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ON MONOTONIC SOLUTIONS OF SOME INTEGRAL
EQUATIONS

J. CABALLERO @) | D. O'REGAN @ AND K.B. SADARANGANI ()

Abstract. The aim of this paper is to obtain monotonic solutions of an
integral equation of Urysohn-Stieltjes type in  C[0; 1]. Existence will be es-
tablished with the aid of the measure of noncompactness.

1. Introduction

Integral equations arise naturally in applications of real world problems [5, 6,
7, 8]. The theory of integral equations has been well develags with the help
of various tools from functional analysis, topology and xed-point theory. The
classical theory of integral equations can be generalized bne uses the Stieltjes
integral with kernels dependent on one or two variables. Theaim of this paper is
to investigate the existence of monotonic solutions of soalled nonlinear integral
equation of Urysohn-Stielties type. Equations of such kindcontain, among oth-
ers, the integral equation of Chandrasekhar which arises irradioactive transfer,
neutron transport and the kinetic theory of gases [5, 6, 7, 8]

2. Definitions, notations and facts

AssumeE is a real Banach space with normk k and zero element . Denote
by B(x;r) the closed ball centered atx and with radius r and by B, the ball
B(;r). If X is a nonempty subset ofE we denote byX and ConvX the closure
and the convex closed closure oK , respectively. Finally, let us denote by M g the
family of nonempty bounded subsets ofE and by Ng its subfamily consisting of
relatively compact sets.

Denition 1  (see [2]) Amapping :Mg ! [0;1)is said to be ameasure of
noncompactnessn the spacekE if it satis es the following conditions:
(1) The family ker =fX 2 Mg : (X)=0gis nonempty and ker NEg.
@2 X Y) X) (Y)
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38) (X)= (ConvX)= (X).

4 (X +(1 )Y) xX)+(@a ) (Y)for 2][0;1].

(B) If fXhgn isa sequence of closed sets frgfhil g such that X+, X, for
n=1;2; and limpip (Xn)=0then ., X, 6 ;.

For properties of measures of noncompactness and resultslaged to them we refer
the reader to [2].

In section 3 we will need the following xed point principle (cf. [2]). This result
was formulated and proved rst by Darbo (cf. [9]) in the case d the Kuratowski
measure of noncompactness (cf. [12]).

Theorem 1 ([2]). Let Q be a nonempty, bounded, closed and convex subset of the
Banach spaceE and a measure of noncompactness ifE. Let F : Q! Q be

a continuous operator such that (FX) K (X) for any nonempty subset ofQ,
whereK 2 [0;1) is a constant. Then F has a xed point in the setQ.

Remark 1. Under the assumptions of Theorem 1 the sefix F of xed points of
F belonging toQ is a member ofker . In fact, as F(Fix F) = (Fix F)
K (Fix F)and0 K < 1, we deduce that (Fix F)=0.

Consider the spaceC[0; 1] of all real functions de ned and continuous on the
interval [0; 1] and equipped with the maximum norm

kxk = supfj x(t)j : t 2 [0; 1]9:

For convenience, we writel = [0;1] and C(I) = CJ[0;1]. Next, we recall the
de nition of a measure of nhoncompactness inC(l) which be used in section 3.
This measure was introduced and studied in [3]. Fix a nonempt and bounded
subsetX of C(l). For "> 0andx 2 X denote byw(x;") the modulus of continuity

of x de ned by

w(x;") =supfix(t) x(s)j:t;s21;jt g g:
Furthermore put
w(X;")=sup fw(x;"):x2 Xg
and
Wo(X) = Ili{now(x;" ):
Next, let us de ne the following quantities:
i(x)=sup fix(s) x(@)j [x(s) x(®)]:ts21l;t sg
and
i(X)=supfi(x): x2 Xg:

Observe thati(X ) = 0 if and only if all functions belonging to X are nondecreasing
onl.
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Finally, let
(X) = wo(X) + i(X):
It can be see [3] that the function is a measure of noncompactness in the space
C(l). Moreover, the kernel ker consists of all setsX belonging to M ¢(;) such
that all functions from X are equicontinuous and nondecreasing on the interval.
We now collect some auxiliary facts related to functions of lmunded variation
and the Stieltjes integral. Let x be a given real function de ned on the interval I .

