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AN ALMOST-PERIODICITY CRITERION FOR SOLUTIONS OF
THE OSCILLA TORY DIFFERENTIAL EQUA TION y%= q(t)y AND
ITS APPLICA TIONS

SVATOSLAV STAN EK

Abstra ct. The linear dieren tial equation (q) : y°°= q(t)y with the uni-
formly almost-p eriodic function q is considered. Necessary and sucien t
conditions which guarantee that all bounded (on R) solutions of (qg) are uni-
formly almost-p eriodic functions are presernted. The conditions are stated by
a phase of (g). Next, a classof equations of the type (q) whose all non-trivial

solutions are bounded and not uniformly almost-p eriodic is given. Finally,
uniformly almost-p eriodic solutions of the non-homogeneousdi eren tial equa-
tions y%= q(t)y + f (t) are considered. The results are applied to the App ell
and Kummer di eren tial equations.

1. Intr oduction

In the paper we considerthe di erential equation

) y®= a(t)y;

where g is either a real-valued contin uousfunction on R or a real-valued uniformly
almost-periodic function. At the sametime we sa that a (generally complex-
valued) function f is uniformly almost-periodic (u.a.p.) or Bohr's almost-periodic
if f is continuouson R and for each " > 0 there exists a number | > 0 such that
on every interval [a;a+ ] thereisa sud that jf (t+ ) f(t)j< " fort2 R (see
e.g.[6], [8], [13]). Throughout the paper a bounded function (which is de ned on
R) meansthat it is boundedon R.

Let q be a u.a.p. function. Then (q) is either disconjugate (that is (q) has a
positive solution on R) or oscillatory (that is 1 are the cluster points of zeros
of a non-trivial solution to (g)) (seee.g.[15]). The properties of solutions to the
disconjugateequation (q) are usually consideredby the assaiated Riccati equation
y%+ y? = q(t). For the disconjugate equation (q) it is known that (g) can have

1991 Mathematics Subject Classification: 34C27, 34A30.

Key words and phrases: linear second-order di eren tial equation, App ell equation, Kummer
equation, uniformly almost-p eriodic solution, bounded solution, phase.

Supported by grant no. 201/01/1451 of the Grant Agency of Czech Republic and by the
Council of Czech Government J14/98:153100011.

Received August 12, 2003.



230 S. STAN EK

a non-trivial u.a.p. solution y (and then fky : k 2 Rg are all its u.a.p. solutions)
only if () is the special disconjugate equation (that is (g) has the unique (up to
the positive multiplicativ e constart) positive solution on R) (seee.g. [15], [18]).
Discussingu.a.p. solutionsto the oscillatory equation (q) is more complicated since
now the transformation to the assaiated Riccati equation is impossibleon R. But
if qis a periodic function, then any bounded solution of (q) is u.a.p. (seee.g.[7],
[10]).

In [16], the following question was put: If all solutions of (g) with a uniformly
almost-periodic coe cien t g are bounded, doesit necessarilyfollow that all solu-
tions are u.a.p. functions? The negative answer to this question is given in [12]
even for n-order di erential equations(n 2)

(1.1) y = pit)y+  + pu(ty Y

ead n 2, there exists an equation of form (1.1) for which every solution is
boundedbut only the trivial solution is uniformly almost-periodic. The analogical
result for the systemy®= A(t)y with the u.a.p. matrix A(t) has beenshowved by
Lillo [14] who consideredthe system x° = fR(t)y, y?= f (t)x wherethe function
f is y.a.p. whose mean value is zero ange Otf (s)ds is un&ounded. The vectors
(sin( , f (s) ds); cog , f (s) ds)) and (cos( 4 f (s)ds); sin( , f (s) ds)) form abase
of the solution space. Any non-trivial solution is bounded but it is not a u.a.p.
function.

