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WEAK DISCRETE MAXIMUM PRINCIPLES

MOHAMMAD MUJALLI AL-MAHAMEED

Abstra ct. We intro duce weak discrete maxim um principles for matrix equa-
tions associated with some elliptic problems. We also give an example on
discrete maxim um principles.

1. Intr oduction

The maximum principles play a basic role in the theory and applications of a
wide classof real linear secondorder elliptic partial di�eren tial equations.

In this paper we considerthe weak discretemaximum principle for matrix equa-
tions associated with someelliptic problems and give an example to illustrate the
usefulnessof the discrete maximum principles.

Let 
 be a bounded domain in Rn with boundary @
. The secondorder elliptic
partial di�eren tial operator L at x = (x1; x2; : : : ; xn ) takesthe form

L [u(x)] =
nX

i;j =1

aij (x)
@2 u

@x i @x j
+

nX

i =1

ai (x)
@u
@x i

+ a(x)u(x) ;

whereu(x) is a twice continuously di�eren tiable function de�ned in 
, aij (x), ai (x),
(i; j = 1; 2; : : : ; n), a(x) are continuousfunctions in 
 = 
 [ @
, a(x) � 0, aij = aj i ,
(i; j = 1; 2; : : : n), and there exist a positive constant � such that

nX

i;j =1

aij (x)� j � i � �
nX

i =1

� 2
1 in 


for all n-tuples (� 1; � 2; : : : ; � n ) of real numbers.

Let @
@v =

nP

i =1
vi

@
@x i

denote the outward directional derivative on @
 in the direc-

tion v such that v � n > 0, where n is the unit outward normal on @
.
The strong and weak maximum principles are given in the following Theorems

[7].

Theorem 1.1 (Strong maximum principle) . Suppose that u(x) satis�es L [u] � 0
in 
 . If u attains a nonnegative maximum M at an interior point of 
 , then u
attains its maximum in 
 .
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Theorem 1.2 (Weak maximum principle) . Supposethat u(x) satis�es L [u] � 0 in

 , then max

x 2 

u(x) � maxf 0; max

x 2 @

u(x)g.

Theorem 1.3. Let u(x) satisfy L [u] � 0 in 
 . Supposethat u attains a nonnegative
maximum M at a boundary point P. If P lies on the boundary of a ball in 
 , then
@u
@y > 0 at P, unlessu = M in 
 .

Remark 1.1. The condition that P lies on the boundary of a ball in 
 in Theorem
1.3 is called the interior sphere property at P of @
. If this property is not satis�ed,
the conclusionof Theorem 1.3 will in generalnot be valid.

Let us �rst present somematrix notations.
Given a matrix A = (aij ), i; j = 1; 2; : : : ; n, we say that A is reducible if there

exist a permutation matrix B such that

B AB t =
�
A11 A12

0 A22

�
;

where B t denotes the transposeof B , A11 is an r � r submatrix, and A22 is an
(n � r ) � (n � r ) submatrix with r 2 f 1; 2; : : : ; n � 1g.

If no such permutation matrix exists, then A is irreducible. We say that A is
diagonally dominant if

jaii j �
X

j =1
j 6=1

jaij j i = 1; 2; : : : ; n :

Furthermore, A is irreducibly diagonally dominant if it is irreducible, diagonally
dominant, and

jai 0 i 0 j >
X

j =1
j 6= i 0

jai 0 j j

holds for somei 0 2 f 1; 2; : : : ; ng.
Consider the discrete approximation to the boundary value problem

L
�
u(x)

�
= f (x) in 
 ;(1.1)

�
�
u(x)

�
= g(x) on @
 :(1.2)

Here � is the boundary operator, for example

�
�
u(x)

�
= � 1(x)

@u
@n

+ � 2(x) u :

By Pi , i = 1; 2; : : : ; n (or Pi , i = n + 1; : : : ; n + m) we denote the nodal points
which belong to 
 (or @
). The �nite di�erence method or the �nite element
method with meshh sizeleadsto the following equationswhich approximate (1.1),
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(1.2).

nX

j =1

aij wj +
n + mX

j = n +1

aij wj = f i ; i = 1; 2; : : : ; n ;(1.3)

nX

j =1

aij wj +
n + mX

j = n +1

aij wj = gi ; i = n + 1; : : : ; n + m :(1.4)

Here (w1; w2; : : : ; wn + m ), (f 1; f 2; : : : ; f n ), (gn +1 ; gn +2 ; : : : ; gn + m ), are approximate
valuesof

�
u(P1); u(P2); : : : ; u(Pn + m )

�
,
�
f (P1); f (P2); : : : ; f (Pn )

�
,
�
g(Pn +1 ); u(Pn +2 );

: : : ; g(Pn + m )
�
, respectively.

The matrices (aij ), i = 1; 2; : : : ; n, j = 1; 2; : : : ; n + m, and (aij ), i = n +
1; : : : ; n + m, j = 1; 2; : : : ; n + m, are the approximations to the operators L and � ,
respectively.

Now de�ne setsas follows:

Dn = f 1; 2; : : : ; ng ;

Fi;m = f j; j = n + 1; : : : ; n + m; aij 6= 0g; i = 1; 2; : : : ; n :

Gm =
n[

i =1

Fi;m ;

Hm = f n + 1; n + 2; : : : ; n + mgnGm :

A strong discrete maximum principle for (1.3), (1.4) is given in the following
Theorem [6].