1
The symbol \gx will denote the variation of x on the interval |, de ned by
(o )

1 _ . ) ) .o P=f0=tg<t;< <tn:19
\éx‘s‘é,p - () x(oa)i is a partition of |

1
If \({x is nite then we say that x is of bounded variation onl. Recall

1 1 1 1 1
a)Vx=V( x) b) V(x+y) Vx+Vy

1 1 1 1 1 1 )
V(X y) Vx+Vy d) Vx Vy V(x y):

For other properties of functions of bounded variation we rder the reader to the
monographs [10] and [13]. Leg(t;s): | | ! R be a function, then the symbol

q
t\_/pg(t; s) indicates the variation of the function t ! g(t; s) on the interval [p; q]

q
I, where s is arbitrarily xed in 1. Similarly we de ne the quantity s\_/pg(t; s).

Now, let us assume thatx;' :1 ! R are bounded functionsThen, under some
extra conditions ([10], [13]), we can de ne the Stieltjes irtegral 01 x(t) d' (t) of the
function x with respect to the function ' . In this case, we say thatx is Stieltjes
integrable on the interval |1 with respect to ' . Recall the following results related
to Stieltjes integrability (cf. [10], [13]). If x is continuous and' is of bounded
variation on the interval |, then x is Stieltjes integrable with respectto' on .
Moreover, under |gwe assumption thatx and ' are of bounded variation onl , the
Stieltjes integral le(t) d' (t) exists if and only if the functions x and' have no
common points of discontinuity. Finally we recall a few properties of the Stieltjes
integral which will be used later. These properties are cordined in the following
lemmas (cf. [10], [13]).

Lemma 1. If x is Stieltjes integrable on the intervall with respect to a function
' of bounded variation then
z 1

1
x(t)d' (t) sup jx(t)j V':
0 0t 1 0
Moreover, the following inequality holds

1 Z, ¢
x(t)d' (t) x()jd V'
0 0 0
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Corollary 1. If x is Stieltjes integrable with respect to a nondecreasing fustion
' then
z 1

x(t) d" () sup jx(t)j (1) " (0) :
0 0ot 1

Lemma 2. Let x;, X, be Stieltjes integrable functions on the interval with respect
to a nondecreasing function' and such thatx;(t) X»(t) for t 2 1. Then
z 1 z 1
xa(t) d" (t) xa(t) d (1):
0 0

Corollary 2. Let x be Stieltjes integrable function on the intervall with respect
to a nondecreasing function' and such thatx(t) Oforall t2 1. Then

' x(t)d' (t) O:
0

Lemma 3. Let' i, ' 2 be nondecreasing functions on such that' , ' is a
nondecreasing function. If x is Stieltjes integrable onl and x(t) Ofor t 2 | then
z
1 1

x(t)d" 1(t) x(t)d' 2(t):
0 0

R
We will also need later the Stieltjes integral of the form 01 x(s)dsg(t; s) where
g is a function of two variables,g:1 | ! R, and the symbolds indicates that
the integration is taken with respect to s.

3. Main result

In this section we will study the integral equation of Urysohn-Stieltjes type

(1) x(t) = a(t) + kx*(t) + lu t;s;x(s) dsg(t;s); t21;
0

herek 0. The functions a(t) and u(t; s; x) are given whilex = x(t) is an unknown
function.
We will examine this equation under the following assumptims:

(i) a2 C(l) and it is a nonnegative and nondecreasing function on the iter-

val | .
(i) g:1 1! R satis es the following conditions:
(@) The function s! g(t;s) is a nondecreasing function onl for each

t21.
(b) Forall ti,t, 2 1 suchthatt; <t,the functions! g(t2;s) g(ti;s)
is nondecreasing orl .