Let g be a u.a.p. function and let all solutions of (g) are bounded (then (q) is
oscillatory by Lemma 2.1). The aim of the paper is to discussthe existenceand
non-existenceof u.a.p. solutions of (q) in detail. We presert necessaryand su cien t
conditions which guaranteethat all solutions of (g) areu.a.p. (Theorem 3.1). These
conditions are stated by the notion of a (rst) phaseof (g) (see[3]). Theorem 3.9
givesa classof equationsof the type (g) whoseall non-trivial solutions are bounded
but not u.a.p. functions. Finally, if f is a u.a.p. function, all solutions of (q) are
u.a.p. and the non-homogeneoudli erential equation y°®°= q(t)y + f (t) has a
bounded solution, then all its solutions are u.a.p. (Theorem 3.11). Results are
applied to the linear Appell di erential equation (Corollary 3.5) and the nonlinear
Kummer di erential equation (Corollary 3.6).

2. Definitions and auxiliar y resul ts

Throughout this section we assumethat g is a real-valued cortin uous function
on R. We say that (u;Vv) is a base of () if u, v are linearly independert solution

of ().

Lemma 2.1. Let qand all solutions of (g) be bounded. Then (q) is an oscillatory
equation, the rst and second derivatives of all its solutions are bounded and

(2.1) inffu?(t) + v?(t) : t 2 Rg> 0
for any base (u; v) of (q).
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Pro of. Let y be a non-trivial solution of (q). Then g and y°(= qy) are bounded
and so y° is bounded which follows from the inequality ky%?  8kykky°k where
k k stands for the sup-normin C°(R) (seee.qg.[2], [17]).

Let (u;v) be a phaseof (q). Then the Wronskianw = uv® u% of (u;v) is a
non-zero constart function. If (2.1) is false, then there exists a sequenceft, g
R sud that lim,;; u(t,) = lim,; v(t,) = 0. Hencelim,; (u(t,)v¥t,)
uYt,)v(t,)) = 0 sinceu®v° are bounded, cortrary to u(t,)vq(t,) u%t,)v(t,) =
w6 O0forn2 N. So(2.1) is true and then

L Enrem T, wprep®t?

Consequetly (q) is oscillatory (seee.g.[11]).

A function 2 C°(R) is said to be a (rst ) phaseof the di er ential equation
(g) if there is a phase(u;v) of (g) suc that

ww

tan (t) = o)

or t2Rnft:v(t) = 0g:

If is a phaseof (g) then
(i) 2C3R),

(i) ) Ofort2R,

(i) Sp»\in( (t)), CPOS( 1)
A AL

and any solution y of (g) can be written in the form

yty= o 2 B2 o,

o

are linearly independert solutions of (q)

wherecg;c, 2 R.

A function is a phaseof () if and only if it is a solution of the nonlinear
Kummer third-order di erential equation

1y000 3 yOO 2 s .
(2.2) 20 + 4y (9% = qt):

In addition, if (u; V) is a baseof (g) and juv® u%j = 1, then there exists a phase
of (q) such that

sin( (1) cog (1))
2.3 t) = p——==; t) = —— = f t2 R:
@3 O P YO P

The de nition of the phaseof (g) and its properties are preserted in [3].

Lemma 2.2. Letqbe bounded and be a phaseof (q).

() If all solutions of (q) are bounded then —; % “°and %are bounded, too.

3 If 10 is boundel then all solutions of (g) are bounded, too.
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Pro of. By (iii), the functions u;v de ned by (2.3) are linearly independen solu-
tions of (g). Set" = sign %and

o) =" EO TV St = WX)ZF W2 t2 R

Then
(2.4) o_ . oo 2'p°, oo on 352+ 4

[ P P2t
(see[3], p. 38). If all solutions of (g) are bounded then u(?);v(?) are bounded for
j = 0;1;2 and inffu?(t) + v3(t) : t 2 Rg> 0 by Lemma 2.1. The boundednessof
1= % 0 00gnd %ow follows from (2.4).

