > 0
sudh that H,(x,(t);y,(t);t) > Ofor any t > T. HenceH, (xp (t);yp (t);t) > O for
any t > T; therefore, following the proof of Proposition 3.5 we deducethat there
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exists Ty > T sud that y, (T1) > 0. Thus we have found a cortradiction and the
thesisis proved. O

3.11. Corollary . Setp < g< p . Assumethat K(r) is strictly positive and
boundeal and that J(r) and G(r) are nonnegative for any r, and lim,;; K(r) =
A > 0. Moreover assumethat there exists > 0 small so that

H 0 1 — — i 0 1+ .
r“!moK (r)r =0= rI!llm KXr)r™

Then any solution u(r) of (1.2) is a crossing solution. Moreover there exists

exactly one S.G.S. v(r) with slow decay, that is u(r) ra 1 bothasr! Oand

asr ! 1. Furthermore assumethat the regularity hypothesisis satis ed, then
there exist in nitely many S.G.S. with fast decay w(r), that is w(r) ra e T as

r ! 0 and w(r) r »% asr ! 1 No other S.G.S. can exist. Moreover if
1<g< p_p_l and 1< p 2, theseare the only positive solutions of the problem.

This corollary is a straightforward consequenceof the preceding Theorem.
Moreover, exploiting Obsenation 3.17 we can get also the following corollary.

3.12. Corollary . Assumethat the hypothesisof the Corollary 3.11 are satis ed.
Moreover assumel < q< -P5x and1< p 2, then there are no solutions positive
in a right neightorhood of r = O, di er ent from the ones descriled in Corollary
3.11. If g Ep_l we cannot excludethe existene of positive solutions u(r) such
that u(0) = A> 0and u%0) 6 0

3.13. Corollary . Consider the autonomousequation (1.1) where K(r) K > 0
and p < g< p. Then for any given hall of radius R there exists one and only
one Dirichlet radial solution.

Pro of. Setl = qin (2.1): the systemobtained is autonomous;we recall that the
trajectory of system(2.2) containing the regular solutions of (1.2) is invariant for

translation in t. Soif u(r) is such that u(R) = 0 there exists a family of solutions
us(r) = u(sr)sq 5 sudh that us(%) = 0, wheres > 0 can be chosenarbitrarily .

O

Note alsothat if system (2.2) is autonomouswe have exactly one S.G.S. with
slow decay corresponding to the critical point P. Thus it can be explicitly com-
puted. Using the t invariance property of the trajectories we also deduce the
following result.

3.14. Corollary . Consider the autonomousequation (1.1) where K (r) K > 0.

Assumeq > p , then there exist exactly one S.G.Swith slowdecay v(r) = Xpra p:t
Assumep < g< p and that the regularity hypothesisis satis ed, then there exist

g p+l

a family of S.G.S with fast decay vs(r), with the property vs(r) = v(sr)s™ » ,
whete v(r) is a memter of the family.

Assume g > p, then all the regular solutions are G.S. with slow decay; let us
+1
denote ua (r) the solution suchthat ua(0) = A > 0, then ua(r) = ul(Ar)Aq b
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Therefore, knowing a menmber of the family of G.S. or of S.G.S.we know all of
them.
Now we give someexamplesof application of the Theorems.

3.15. Remark. If g> p and K(r) = rlogf(r) whered > p, using Theorem
3.8, it is possibleto solve completely the problem of the existence and of the
asymptotic behavior of G.S. and of S.G.S.

We recall the de nition of j(r) = K (r)r 5 9

3.16. Remark. If j(r) = r Slog®:(r) + r ®log®(r), wherec < d < p are real
numbers, eadh regular solution u(r) is a G.S. and its asymptotic behavior is ruled
by the term r ©2log2(r).

This approac is alsousefulto classifythe S.G.S.and to re ne the estimate on
the asymptotic behavior of G.S., givenin [11], of someMatukuma-t ype equations
and of Batt- Faltenbacher-Horst equation.

We state now and proof an obsenation regarding the correspondencebetween
the solutions of (1.2) and the tra jectories of (3.2) belonging to the certer-stable
manifold.

The claim is already beenused, but we giveit at the end, sinceit can be regarded
as an appendix

3.17. Observ ation. Assumethat h;(t) is boundedast! 1 . Assumel< p
2and 1< | < ﬁ Then trajectories (x,(t);yi(t)) of (2.2) having the origin as
-limit point correspond to regular solutions u(r) of (1.2) and viceversa.

Pro of. To simplify the proof we will considerl = q xed, sowe will leave unsaid
the subscript. We already know that solutions u(r) of (1.2) correspond to trajec-
tories (x(t); y(t)) of (2.2) having the origin as -limit point. Viceversawe know by
Lemma 2.10that solutions u(r) corresponding to tra jectories (x(t); y(t)) are such
that u(0) is well de ned positive and bounded. With this assumption the claim
could even be proved simpler, using invariant manifold theory and exponertial
dichotomy, as done in Theorem 4.1 of [9] for the scalar curvature equation. We
only needto prove that u%0) = 0. Exploiting invariant manifold theory, it can be
provedthat limy;  (x(t);y(t))e ' . Thereforeif > that isqg< ﬁ we are
done. The idea s to try to weaken this bound by observingthat y(t) ! 0 faster
than x(t) ast! 1 . We begin by making the following change of variables.

0} = ixj® -2 p1
(3.4) W(t) = 0 z(t) = jxj> where b 1im
and m > 0 will be xed opportunely later. Applying (3.4) on (2.2) we obtain the
following dynamical system:

W= ( W+ ()Z%s  w2rSmza
Z= SZ +Swjwjsmzirm

We obsere now that (W(t);Z(t))! (0;0)ast! 1 which isa critical point of
(3.5). Weimposel 1 Sandm 1in order to linearize near the origin. We

(3.5)
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can rewrite the rst condition in this way: there exist a constart C such that

2 p
0 C=1 1 s= 1 —
T me D
Now obsene that, linearizing system(3.5) near the origin, we obtain the following
matrix:

S 0
0

Recalling that (W (t); Z(t)) belongsto the unstable manifold and using again in-
variant manifold theory we can say that for any given > 0 we have W(t) =
O(elS Iyast! 1 . Thereforewe have:

jujP t=jyir = w(xe ‘=0 5 ):

Obsene that (S + 1) = 1 C. Thereforeif we assume0 C < 1 we can
conclude that u%0) = 0. Soif the two conditions 0 < C < 1 and m > 1 are
compatible, we have the thesis. These conditions can be rewrite in the following
way:

@ 2P H_1_@DhHe H 1,
2 p m 2 m
Thus we can choosem satisfying the conditions if and only if
2 1) . p
2 p <1 orequivalertly |I< 1

O

3.18. Remark. Obserwethat p < Ep_l sofor the critical casethe hypothesis of

Obsenation 3.17 are always satis ed.
3.19. Remark. If wehavel > Ep_l we cannot exclude the existenceof solutions

u(r) sud that u(0) = 0, but u%0) 6 0, which would be singular in the origin, but
in a di erent way from the one analyzedin this paper.
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