(c) The functionst! g(t;0)andt! g(t; 1) are continuous onl .
@ii) u:1 1 R! Riscontinuous function suchthatu:1 | Ry ! R:
and for arbitrarily xed s2 1 and x 2 R, the function t !  u(t;s;x) is

nondecreasing onl .
(iv) the function u veries the following conditions:
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(&) There exists a continuous nondecreasing function : [0;1 ) !
[0; 1) with ju(t;s;X)j (jxj) foreachx 2 Randt;s 2 |.
(b) For any M > 0 there exists a continuous nondecreasing function
m - [0;12) ! [0;1) with  (0) =0, such that for each s 2 1,
x 2 Rwith jxj M and forall t;;t22 1, t; <t, we have
ju(tz;s;x)  u(ts;s;x)j m(t2 1)
(v) There exists ro > 0 with kak + kr3+ T (rg) ro and 2ok < 1; here
1

T =sup V0 o(t;s) : t2[0;1] (see Proposition 2 below).
S=

Proposition 1. Assume that the functiong : I | ! R satis es (ii,b) and
(ii,c) . Then for every " > 0 there exists > 0 such that forty, t, 2 |, t; <t with
tp t1 we have

1
Vlg(tz;s)  g(tys)] -
Proof. Take an arbitrary partition 0 = sp <s; < <sp =1 of the interval .

Now assumption (ii,b) yields

jlo(tz;si)  o(tassi)]  [9(tz;si 1) otessi 1)li

i=1

([o(t2;si) o(ta;si)]  [9(tz;si 1) 9(tassi 1))

i=1

[o(t2;1) o(ti;1)] [9(t2;0)  g(t1;0)]:

Consequently

1
v o(tz;s) 9ty s)] =[9(t2;1)  o(ta; 1)1 [9(t2;0)  g(ts; O)]:
Finally from assumption (ii,c) we obtain the desired result.

Proposition 2. Assume that the functiong:l | ! R satis es (ii,b) and (ii,c)
and the function s !  g(t;s) is of bounded variation onl for eacht 2 |. Then

1
the function t ! VO g(t; s) is continuous on .
S=

Proof. Now assumptions (ii,b) and (ii,c) and Proposition 1 imply th at for every
"> 0 there exists > 0 such that forty;t, 2 1, t; <t, with to t; we have

VoS otie]

1 1
Notice sinces ! g(t;s) is of bounded variation on | and \gx = \é( X) (see
1 1
section 2), the inequality above is valid forjt; t,j . Also, since \éx \éy



330 J. CABALLERO, D. O'REGAN AND K. B. SADARANGANI
l . .
\é(x y) (see section 2) we obtain
1 1 1
V g(t2;s)  V g(t1;s) V [g(tz2;s)  g(ti;s)] "
s=0 s=0 s=0

1
Consequently the functiont ! VO g(t; s) is continuous on| .
S=

Remark 2. As every nondecreasing function is of bounded variation, inview of
Proposition 2 and the compactness of the intervall there exists a constantT > 0

1
such that V0 g(t;s) T foreveryt 2| if g satis es (ii).
S=l

Next, we formulate our main result

Theorem 2. Under the assumptions(i) (v) the integral equation (1) has at least
one solutionx 2 C(I) which is nondecreasing onl .