If 1= %is bounded,then u; v are boundedand soall solutions of (g) are bounded,
too.

Denote by A the set of real-valued u.a.p. functions. For the remainder of this
sectionwe state herefor the corvenienceof the readersomeresults from the theory
of u.a.p. functions which will be usedin our next considerations. A function
h 2 A if and only if h 2 C°(R) and for every sequencefk,g R there exists a
subsequencd k;, g sudh that the sequenceof functions fh(t + k;, )g is uniformly
convergert on R. The limit of any sequencefh,,g A corverging uniformly on
R belongsto A. If h 2 A then h is bounded and equicortinuouson R, jhj 2 A,

(h) 2 A for every being ﬁquicortin uous on the range of h, h°2 A provided h°
is equicortinuous on R and gh(s) ds2 A if and only if it is bounded. If g;h 2 A
then gh 2 A. Finally, eadh h 2 A hasthe nZite mean value

10T
M [h] = TI,{n T, h(s) ds

(seee.qg.[6], [8], [13]).

Lemma 2.3 (Bohr theorem, [13] p. 129). Let F be a u.a.p. function and let
inffif F(t)j :t 2 Rg> 0. Then

argF(t) = at+ "' (t); t2R;
wheea2 Rand' 2 A.

Lemma 2.4. Letb2 Rand ;! 2 A. Then the composite function (bt+ ! (1))
belongsto A.

Proof. If b= 0then (!) 2 A since is equicortinuouson R. Let b6 0 and"
be a positive number. Then there exists > 0 sudc that

(2.5) @+ ) (i<g for t 2R;jj<

which follows from  being equicortinuouson R. Let fk,g R be a sequence.
Going if necessaryto a subsequencewe can assumethat the sequenced (bt+
bk,)g and f! (t + k,,)g are uniformly corvergert on R. Let lim ;1 (bt+ bk,) =
p(t), lim,1 ! (t+ k) = r(t). Then there existsng 2 N suc that

(2.6) j (bt+ bk,) p(t)j< X PHt+ ky) r)j< for t2R; n nog:
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By (2.5) and (2.6),

(bt+ b, + 1 (t+ k) pt+

j (bt+ bk, + 1 (t+ky))  (bt+ bk, + r(t))]
+ (bt+bkn+r(t)) pt+% <%+%:u

fort 2 Randn ng, which provesthat

O]

Ililm (bt+ bk, +! (t+k,) =p t+ rT uniformly on R:

Hence (bt+ ! (1)) 2 A.

3. Main resul ts

Theorem 3.1. Letg2 A and be a phaseof (g). Then all solutions of (q) are
u.a.p. functions if and only if

(3.1) t)y=at+'(t) fort2R;
wheea2 R, () 2 A fori= 0;1and
(3.2) infja+ ' Yt)j:t2 Rg> 0O:

Pro of. Let u;v be de ned by (2.3). Then (u; V) is a baseof (q) and all solutions
of (g) belongto A if and only if u;v 2 A.

First assumethat u;v 2 A. Then all solutions of (q) are bounded and so the
functions 1= ¢ %and %are bounded by Lemma 2.2. Set

(3.3) F(t) = v(t) +iu(t) for t2R:
Then F isu.a.p. and jF (t)j = 1=IO j qt)j 1> 0fort2R. Since
ia(t)
argF(t)zargpe_fwz WH+2k ; t2R;
J J

wherek is an integer, Lemma 2.3 showvs that (t) = at+ ' (t) wherea 2 R and
' 2 A. From the properties of the phase we seethat ' 2 C3(R) and ' (9 is
boundedfor i = 1;2. Hence' %is equicortinuouson R, and so' °2 A. In addition,
the inequality inffi qt)j :t 2 Rg> 0 implies (3.2).

