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ASYMPTOTIC BEHAVIOUR OF A DIFFERENCE EQUATION
WITH COMPLEX-VALUED COEFFICIENTS

JOSEF KALAS

Abstract. The asymptotic behaviour for solutions of a di erence equat ion
z n = f(n;zn), where the complex-valued function f (n;z) is in some mean-
ing close to a holomorphic function h, and of a Riccati di erence equation
is studied using a Lyapunov function method. The paper is mot ivated by
papers on the asymptotic behaviour of the solutions of dier ential equations
with complex-valued right-hand sides.

1. Introduction

In [3]){[7], the asymptotic behaviour of solutions of a nonlinear di erential equa-
tion

(1) 2°= G(t;2)[h(2) + 9(t; 2)]

is studied using Lyapunov function method. h is a holomorphic function de ned

in a complex simply connected region containing O, G is a real function and

g is a complex function,t and z being a real and complex variable, respectively.
It is supposed that the right-hand side of (1) is in a suitable meaning close to
h. A Lyapunov-like function V(z) for the equation (1) is suggested in a following
manner under the assumption thath%0) 6 0 and h(z) =0 () z=0in

V(2) = iv(2)j;

where o
h%0) h
@= 2o 1085 1@ g o 22 2 80
v(z)= zexp r : r(z) =
° § h’(0) for z=0
2h%0)
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The functions v, r are holomorphic in . It is shown that there exists a humber
0,0< o 1 and a simply connected regiorK ( o) such that every set

R()=fz2K(0): V(@)= g
is the geometric image of a certain Jordan curve for & < ( and
INtK()=fz2K( o):V(@)< g:

If we de ne K (0) := fO0g, :

K():= K() for 0< 0
0 <
K( 1, 2):= R() for 0 1< 5  o;
we have
K()=Int K() for 0< < o;
K(1; 2)= K(2)nCIK( 1) for 0< 1< 2
and

K@©; )= K()nfOg for 0< 0:

For details see e. g. [4]. Notice that the functionsV, v, r and the setsK ( ), K ( ),
K ( 1; 2) are de ned only by means of the function h.

It was shown that the trajectories of the equation z°= h(z) intersect the curves
K( )forO< < ¢ from their exterior to their interior or reversely, if Re h%0) & 0
is assumed. Therefore the Lyapunov-like functionV is useful for the investigation
of the asymptotic behaviour of the solutions of the equation(1), provided that the
right-hand side of (1) is in a suitable meaning close to the faction h. The results
on the asymptotic behaviour of (1) can be applied to Riccati d erential equation
and allow to generalize the most of results of earlier paper®n the asymptotic
properties of Riccati equations with complex-valued coe cients published in [15]{

[18].
Consider a di erence equation
2) z n=1(Mzn);
where f (n;z) is de ned od Ng , C being a simply connected region

containing 0. Let h be a holomorphic function de ned in  and satisfying the
conditions h%0) 6 0, h(0) =0 z = 0. De ne the functions V, v, r and
the setsK (), K( ), K( 1; »2) as before. If the function f (n;z) is in some sense
close toh(z), it can be expected then the function V and the setsK ( ), K ( ),
K ( 1; 2) might be also suitable for the investigation of the asymptdic behaviour
of the solutions of (2). In the present paper we attempt to give several results on
the asymptotic behaviour of the solutions of (2) and apply sane of these results
to a special type of di erence equation { Riccati di erence equation. The exact
meanig of the closeness df to h will be given by the assumptions of results. Notice
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that the scalar or matrix Riccati or generalized Riccati di erence equation in real
domain is studied in many papers, such as [1[{[2], [11]{[12knd [20], mainly in
the connection with the investigation of the oscillation and asymptotic properties
of linear di erence equations of the second order. Observehiat the method of
Lyapunov functions for di erence equations is described inseveral monographs,
such as [14] and [13].