Proof. Let ro be chosen asin (v). LetM :[0;1)! [0;1) be
n

1
M (") = sup s\:/O o(tz;8)  9(ty;s) :tyta 215ttt tp "

Now Proposition 1 impliesM (") ! 0 as" ! 0. Consider the operatorA de ned
on C(l) by

(0]

Z
(2) (AX)(1) = a(t) + kx3(t) + 1u t:s;x(s) dsg(t;s):
0

First we show that if x 2 C(l) then Ax 2 C(l). For this it is su cient to show
that if x 2 C(I) then Bx 2 C(l) where
z

(Bx)(1) = 1u ts;x(s) dsg(t;s):
0

Fix "> 0 and taket;, t; 2 | with t; tyandt, t; ". Letx 2 C(l) so there

exists M > 0 with kxk M. Then our assumptions and Lemma 1 yield
z 1 V4 1

j(Bx)(t2) (Bx)(t1)j= u ty;s;x(s) dsg(tz;s) u t1;s;x(s) dso(ty;s)
yal yal
u tz;s;X(s) dsg(t2;s) u ta;s;X(s) dsg(tz;s)
0. 0.
Z 1 Z 1
u tq;s;x(s) dsg(tz;s) u tq;s;x(s) dso(ty;s)
0

+

0
Z, .
U tz;s;x(s) U ty;s;x(s) ds Vog(tz;p)
p:
z 1

S
+ u ts;s;x(s) ds p\_/0 g(tz;p)  9(ts;p)
o Y

0

Wz WY otzp+ (kY otip)  oltsip
m(") T+ (kxk)M("):
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Thus, we obtain the following estimate:
w(Bx;") m (") T+ (kxk)M("):

Now w(Bx;")! 0Oas"! 0soBx 2 C(l).
Next, we show that A is a continuous operator. In order to prove this result it
is su cient to show the continuity of the operator B. Fix "> 0 and letx 2 C(l).
Next let y 2 C(lI) with kx yk ". Then, for xed t 2 | we have
z 1 z 1
jBx)(t)  (By)(1)j = u t;s;x(s) dsg(t;s) u t;s;y(s) dsg(t;s)
0 0
jutsix(s) uts;y(s) jds p\_/O a(t; p)
0 =
n l n
M Vvaatp) ()T
p=0
where (") is given by
(") =sup jutis;y) u(ts;ydits21;y;y°2 [k xk " kxk+"Ljy y§ "

From the uniform continuity of the function u(t;s;x) onthe setl |1 [k xk
" kxk+ "]we have that (")! 0Oas"! 0. This fact and the last inequality prove
that the operator B is continuous and consequently the operato@ is continuous.
Thus A transforms the spaceC(l) into itself. Next assumption (iv) yields

Z4

J(AX)(1)] = a(t) + kx?(t) + u t;s;x(s) dsg(t;s)
0
k ak+ kkxk?+  ju t;s;x(s) jds V_g(t; p)
0 p=

1
k ak + kkxk?+ (kxk) V_g(t; p)
p:

k ak + kkxk?+ (kxk) T:
Thus if kxk ro we obtain from (v) that
(3) KAxk k ak+ kr3+ (ro) T rg:

As a result A transforms the ball B (0; ro) into itself.
Consider the operatorA on the subsetB/, of the ball B;, de ned by

B/,=fx2B,:x(t) Ofort2lg:

Obviously, the set B/ is nonempty, bounded, closed and convex. Lek 2 B/ .
Notice that in view of our assumptions (i) and (iii) if x(t) 0 fort 2 | then
(Ax)(t) Ofort2 . Thus A transforms the setB/ into itself. Moreover, A is
continuous on B/, C(I). Let X be a nonempty subset ofB; . Fix "> 0 and
choosex 2 X andt;, t; 2 1 such thatjt, tij . Without loss of generality we
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may assume thatt; t,. Notice
z 1
JAX)(t2)  (AX)(t1)j = a(t) + kx?(tp) + U tz;s;x(s) dsg(tz;s)
Z, °
a(ty)  kx?3(ty) u t1;s;x(s) dsg(ti;s)
0

ja(tz) a(ty)j+ kjx(t2)  x(ty)jjx(t2) + x(ta)]

z 1 z 1
+ u ty;s;x(s) dsg(tz;s) u tq;s;x(s) dsg(tz;s)
+ u ti;s;X(s) dsg(t2;s) u ty;s;X(s) dsg(t1;s)
0 0
w(a;") +2rokw(x;")
toutgsix(s)  utysix(s) ds Vog(tz;p)
0 d
+ u ts;s;x(s) ds p\_/O g(tz;p)  9(ts;p)
0 =