Let (t) = at+ "' (t)fort2 Rwherea2 R,'(® 2 A fori = 0;1 and (3.2)
be satised. Then sin(at + ' (t)), cogat + ' (t)) and 1= qt) are u.a.p., and
consequetly u;v 2 A.

Remark 3.2. Let g2 A and be a phaseof (g). If all solutions of (g) belongto

A and (3.1) is satised with ana2 Rand' 2 A then' () 2 A evenfori = 2;3.

To prove this fact we note that from the boundednessof by Lemma 2.2 we

deducethat ' ®is equicortinuouson R and so' °°2 A. Now from the equalities
1 000 3 00 2 1 + 000 3 + 00 2

— - v 2: - > 1 Q\2
9= 55tz (0= gtz aro @)
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we have

h 1 02 |
v 00— 3(9 ' [ 3
=22l a9 @

and so' 2 A sinceinffja+ "' qt)j:t2 Rg> 0.

Remark 3.3. If g2 A and all solutions of (g) belongto A then the derivativesof
all solutions of (q) are equicortinuous functions on R, and therefore they belong
to A.

Corollary 3.4. Letq2 A and be a phaseof (g). If all solutions of (g) are
u.a.p. then all solutions of the di er ential equation

(3.4) y®=lat) ANy
areu.a.p. foreech 2 ( 1;1).

Pro of. Let all solutions of (g) belongto A and x 2 ( 1;1 ). By Theorem 3.1,
(t)y = at+ ' (t) fort 2 R, Wh(ﬂea 2R, '%2 A and (3.2) is satis ed. Hence

(92=(a+'922A.Set = 1+ . Now from the equalities

1 000 3 00 2 1 000 3 00 2

2 5wtz 5 @) 9H=a (9

we seethat is a phaseof (3.4) and since (t) = P 1+ at + P 1+ ' (t), all

solutions of (3.4) belongto A by Theorem 3.1.

2
25" a5 ()

Corollary 3.5. Letq;q°2 A and ke a phaseof (g). Then all solutions of the
Appell equation

(3.5) y®%& 4q(t)y’+ 29%t)y
belongto A if and only if (3:1) is satis ed with somea 2 R and' 2 A suchthat
'02 A andinffia+ "' qt)j:t2 Rg> 0.

Pro of. Let u;v be dened by (2.3). Then (u;v) is a baseof (q) and therefore
u?; uv; v2 are linearly independert solutions of (3.5) (seee.g.[1], [9]).

If (3.1) is satis ed with somea2 Rand' 2 A sudthat ' °2 A and inffja+
"Yt)j : t 2 Rg > 0, then u;v 2 A by Theorem 3.1 and so u?;uv;v? 2 A which
implies that all solutions of (3.5) belongto A.

Assumethat all solutions of (3.5) are u.a.p. functions. Then u?;uv;v? 2 A and

S0 )

ouy = SN ) ); o= 2082)

I I
are u.a.p. functions. Set
coq2 (t)) .sin(2 (t)
F(t)= — — + | — —~, t2R:

® ADj i Av)j

Then F is a u.a.p. function and jF(t)j = 15 qt)j | > 0fort 2 R. By

Lemma2.3,argF(t) =2 (t)+ 2k = a; + ' 1(t) fort 2 R, wherek is an integer,
a;2 Rand' ;2 A. Arguing asin the proof of Theorem 3.1 we have' 2 2 A and
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inffia; + ' 9(t)j : t 2 Rg> 0. Hence(3.1) is satis ed with a= a;=2and' ="' ;=2.

Corollary 3.6. Let g;Q 2 A and let all solutions of (g) and (Q) kelongto A.
Then the derivative of all regular solutions (that is solutions in C3(R) with non-
vanishing derivative on R) to the Kummer di er ential equation

000 3 00 2
Y 3 Yt QY2 = q)

are u.a.p. functions.

Pro of. Denote by G the set of the phasesof y°°+ y = Oand let and bea
phaseof (g) and (Q), respectively. Then G =f 1( ()): 2 Ggisthe set
of all regular solutions to (3.6) (see[3]). Here ! stands for the inversefunction
to .