Theorem 1.4. Assumethat aii > 0, aij � 0, i 6= j , i = 1; 2; : : : ; n, j = 1; 2; : : : ; n+
m.

n + mX

j =1

aij > 0; i = 1; 2; : : : ; n ;

and that A = (aij ), i; j; = 1; 2; : : : ; n, is irr educibly diagonally dominant. Let
(w1; w2; : : : ; wn + m ) satisfy

n + mX

j =1

aij wj � 0 ; i = 1; 2; : : : ; n :

If there exist somer 2 f 1; 2; : : : ; ng such that

max
j =1 ;2;::: ;n + m

wj = wr � 0 ;

then

wj = wr ; j 2 Dn [ Gm ;

wj � wr ; j 2 Hm :
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2. The weak discrete maximum principle

In this sectionwe intro ducethe weakdiscretemaximum principle for (1.3), (1.4).

Theorem 2.1 (Weak discretemaximum principle [1]). Assumethat aii > 0, aij �
0, i 6= j , i = 1; 2; : : : ; n, j = 1; 2; : : : ; n + m.

n + mX

j =1

aij > 0; i = 1; 2; : : : ; n ;

and that A = (aij ), i; j = 1; 2; : : : ; n, is irr educibly diagonally dominant. Let
(w1; w2; : : : ; wn + m ) satisfy

n + mX

j =1

aij wj � 0 ; i = 1; 2; : : : ; n :

Then,

max
1� i � n + m

wi � max
n

0; max
n +1 � j � n + m

o
:

Theorem 2.2. Assumethat aii > 0, aij � 0, i 6= j , i = 1; 2; : : : ; n, j = 1; 2; : : : ; n+
m,

n + mX

j =1

aij � 0 ; i = 1; 2; : : : ; n + m ;

and that A = (aij ), i; j = 1; 2; : : : ; n is irr educibly diagonally dominant. Let
(w1; w2; : : : ; wn + m ) satisfy

n + mX

j =1

aij wj � 0 ; i = 1; 2; : : : ; n :

If there exist somer (n + 1 � r � n + m) and at least one q (1 � q � n) such that

max

(

0; max
1� j � n + m

wj

)

= wr � 0 ;

n + mX

j =1

ar j � 0 ; j 6= r ; j = 1; 2; : : : ; n + m ; ar q � 0 ;

then
n + mX

j =1

ar j wj > 0

unless

wj = wr ; j 2 Dn [ Gm ;

wj 6= wr ; j 2 Hm :
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Pro of. Assumethat
n + mX

j =1

ar j wj � 0 :

Then we have

0 �
n + mX

j =1

ar j wj = ar r wr +
n + mX

j =1
j 6= r

ar j wj

�

"

�
n + mX

j =1
j 6= r

ar j

#

wr +
n + mX

j =1
j 6= r

ar j wj

= �
n + mX

j =1
j 6= r

ar j (wr � wj )

= � ar q(wr � wq) �
n + mX

j =1
j 6= r
j 6= q

ar j (wr � wj ) � 0 :

From the fact ar q < 0, it follows that

wq = wr + max
1� j � n + m

wj � 0 :

Since1 � q � n, an application of Theorem 1.4 leadsto

(2.1) wj = wq = wr j 2 Dn [ Gm :

On the other hand, it is clear that

(2.2) wj � wq = wr ; j 2 Hm :

Hence,(2.1), (2.2) contradicts the hypothesesin Theorem 2.2. Thus, we have

n + mX

j =1

ar j wj � 0 :

This completesthe proof. �

3. Example

In this sectionwe give an exampleto illustrate the discretemaximum principles.
Consider the domain 
 � R2 with boundary @
, P1, P2 denote the interior points
of 
 and P3 � � P12 denote the boundary points shown in Figure 1 with a uniform
mesh(h = 1; n = 2; m = 10).

� � u + u = � 5 in 
 ;

u = � 9 on @
 :
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Fig. 1: Uniform meshof the domain (h = 1; n = 2; m = 10):
(a) domain direction (b) �nite di�erence (c) �nite element.

The �nite di�erence method with meshpoints in Figure 1 (b) leadsto
�

5 � 1 : : : 0 � 1 0 0 � 1 0 0 � 1 0 0
� 1 5 : : : 0 0 � 1 0 0 � 1 0 0 � 1 0

�

�

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 8
� 8
: : :
� 9
� 9
� 9
� 9
� 9
� 9
� 9
� 9
� 9
� 9

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=
�
� 5
� 5

�

In this case Dn = f 1; 2g, Gm = f 4; 5; 7; 8; 10; 11g, H m = f 3; 6; 9; 12g. Since
max

1� j � 12
wj = w1 = w2 = � 8, the assumptions of Theorem 1.4 do not hold, but

those of Theorem 2.1 hold.



WEAK DISCRETE MAXIMUM PRINCIPLES 173

4. Concluding remarks

If A = (aij ), i; j = 1; 2; : : : ; n, is a matrix satisfying all conditions of Theorem
1.4, then A � 1 > 0.

In view of applications to numerical analysis, the discrete maximum principle is
useful in the resulting matrix equations,which approximate elliptic boundary value
problems by employing the �nite di�erence method or the �nite element method.
The weak discrete maximum principle is the discrete counterpart of Theorem 1.2
and well establishedin [2]. Moreover, this is applied not only to linear boundary
value problems, but also to nonlinear boundary value problem [4], [5].

In the discrete matrix equations associated with the elliptic boundary value
problems, it is desirable to reduce the number of the boundary points belonging
to Hm as much as possible, in order to obtain good numerical solutions from the
viewpoint of the maximum principle [2].
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