1
w(a; ")+ 2rokw(x;") + ro(tz 1) V 0(t; p)

+ (o) V. gtzip) g(tip)

w(a;")+2rokw(x;")+ T ,(")+ (ro)M("):

Hence,
wW(AX;")  w(a")+2rokw(x;")+ T (") + (ro)M("):
Thus
supw(Ax;")  w(a;")+2rok supw(x;")+ T (") + (ro)M(")
x2 X X2 X
solet" ! O to obtain
4) Wo(AX)  2rok wp(X):

Letx2 X andty;to 2 1,t; ts. Then
J(AX)(t2)  (AX)(t1)] [(AX)Z(tz) (AX)(t1)]
1

= a(ty) + kx3(tp) + u to;s;x(s) dsg(tz;s)

aty)  kx3(ty) lu t1;8;X(s) dsg(t1;S)
0
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h Z,
a(ty) + kx?3(tp) + u to;s;x(s) dsg(tz;s)
Z 0 i
a(ty)  kx3(t1) 1u t1;s;X(s) dsg(t1;s)
0
ja(tz) a(ti)j [a(tz) a(ts)]

+ Kk jx(tz)  x(ta)j  [x(t2) X(él)] [x(t2) + x(t1)]
1

1
+ u tz;s;X(s) dsg(tz;s) u t1;s;x(s) dsg(ts;s)
hfl fl i
u tz;s;x(s) dso(tz;s) u ti;s;x(s) dsg(ti;s)
0 0
z 1 z 1
2rok i(x)+ U tz;s;X(s) dsg(t2;s) U t1;s;x(s) dsg(ts;s)
0 0
hZ 1 Z, i
©) U tz;s;x(s) dsg(tz;s) u ty;s;X(s) dsg(ts;s) :
0 0

R R
We next prove that 01 u ty;s;x(s) dsg(tz;s) 01 u(ty;s; x(s))dsg(ty;s) 0.
In fact notice

z 1 z 1
u tz;s;x(s) dsg(tz;s) u t1;s;x(s) dsg(t1;s)
0 0
z 1 z 1
= u tz;s;x(s) = dsg(tz;s) u ti;s;x(s) dsg(tz;s)
z, zy
(6) + U tg;8x(S) dsg(tz;S) u ts;s;X(s) dsg(ta;s):
0 0
Moreover,
z 1 z 1
u tz;s;x(s) dso(tz;s) u ti;s;x(s) dsg(tz;s)
0 0
z 1
= utz;s;x(s)  u ty;s;x(s) dsg(tz;s)
0
so assumption (iii) and Corollary 2 yield
z 1 z 1
(7) u ta;s;x(s) dsg(tz;s) u ti;s;x(s) dsg(tz;s) O:
0 0
On the other hand,
z 1 z 1
u t1;s;x(s) dsg(tz;s) u ti;s;x(s) dso(ty;s)
0 20
1

= . u ty;s;x(s) ds g(tz;s) g(ti;s)
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Moreover, we have thatg(tz;s) g(t1;s) is a nondecreasing function assumption
(ii-b) , u(ty;s;x) 0 assumption (iii) and g(tz;s);9(t1;s) are nondecreasing
functions assumption (ii-a) . From these facts and Lemma 3 we deduce that
Y4
1 1

(8) u ti;s;X(s) dsg(tz;s) u tg;s;x(s) dsg(ts;s) O:
0 0
Now (6), (7) and (8) imply
z 1 VA 1
u ty;s;x(s) dsg(tz;s) u t;s;x(s) dso(ty;s) O:
0 0
This together with (5) yields

i(AxX) 2rgk i(x)
and so
9) i(AX) 2rok i(X):
Finally, combining (4) and (9) we get

(AX) 2rgk (X):

Now, Theorem 1 guarantees that there existsx 2 B/, a solution of (1). Also, such
a solution is nondecreasing in view of Remark 1 and the de niion of the measure
of noncompactness given in section 2.