Let 2 GandsetX = Y( ()). To prove the statemert of our corollary we
have to shaw that X °2 A. We know, by Theorem 3.1,
(3.7) (t)=At+ (t); ()=a+ (t); t2R;

whereA;a2 R, ; (D2 Afori=0;1and
inffA+ qt)j:t2Rg> 0; infflja+ 9t)j:t2 Rg> 0:

Since(Q) and (q) are oscillatory by Lemma 2.1, we have

dim j(Dj=1; lim j (j=1

it jtjl1
and then (3.7) and the boundednessof and imply A 6 0, a 6 0. From

(t+ )= (t)+ fort 2 R, where = sign °(see[3]), we deducethat

(3.8) t)=t+ (t); t2R;

where isa -periodic function. Of course, 2 A andinffi + Yt)j:t2 Rg> 0.
We claim that
t

(3.9) L) = e (t) for t2R;

where ; %2 A andinffi1=A+ O(t)j:t2 Rg> 0. We rst have
t= 1((t)):t+%+ (At+ (1)

and so

(3.10) ()= A (At+ (t) for t2R:

Let fk,g R beasequence.Since 2 A, we canassumewithout restriction of
generality that

(3.11) ||i1m (t+ky)=r() uniformly on R:
Obviously, r 2 A. Let " be a positive number. By (3.10) and (3.11), there exists
no 2 N such that j (At + Ak, + ( t+ k,)) + r(t)=Aj < "=2 and then

1 (t+ky)
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fort 2 Randn ng. From r being equicortinuous on R and (3.11), it follows
that there is an n; 2 N sud that

t+ Kk, r(t "jAj
(3.13) rt % rt % <% for t2Randn nj:
Then (3.12) and (3.13) give
1 r(t)
(At + Ak,) + AT t N
1 (t+ky)
(At + Ak,,) + AT t —
1 ((t+Kkn) r(t)
+ A] rt A rt A
< —+ =—="
2 2

fort 2 Randn maxfng;n;g. Wehaveprovedthat f (At + Ak,)g is uniformly
corvergert on R. Hence (At) 2 A andthen 2 A. Since %1= %and
are bounded, we seethat ;1= " and ! are also bounded which implies
the boundednessof 9; %and inffij1=A + ©(t)j:t2 Rg> 0. Clearly, °2 A.
Now, applying Lemma 2.4, we seethat (at+ (t)) and Yat+ (t)) belongto A.
Hencef (t) = (t)+ (at+ (t)) 2 A and repeatedthe above lemma we deduce
that

(at +f(t); O %t+ ¥+ (at + f (1)

are u.a.p. functions. From the equalities (see(3.7){(3.9)),

10 - 1 = 1
( (@) C ((®) as 0 sapy M4 (at +f (1))

LC@W)y= + Yat+ (1); AY=a+ A1)
and the inequality infffA + Qt)j : t 2 Rg > 0, we deducethat Xqt) =
O @) A (1) %) belongsto A. This completesthe proof.

Remark 3.7. Let q and all solutions of (q) belongto A. If is a phase of
(g) then, by Theorem 3.1, (t) = at+ ' (t) fort 2 Rwherea2 R,"; '°2 A
and infffa+ "' qt)] : t 2 Rg > 0. As in the proof of Corollary 3.6 we may
verify that a 6 0 and %(t) = t=a+ "' (t) fort 2 R, where' ;'% 2 A and
inffj 1=a+ ' 9(t)j : t 2 Rg > 0. Let the inversefunction ' to be a phaseof
(g). It is a simple calculation to show that

d 2
am= 1 S 'O @+ 'O) t2R:
Then g 2 A and Theorem 3.1 shows that all solutions of (q ) belongto A. Hence
for eadh phase of (g), all solutions of the di erential equation
d 2 !
yP= 1+ o M) @ra )y
are u.a.p. functions.
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Remark 3.8. If gisa -periodic continuous function then all solutions of (q) are
bounded if and only if there is a phase of () suchthat (t+ )= (t)+ a
fort 2 R, wherea 2 R (see[4], [5]). In this case (t) = (a= )t+ (t) where

is a -periodic function and consequetly all solutions of (q) belongto A by
Theorem 3.1.

