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WEAK DISCRETE MAXIMUM PRINCIPLES

MOHAMMAD MUJALLI AL-MAHAMEED

Abstra ct. We intro duce weak discrete maxim um principles for matrix equa-
tions assaciated with some elliptic problems. We also give an example on
discrete maximum principles.

1. Intr oduction

The maximum principles play a basic role in the theory and applications of a
wide classof real linear secondorder elliptic partial di erential equations.

In this paper we considerthe weak discrete maximum principle for matrix equa-
tions assaiated with someelliptic problems and give an example to illustrate the
usefulnessof the discrete maximum principles.

Let beaboundeddomainin R" with boundary @. The secondorder elliptic

partial dierential operator L at x = (X1;X2;:::;Xn) takesthe form
Lu(x)] = ai (X + ai(X)—=— + a(x)u(x);
[ux)] . J()@i@j B ()@(i (x)u(x)
whereu(x) is a twice cortin uously di eren tiable function de ned in , a; (x), &(x),
(i;j = 1,2;:::;n), a(x) arecortinuousfunctionsin - = [ @, a(x) O0,a; = g,
(i;j = 1;2;:::n), and there exist a positive constant ~ such that
X X ,
aj (X) j i 1 n
i =1 i=1
for all n-tuples ( 1; 2;:::; n) of real numbers.
Let g = Vi @@i denote the outward directional derivative on @ in the direc-

i=1
tion v such that v n > 0, wheren is the unit outward normal on @.
The strong and weak maximum principles are given in the following Theorems

[71.

Theorem 1.1 (Strong maximum principle). Suppsethat u(x) satises L[u] 0
in . If u attains a nonnegative maximum M at an interior point of , thenu
attains its maximum in
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Theorem 1.2 (Weak maximum principle). Supmsethat u(x) satises L[u] 0in
, then maxu(x) maxfO0; n;%x u(x)g.
X2 X

Theorem 1.3. Letu(x) satisfyL[u] 0in . Suppsethat u attains a nonnegative
maximum M at a boundary point P. If P lies on the boundary of a kall in , then

% > 0atP, unlessu= M in

Remark 1.1. The condition that P lies onthe boundary of aball in  in Theorem
1.3is calledthe interior spheke property at P of @. If this property is not satis ed,
the conclusionof Theorem 1.3 will in generalnot be valid.

Let us rst presert somematrix notations.
Givena matrix A = (a; ), i;j = 1;2;:::;n, we say that A is reducible if there
exist a permutation matrix B sud that

A A
t — 11 12 .
BAB" = 0 Ay
where B! denotesthe transposeof B, Aj; isanr r submatrix, and A,, is an
(n r) (n r)submatrix with r 2 f1;2;:::;n 1g.

If no such permutation matrix exists, then A is irreducible. We say that A is
diagonaly dominant if

jaii j ja | i=12:::;n;:

Furthermore, A is irreducibly diagonally dominant if it is irreducible, diagonally

dominant, and
X

jaioioj > jaiojj
j=1
j6io
holds for someig 2 f1;2;:::;ng.
Consider the discrete approximation to the boundary value problem
(1.1) Lu(x) =f(x) in ;

1.2) ux) =gx) on@ :

Here is the boundary operator, for example

u(x) = 1(x)%+ 2(x)u:

which belongto (or @). The nite dierence method or the nite elemen
method with meshh sizeleadsto the following equationswhich approximate (1.1),
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(1.2).
X ) m
(1.3) aj wj + ajw; = fi; i=12:::;n;
i=1 j=n+l
X X m
(1.4) aj wp + aw =g, i=n+1::;n+m:
j=1 j=n+1
Here (W1;Wo; 11 Wnem), (F1;f2;000,f0), (On+1sOn+2:::0; 00+ m), are approximate

215;9(Pn+m) , respectively.

The matrices (&; ), i = 1,2;::5;n, ] = 1;2;::;n+ m, and (8 ), i = n+
1;::5;n+m,j = 1;2;:::;n+ m, are the approximations to the operatorsL and
respectively.

Now de ne setsas follows:
D,=f12:::;ng;
Fim =fj;j=n+L::;n+m;a 60g; i=12:::;n:

Gnm = Fi;m;
Hn=fn+ 1Ln+ 2:::;n+ mgnGp, :

A strong discrete maximum principle for (1.3), (1.4) is given in the following
Theorem [6].