Remark 3. Supposek = 0 and there exist c;d 0 with (x) = c+ dx with
dT < 1 then it is easy to see that there existsy > 0 with kak+ (c+ dro)T  ro.

Remark 4. The result in Theorem 2 holds for the integral equation
z 1
x(t) = a(t) + kx"(t) + u t;s;x(s) dsg(t;s)
0

with n 2 f 1;2;:::g provided assumption (v) is changed to: There existsro > 0
with kak+ kr + T (ro) ro and nrg 1k < 1. Note the casen =1 is easier
since we can rewrite the equation as
1 1 41
= " . ‘5)
XM= a0+ T U ESX(9) dg(ts)
4. Remarks and Examples

First we discuss assumption (ii-a). Notice we cannot replae (ii-a) with the
function s!  g(t;s) is of bounded variation on 1. In fact, if we take g(t;s) = e *,
it is easy to show that this function is decreasing and consagently is of bounded
variation. Moreover, if we take a(t) = 0 and u(t; s; x) = 1, the integral equation
(with k = 0) has the form

z 1 z 1
x(t) = dsg(t;s) = se 3ds O
0 0

Therefore, the operator A de ned in the proof of Theorem 2 will not transform
the set B/, into itself.
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Next, we give some examples of functiong(t; s) which verify the assumptions
of Theorem 2.

Example 1. Let us take a function p: 1 | ! Rs which is bounded and
integrable. Then, we consider the functiong(t; s) de ned by
Z
S t
o(t;s) = p(z;v)dv dz:
0 0

Now, we show this function satis es the assumptions of Theoem 2.

(ii-a) Fix t 2 [0;1] and take sy, s; 2 |1 such that s; <s;. Nowp 0 yields
z t z S1 z t
p(z;v)dv dz p(z;v)dv dz
0 0 0

S2

0
and consequently, the functions !  g(t;s) is nondecreasing for each 2
[0; 1].

(ii-b) Take ty,t> 2 | suchthatt; <t,. Thenthe functions! g(t2;s) 9(ti;s)
is nondecreasing. In fact, if we takess, s; 2 | such that s; <s, we obtain

g(t2;s2) Zg(tl;Sz) g(tz;s1)  9(ti;s1)

S to S2 t1
= p(z;v)dv dz p(z;v)dv dz
(251 %tz S1 %tl
p(z;v)dv dz+ p(z;v)dv dz
zy z.) zy z)
= p(z;v)dv dz p(z;v)dv dz
0 t1 0 t1
Zs, Zy,

= p(z;v)dv dz O:

Sy i1

(ii-c) If s=0 then

z 0 z t
g(t; 0) = o p(z;v)dv dz=0;
so the functiont ! g(t; 0) is contiznuous. We next claim the function
tt gt 1) = ' tp(z;v) dv dz
is continuous. Fix " > 0 and E[)o 2 IO. Then there exists = kp(z—v)k >0

(where kp(z; v)k =supfjp(z;v)j : p;v21lg)suchthatif t21,jt toj
andty tthen

z 1 z t Z 1 V4 to
jo(t; 1) o(to; 1)j = p(z;v)dv dz p(z;v)dv dz
z, 2, 2, 2,
= p(z;v)dv dz ip(z;v)jdv dz
0 to 0 to

k p(z;v)k(t to) k p(z;v)k "
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Therefore, the functiont !  g(t; 1) is continuous.