2. Results
Theorem 1. Suppose0 < 0, F(n;0) =0 for n 2 Ng. Assume that there is
a sequenced ngi_, suchthat , 0 for n2 N,
Y
@) sup k={<1;
n2 Np k=0
Z .
f . z+f(n;z)
) 14 12 s F#dE

z z
for n 2 No, z2 K (0; ). If a solution fz,gl_, of the equation (2) satis es
(5) Zn 2K ( o) for n2 Np;

(6) 202 CIK( 0);
where0< gmax(1;{) < , then

zn 2 CIK( of)
for n 2 N.

Proof. Let fz,gl_, be any solution of (2) satisfying (5), (6). With respect to (4)
we have

V (zn) = V(znsa)  V(zn) = M(zZn+1)] ] V(Zn)]
Zzn+f(n:zn) ZZn
=jzn + f(n;z,)] exp . r(#)d# j z,j exp . r(#)d#
= V(zn)h 1+ M expZ e r(#)d# 1I
zZn 2
(0 DV(zn);

for any n 2 Ng such that z, 2 K (0; ). Hence
() V(za+1)  nV(zn):
In view of f (n; 0) = 0 the inequality (7) holds also if z, =0. Put = o{. We

shall prove that z, 2 CIK( ) for n 2 N. It holds zp 2 K( ). In view of (7) we
obtain V(z;) oV (20) 00 . This implies z; 2 CIK ( ). Suppose now for
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the contrary that there is an n; 2 N such that z, 2 CIK ( ) for n =1;2;:::;n4,
Zn,+1 62CIK (). The inequality (7) yields

Y1
V(Zn1+1) an(an) ni ni 1V(Zn1 1) i V(ZO) { 0=
j=0

which is a contradiction with z,,+; 62CIK ( ). O

Remark 1. If V(2) oforz2 nK( o), thenthe condition (5) can be omitted,
because (7) together with (3) imply z, 2 K( o) for n 2 N.

Theorem 2. Suppose0 < o- Assume there is a sequencé ngi_, such
that , O for n2 Ng,
oy
8 nf. w={ >0;
k=0

f(n;z) Z 241 (m2)
= ex

(9) 1 r(#)d# n

z

for n2 No, z2 K(; ). If a solution fz,gi_, of (2) satis es

(20) zn 2K(; ) for n2 Np;
(11) 202 K( 0);
where < o< , < of < ,then
(12) Zhn 6K ( of) for n2N:

Proof. Let fz,g be any solution of (2) satisfying (10), (11). Similarly as bdore
we have
h

. Zzn+f(n;zn) i
V (Zn): V(Zn) 1+ M exp

. r#d# 1

(n LV(zn)

Zn

and subsequently
V(Zn+1) nV(Zn)

forany n 2 Ng such that z, 2 K(; ). Put = o{. Then V(zy) oV (20)
oo { oandz 62K( ). We have to prove that (12) holds. Suppose on the
contrary that (12) is not true. Then there exists an n1 2 N such that z, 2 K(; )
andz, 6 ( )forn=1;2;:::;n1, and, zn,+1 2 K(; ). Now
Y1
V(Zn1+1) nlv(znl) ni na 1V(Zn1 l) j V(ZO) { 0=
j=0

This contradicts to z,,+1 2 K(; ). O
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Theorem 3. Suppose0 < o< 0, N 2 N. Assume that there is a
sequence ,gi_, such that0 n 1for n2 No,
W
(13) k< o'
k=0 -
f . z+f(n;z)
(14) 1+ (nz’z) exp FEdE

z

forn=0;1;:::;N, 22 K(; ). If a solution fz,gi_, of (2) satises
(15) Zn2K( o) for n=0;1;:::;N+1;
(16) 202 R( 0);
then there is anny 2 N such that
Zn, 2K(); zo2K(; )nK() for n=0;1:::;n7  1:

Proof. Clearly zo 2 K(; )nK{( ) holds. Suppose thatzy 2 K(; ), where
k2f0;1;:::;Ng. Then

Vo(z) («k DV(z)
and

Y
V(Zx+1) kV(zk) k k 1V(Zk 1) i V(zo) o<

This implies that
a7 zkv1 2K():