heorem 3.9. Let' 2 C?(R),' ) 2 A for j = 0;1;2, the mean valueM[ ]= 0,
Ot' (s) ds be unbounded and inffia+ ' (t)j :t 2 Rg> 0 with somea 2 R. Set
1'%y .3 'y 2
2a+'(t) 4 a+'(t)

Then q 2 A, all solutions of (q) are bounded and only the trivial solution of (q)
belongsto A.

(3.14) q(t) = (a+' (1)% fort2R:

Pro of. It is easily seenthat q2 A. Set
z t
(t) = at+ '(s)ds; t2R:
0

Then is a phaseof (g) with g given by (3.14) and since °= a+"' 2 A and
supf15 t)j :t 2 Rg = supflga+ ' (t)j : tﬁ Rg < 1, all solutions of (g) are
bounded by Lemma 2.2. By our assumption Ot' (s)ds 62A and so Theorem 3.1
shows that there is a solution u of (q) sud that u 62A. Assumenow that there
exists a non-trivial solutions v of (q) suc that v 2 A. Clearly, (u;Vv) is a baseof

(g). We know that v can be written in the form

v(t) = clw' t2R;

i

where ci;c; 2 R. Since " i §2 A, wehavesin( + c) 2 A. Setw(t) =
sin( (t) + ¢) for t 2 R. Then from the equalities

wl= O%coy +c); w®= %%og +c) ( 9Zsin( + )

we deducethat w%is bounded, sowCis equicortinuousand then w2 A. Therefore
cof + ¢) 2 A sincel= 92 A. Let

cof (t) + ) +isin( (1) + c)
"7

Then F; is a u.a.p. function, jFyi(t)j = 1:pj qt)j = 1:p ja+ ' (b)j ;1 >0

for t 2 R with a constart I;, and consequetly Lemma 2.3 gives argF;(t) =

(t)+ o+ 2k = at+ "' 4(t) fort 2 R wherek isaninteger,a; 2 Rand' ; 2 A.
Thus z,

at + "(8)ds+ cp+ 2k = ait+ ' 4(t); t2R
0
R
and then a = a; and ' 1(t) = ot' (s)ds+ c,+ 2k fort 2 RsinceM[' ]= 0,
contrary to ' 1 2 A. We have proved that only the trivial solution of (g) belongs
to A.

t2R:

Fa(t) =
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Example 3.10. Let

"(t) = * 1 Ly, t2 R:
()_n:l nzcoqnz)v .
Then' @) 2 A forj = 0;1;2, M['] = 0 and Rg' (s) ds is unbounded (see[13).
Set = supfj' (t)j :t 2 Rg and g be de ned by (3.14) with jaj > . Applying
Theorem 3.9, all solutions of (g) are boundedbut there is no (non-trivial) solution
in A.

Theorem 3.11. Letq;f 2 A and let all solutions of (g) belongto A. If a solution
of the non-homaeneus di er ential equation

(3.15) y®=q(t)y + f (1)
is bounded, then all solutions of (3:15) belongto A.