S
0

sumption (ii). In this case, dsg(t;s) = (; p(s;Vv) ds and the integral equation has
the following form

R
These facts imply that the function g(t;s) = Sp(z;v) dv dz satis es as-

z 1 V4 t
(20) x(t) = a(t) + kx2(t) + u t;s;x(s) p(s;v) dv ds
0 0

which is an integral equation of Hammerstein type.

Note if we take suitable functionsa(t) and u(t; s; x) (which satisfy the assump-
tions of Theorem 2) then the integral equation (10) has a nonécreasing solution
on C(l).

Example 2. Let us take the functiong:1 | ! R dened by
ot s) = t In %= for t2(0;1]; s2[0;1]
0 for t=0;s2[0;1]:

We easily see that the functions !  g(t; s) in nondecreasing for eactt 2 [0;1]. In
order to prove that g(t; s) satis es assumption (ii,b) and (ii,c), we x ti;t; 2 [0; 1],
t1 ty and we obtain

t, In s for t,=0

2
ty In tzt:s ty1 In “Js for t;> 0:

g(tz;s)  9(ta;s) =

It is clear that the function s! g(tz;s) g(t1;s) is hondecreasing on the inter-
val [0;1]. Moreover the functions g(t; 0) and g(t; 1) are continuous on [Q1]. As

t . .
dsg(t;s) = Tr s the integral equation (1) has the form
Z, ¢
— 2 ‘o
x(t) = a(t) + kx“(t) + , u t;s;x(s) mds

which is related to the Chandrasekhar equation [5, 6, 7, 8]. flwe take suitable
functions a(t) and u(t; s; x) then by Theorem 2 we know this integral equation has
a nondecreasing solution orC(l).

Example 3. Consider the following integral equation
z
171 o
(11) ()= t?+2t+1+ S st In(1+ jx(s)j) ds €°
0
Here a(t) = t2 + 2t + 1 which is continuous, nonnegative and bounded on the
interval |. Thus, the function a satis es assumption (i). Moreover, the function
g(t;s) is de ned by g(t;s) = €. Now, we will prove that this function satis es
assumption (ii).
(i-a) Fix t2 1. The function s! g(t;s) = € is nondecreasing orl . In fact,

d

I es =t 0; tts21:
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(i-b) For all ty, t; 2 | such that t; < t, the function s ! €25 1S js
nondecreasing. In fact,
d
ds
(i-c) The functions t! g(;0)=1andt! g(t; 1) = € are continuous.
Consequently, the function g(t;s) = € satis es assumption (ii). If u(t;s;x) is
given by

g% @1 = e e8> 0:

u(t;s; x) = és t+In(1+ jxj) ;

then assumptions (iii) and (iv) of Theorem 2 are satis ed. Clearly u(t;s;x) is a
continuous function such thatu:1 | Ry ! R;. Moreover for xed s 2 |
and x 2 R; the function t !  u(t;s; x) is nondecreasing onl . In fact,

d 1 L 1 )
o Est+|n(1+ iXj) _ES 0;

so the function u satis es (iii).
Also we have the following estimate
e

DIl

utsoi= S tein(e ) S tene i) S0+ )=

Therefore, u(t; s; x) satis es (iv-a) with  (x)= c+ dxandc=d= %
Finally, for eachs2 |, x 2 R and for all t5;t; 2 I, t; <t,, we have

ju(tz;s;x)  u(ty;s;x)j %s to +In(1+ jxj) :—és t1 +In(1 + jxj)

S 1
= —(t t —(t2  t1):
e(z 1) e(z 1)

In view of the last inequality we can deduce that u(t; s; x) satis es assumption
(iv-b). Now
n 0
T =sup S\:/Og(t;s) ©t2[0;1] =supfe 1:t2[0;1g=e 1;

sod T=1 (e 1)<1.
As a result the assumptions of Theorem 2 (see Remark 3) are dated. Thus,
this integral equation has a nondecreasing solution irC(l).
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