If zx 62K ( ) for k = 0;1;:::;N + 1 then, in view of previous consideration,
zx2K(; )nK( )fork=0;1;:::;N +1 and

V(zn+1) i V()< o' o= ;
j=0

which is a contradiction. Therefore there exists ann; 2 f1;2;:::;N + 19 such
that z,, 2 K( )andz, 2 K(; )nK( )forn=0;1;:::;n7 1. O
Remark 2. If V(2) forz2 nK( o), then the condition (15) can be omitted.
Theorem 4. Suppose0 < o< 0, N 2 N. Assume that there is a
sequencef ng,%:0 suchthat , 1for n 2 Np,

W
(18) K> ol

k=0

f . z+f(n;z)

(19) 14 1(0i2) r#)dE .
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forn=0;1;:::;N, 22 K(; ). If a solution fz,gi_, of (2) satises
(20) Zn2K( o) for n2Np;
1) 202 K(o);
then there is anni 2 N such that

Zn, 2K(; 0); zZn2K(; )V CIK() for n=0;%:::;n; 1:
Proof. It holds that zg 2 K(; )\ CIK( ). Supposezx 2 K(; ), wherek 2
f0;1;:::;Ng. Now

Vo(z) («x DV(z)

and

YK
V(zk+1) KV (z) k k 1V(zZx 1) i V(zo) o>
j=0

This together with z.+; 2 K( o) yields
(22) Zk+1 2 K(; o):

If ze 62K (; o)fork=0;1;:::;N +1 then, in view of the previous consideration,
zx2K(; )VCIK( )fork=0;1;:::;N +1 and

V(zn+1) i V(z)> o' o= ;
j=0

a contradiction. Therefore there existsann; 2 1;2;:::;N+1gsuchthatV(z,,) 2
K(; 0h,zn2K(; )VCIK( )forn=0;1;:::;n7 1. O

Theorem 5. Suppose0 < 0, F(n;0) =0 for n 2 Np. Assume that there is
a sequencd hgl_, suchthat0 , 1forn2 No,

(23) lim k=0;

f(n;z) exp z+f(n;z)

(24) 1+ >

r#d# .

for n 2 No, z2 K (0; ). If a solution fz,gl_, of (2) satises
zZn 2 K() for n2Np;

then

nI!|lm zn =0:
Proof. In view of the condition f (n;0) = O it can be assumed without loss of
generality that z, 6 0 for n 2 No. Put ¢ = V(zp). Similarly as before we have

y N
V(Zn+1) k V(20) = K o
k=0 k=0
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Using (23) we get limyi;  V(zn+1) = 0. Since V is positive de nite, we have
|imn!1 Zn+1 =0. O

Remark 3. If V(2) forz2 nK( ), then the condition z, 2 K( ) for
n 2 Ng can be replaced byzg 2 K ().

Theorem 6. Suppose0 < (. Assume there is a sequencé ,gi-, such that
n Ofor n2 No,

. . Y]
(25) Ilmmf k=9{>1;
k:OZ
. z+f(n;z)
(26) 1+ @ exp rdE .
z

for n2 No, z2 K(; o). If a solution fz,gt_, of (2) satises
Zhn 2K(; o) for n2 Np;
and zo 2 K ( o), where of o then
nI!ilm V(zn)= o:
Proof. Similarly as before we have

Y Y Y L
V(zn+1) k V(z0) = kK o k { 0:
k=0 k=0 k=0

Moreover V (z,) o inview of z, 2 K(; o). With respect to (25) we obtain

nI!llm V(zn) = I|ml|nf V(zn)= o:

3. Applications

Consider a Riccati di erence equation

_(za (b Zz,) .
(27) zZ,= I ,
wherea 2 C, by; g, 2 C for n 2 Ng. The equation (27) can be written in the form
_ @+ ) iz ah
Zn+1 = :
Zn  Gh

A substitution w= z a transfers (27) to
wh(bh a wy) .