Pro of. Let y be a bounded solution of (3.15) and let (u;v) be a base of (q),
u% uv®= 1. Then
z, z,
y(t) = cru(t) + cov(t) + u(t) v(s)f (s)ds v(t) u(s)f(s)ds; t2R;
0 0

wherecs;c; 2 R. Sinceu;v 2 A, they are bounded and the function
Z t Z t

z(t) = u(t) v(s)f (s)ds wv(t) u(s)f(s)ds; t2R
0 0

is a bouncilsd solution of (3.1@. To prove our theorem it su ces to show that the
functions Otv(s)f &) ds and Otu(ﬁ)f (s) ds are bounded. Really, sincevf;uf 2 A
we conclude that Otv(s)f (s) ds, Otu(s)f (s)ds belongto A if they are bounded,
and soz 2 A. Then from the structure of the solution spaceof (3.15) we deduce
that solutions of F§3.15) belongto A. We are going to prove that the func-
tions gv(s)f (s) ds, gu(s)f (s) ds are bounded. First, note that z°(= gz + f) is
bounded which implies the boundednessof z° (seethe proof of Lemma 2.1). Now,
let be a phaseof (q) sud that the equalities (2.3) are satis ed. Then

o_ 0GOS Ogin Q, 0
U= P= soP5" 5 o4
19 I 9
o_  osin ®cos _ 00
Vo= P— —p—= U —v
i9 2% 20
and
0 00 Zt 0 00 Zt
= & = vads+ U+ SV 0ufds
Z, Z, 00
= %y vids+u ufds —z:

0 0 20
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Sincel= % %and %are bounded by Lemma 2.2 and we know that z, z° are
bounded, from the equality
z t z t

00 1 0
v vifds+u uf ds= ——=z+ —z
0 0 2( 92 0
Rt Rt .
we seethat v 0 vf ds+ u 0 uf dsis bounded. As
Z t Z t 2
z2+ v vfds+u ufds
0 0
h Z t 2 Z t zi
= (u?+ v?) vids + uf ds
0 0
h Z t 2 Z t 2i
= — vfds + uf ds
i9 0 0

Rt 2 Rt 2 . . Rt
ovfds + Jufds isbounded. Consequetly the functions , v(s)f (s)ds
Rt
and , u(s)f (s) ds are bounded, which completesthe proof.

Corollary 3.12. Letq2 A and suppsethat all solutions of (q) belongto A. Let
(u;v) be a baseof (g). Then for each non-zero constants a; b, all solutions of the
di er ential equation

1
3.16 0= g(t)y +
(3.16) e (9)% (@202(D) + BPvE(D) }
belongto A.
Pro of. Fix a;b2 R, a6 0,b6 0. Set
r r &

H a . — . . .

(3.17) up(t) = signw W u(t); wvi(t) = aw v(t); t2R;

wherew = u% uv® Then (uy;v;) is abaseof (g) and ufv; uv9 = 1. Therefore
there exists a phase of (g), °> 0, suc that

ua(t) = -%'”% vi(t) = %‘%; t2 R:
Hence (see(3.17))
T EO 0= & e o v = TEU B
and
(3.18) Q2U2(t) + BAVA(t) = Jaotz\t/\)d . t2R:
o Zr w Z us(9)
0

p(t) = ua(t)
0

(a2u2(s) + Pv(s)) ? o (a2u2(s) + v(s))
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is a solution of (3.16) and (au?(t) + PPv3(t)) %/2 2 A, to prove our corollary it
su ces to verify that p is bounded (seeTheorem 3.11). From (3.17) and (3.18) it

follows that . .
¢ vi(s) tcos (s) Ys) %
o (a%u?(s) + Pv3(s))? 0 ;(S) jabwj
t
= - 1_3 %s) cos (s)ds
jabwjz o
_sin (t) sin (0)
jabwj2
and
Z u1(s) ds = Z sin (s) Ys) %
o (a2u?(s) + BRv2(s)) 0 gs) jabwj
t
=2 Ygsin (5)ds
jabwjz o
_cos (0) cos (i)
jabwj2 '
Z t Z t
Hence (a2u2(s)zlz(;25312(5))3:2 ds and (azuz(s)ﬁléflz(s))3:2 ds are bounded func-

tions and sinceuy;v; 2 A, the function p is bounded.
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