Theorem 1.4. Assumethat a; > 0, a; 0,i6j,i=212::5n,j=212::;n+
m.
rxm
aj > 0; i=12:::;n;
j=1

and that A = (&), i;j; = 1,2;:::;n, is irreducibly diagonaly dominant. Let
rx-m
ajw; 0; i=12:0n:
j=1
If there exist somer 2 f1;2;:::;ng suchthat

max wj =w 0;
j=1;2;:;n+m

then
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2. The weak discrete maximum principle
In this sectionwe intro ducethe weak discrete maximum principle for (1.3), (1.4).

Theorem 2.1 (Weakdiscrete maximum principle [1]). Assumethat a; > O, a;
0,i6j,i=12:5;nj=212:;n+m.
rxm
aj > 0; i=12:::;n;
=1

and that A = (a; ), i;j = 1;2;:::;n, is irreducibly diagonaly dominant. Let

rx-m
ajw, 0; i=12:0n:
j=1
Then,
n o]
max w; max O0; max
1 i n+tm n+l j n+m
Theorem 2.2. Assumethat a; > 0, aj 0,i6j,i=212::5n,j=212:::;n+
m,
rx-m
aj 0; i=12::::n+m;
j=1

and that A = (a&;), i;j = 1;2;:::;n is irreducibly diagonaly dominant. Let

rx-m
ajw; 0; i=12:::;n:
j=1

If there existsomer(n+1 r n+ m)andatleastoneq(l g n) suchthat

max 0; max w =w O;
1 j n+m
rxm
a; 0 j6r; j=L2:n+m; aq O;
j=1
then
rxm
aerj>O
j=1
unless
W = W ; ] 2Dn[ Gm;
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Pro of. Assumethat

r)(-m
ajw; 0
=1
Then we have
) m ) m
0 ajwj = ar W + arj W
j=1 i=1
" # j6r
) m % m
aj W+ arj W
j=1 =1
j6r 6r
rX-m
= arj(wr W)
j=1
|61
er
= arg(Wr  Wg) aj(wr  wj) O:
j=1
61
i8q

From the fact a4 < O, it follows that

Wg=Ww+ max w; O:
1 j n+m

Sincel g n, anapplication of Theorem 1.4 leadsto

(2.1) W = Wg = W j2Dn[ Gn:

On the other hand, it is clear that

(2.2) Wi W= W j2Hnm:

Hence,(2.1), (2.2) cortradicts the hypothesesin Theorem 2.2. Thus, we have

wm
ajw; 0
i=1

This completesthe proof.

3. Example

In this sectionwe give an exampleto illustrate the discrete maximum principles.
Considerthe domain R2 with boundary @, Pi, P, denote the interior points
of andP;3 P1> denotethe boundary points shown in Figure 1 with a uniform
mesh(h = 1;n = 2;m = 10).

u+u= 5 in
u= 9 on @ :



172 M. M. AL-MAHAMEED

9 10 11 12 9 10 11 12

® ©
Fig. 1: Uniform meshof the domain (h = 1;n = 2;m = 10):
(a) domain direction (b) nite dierence (c) nite elemer.

The nite di erence method with meshpoints in Figure 1 (b) leadsto

5 1 :x: 0 1 00 1 00 1 00O
1 5§::x:0 0 10 0 10 0 10
2 3
8
8
9
9
9 5
9:5
9
9
9
9
9
9

In this caseD, = f1;29, Gy, = f4;5;7;8;10;11g, H,, = f3;6;9;129. Since

Jmax wp = wy = wp = 8, the assumptions of Theorem 1.4 do not hold, but
i
those of Theorem 2.1 hold.



WEAK DISCRETE MAXIMUM  PRINCIPLES 173

4. Concluding remarks

1.4,then A 1> 0.

In view of applications to numerical analysis, the discrete maximum principle is
usefulin the resulting matrix equations, which approximate elliptic boundary value
problems by employing the nite di erence method or the nite elemert method.
The weak discrete maximum principle is the discrete courterpart of Theorem 1.2
and well establishedin [2]. Moreover, this is applied not only to linear boundary
value problems, but alsoto nonlinear boundary value problem [4], [5].

In the discrete matrix equations assaiated with the elliptic boundary value
problems, it is desirable to reduce the number of the boundary points belonging
to Hyn as much as possible,in order to obtain good numerical solutions from the
viewpoint of the maximum principle [2].
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