Wh+a o

W =

Wkiting z, instead of wy, in the last equation, we have

zn(bh a z)).

(28) ZnT 1 a h
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Notice that the function f (n;z) = z(bh, a z,)=(z a ¢,) satis es the condition
f (n; 0) = 0 which is required in Theorem 1 and Theorem 5. This is a reaon for
our supposition that a is constant in (27) and not a sequence.

The right-hand side of (28) can be written as

_
jzn+a  onj?
If we replacez, by z and suppose thath, is su ciently close to b2 Cnfag, then ne-

glecting the real factor 15z, + a ,j2 and a nonholomorphic factor(z, + a o),
we can try to suppose that the function (29) is close to a holomrphic function

(30) h(z)=z(b a 2):

Putting =1fz2 C:2Re[b a)z]< ja b?g, we observenYz)=b a 2z,
h0)=b a60,r(z)=1=(b a z), o=ja b,

v(z)=(a bz=z b+ a);

(29) zn(bh a z)(zn+ta o)

S L
Then we haveK( )= fz2 C:ja bjzj< jz b+ ajgfor0< ja band
K(o)=K(Ga b)= .1f0< < ja b,thenK()=fz2C:ja hjzj=

jz b+ ajgand K () are circles (see gure).

Imz+*

=K( o) b a

//f\\\(boaﬂ

0 Rez
K())
R()

Suppose < ja bandputf(n;z)=2z(bh, a z)=(z+a ). Itholds
that

f (n;Z) z z+f(n;z)
+ exp

1 . ] r( )d
_ 1+f(n;z) z+a b

z z+f(n;z)+a b
_ +th a z z+a b

z+a z(bh_a 2) ’
h z+ g5 ta b
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Therefore
. Zz+f(n;z)
1+M exp r( )d
z z
1
_ +qu a z 14+ z(bh a 2)
z+a O (z+a ogy)(z+a b
z(bh a 2) !

o hjzra gt
b iz b+ g
j@a+ by b a)(z+a) aby+ baj
i o
ath, b g+ O N0

forz2 K(O; ). Clearly z2 K(0; )ifand only if 0 < ja bjzj9z b+ g <
Putting w = (a bz5z b+ a), we obtain (a bz =(z b+ aw, z =
(b aw=(w a+bhb),z b+a= (b a)’=w a+b),0<jwj< . Hence

z z+f(n;z)

1+M exp r( )d

z z

ibh G
bh+ta b g+ 2D D

i b ciia by
jby b (bn+ab2 qtn))(a b)+W a+b
YV E

i b (a g:)(ﬁ b 4 W

i hjia by
- T (@ a)a b . (@ a)a b b b
joh b et B, b g aja B

jbh  anjja b
joo dja b jon B’
if we assumejl, b < lja bjg, aj. Similarly we obtain the inequality

. z z+f(n;z) . . .
1+ f(n:2) exp r( )d _ Jb‘l qﬂ.ja .b‘| -
z z jon  aja b+ jb b
Remark 4. The condition h(z) =0 | z =0 is satised on . However this

condition is not true on C. Nevertheles the functionsh, v and V are de ned not



320 J. KALAS

only on but even onC. The function v is meromorphic onC with a pole at the
point b a. It can be easily seen that, on the assumptiogl, b < ja bjog, aj,

b ajja b
jo« aja b jb b
holds for any solutionf z, g}, of (28) and anyk 2 Ng such that z, 2 K () without
the supposition zx+1 2 . Obviously Remarks 1{3 remain true if we replace
by C.
Theorem 7. Leta;b2 C,a6 b ;0,2 Cforn2 Ny, 0O<# 1and

jbn b<# lig, a for n2Ng:

Suppose there is a sequende ngi-, suchthat , 0 for n 2 N,

V(Zk+1) V(Zk)

Yy
sup k=9{<1
n2Np k=0
and . .
joh o]
N B B A n
i & #b b
for n 2 No. If a solution fz,gi_, of (27) satises jzo & 0jz0 b, where

0< omax(1;{) <#, then
jzn @ ofjizo b
for n 2 N.

Proof. Put#= ja b !, o= oja b !anddeneh andV by (30) and
(31), respectively. Applying Theorem 1 to the equation (28) and transferring the
variable z back to that of the equation (27), we obtain the given result. Notice
that V(z) o forz2 CnK( o) and Remark 1 together with Remark 4 can be
used. O

Theorem 8. Let a;b2 C, a6 b, by;q, 2 Cfor n 2 Ng, O < o <# 1,
N 2 N,

jon b<# Yjg, a for n2Np:
Assume that there is a sequencé ngrl]:0 such that0 n 1for n2 No,

¥ 1
k < 0
k=0
and _ _
i onj

i & #b b "
for n=0;1;:::;N. If a solution fz,gl_, of (27) satises jzo aj = ojzo b,
then there is ann; 2 N such that
jan aj < jan q1
(32) . o L .
izZn B jzn a<#jzy b for n=0;1;:::;n;  1:
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Proof. Since 0 n 1, the assumptions of Theorem 7 are ful lled with =0,

#= ja B 1 o= oja bt = ja b 1 { =1 Hencejz, a ojzn b
for n 2 N. From Theorem 3 and from Remarks 2,4 it follows that there is a
n; 2 N such that (32) holds true. O

Theorem 9. Leta;b2 C,a6 b b,;0,2Cforn2 Np, 0<# 1and
jon b<# lijg, a for n2Np:

Assume that there is a sequencé ,gi_, such thatO n 1for n2 Np,

and
ibh o
jm & #bh b
for n 2 No. If a solution fz,gi_, of (27) satises jzo aj <#jzo b, then

n

(33) nI!llm Zy = a:

Proof. Since0 |, 1, the assumptions of Theorem 7 are satis ed with{ = 1.
Hencejz, aj <#jz b for n 2 N. Using Theorem 5 and Remarks 3,4 with
#= ja b !, we obtain (33). O

Theorem 10. Let a;b2 C, a6 b, ;g0 2 Cfor n 2 Np, 0 < # 1 and
jon < g, aj for n 2 No. Assume there is a sequencé ,gi-, such that
n Ofor n2 N,

Ve
inf k={>0;
n2Np
k=0
and . .
i Ohi

i aj+#b b "
for n 2 No. If a solution fz,g}_, of (27) satis es conditions 0< jz, aj <#jz, b
for n 2 No, jzo & = ojzo b, where0O< omax(1;{) <#, then
jzn @ ofjizo b
for n 2 N.

Proof. Putting =0, #= ja b % o= oja b ! andapplying Theorem 2,
we obtain the statement of Theorem 10. O

Theorem 11. leta;b2 C,a6 b b,;00 2 Cforn2 Ng, 0< o< <# 1,
N 2Nandjb, b< g aj for n 2 No. Assume that there is a sequence
f ngi, suchthat , 1for n2 No,
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and
i o
jon a+#b b "
for n=0;1;:::;N. If a solution fz,gi-, of (27) satis es conditions jz, aj <
jzn b for n2 No, jzo & = ojzo b, then there is ann; 2 N such that

jzn, B <jz,, a<jz,, b; 0<jzn a jzz b for n=0;1;:::;ny 1:
Proof. The result follows from Theorem 4, if we put =0, # = ja b 1,
0= oa B = ja bl O
Theorem 12. Leta;b2 C,a6 b b,;q02Cforn2 Npandjb, b<jg, @
for n 2 Ng. Assume there is a sequencé ng,%:0 suchthat , Ofor n2 Ng and

Y
liminf k={>1,;
nll
k=0
i o
B N N B n
jon aj+tjb b
for n 2 No. If a solution fz,gi_, of (27) satises 0 < jz, a < jz, b for
n2 Npandjzg a = ojzo b, where of 1, o< 1, then

codzn @)
n|!|1m jZn t]

Proof. The result follows from Theorem 6, if we put =0, o= oja b 1. O
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