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ON SOME NONLINEAR ALTERNATIVES OF
LERAY-SCHAUDER TYPE AND FUNCTIONAL INTEGRAL
EQUATIONS

B. C. DHAGE

Abstract. In this paper, some new xed point theorems concerning the

nonlinear alternative of Leray-Schauder type are proved in  a Banach algebra.
Applications are given to nonlinear functional integral eq uations in Banach
algebras for proving the existence results. Our results of t his paper comple-
ment the results that appear in Granas et. al. [12] and Dhage a nd Regan [10].

1. Introduction

Nonlinear functional integral equations have been discusd in the literature
extensively, for a long time. See for example, Subramanyamra Sundersanam [15],
Ntouyas and Tsamatos [14], Dhage and Regan [10] and the refamces therein,
Recently, the present author, in a series of papers [4, 6] itiated the study of
nonlinear integral equations in a Banach algebra via xed padnt techniques. In
this papers we study a new class of nonlinear functional intgral equations for
the existence theory via a new nonlinear alternative of Lerg-Schauder-type to
be developed in this paper. In particular, given a closed andounded interval
J =[0;1] R; R denotes the set of all real numbers, we study the existence of
the nonlinear functional integral equation (in short FIE)

ZaN0

(1.1 x(=ktx(@®) + f tx( (1) alt)+ g six( (s)) ds
0

fort2J,whereq:J! R,f;g;h:J R! Rand;;; :J!J.

The FIE (1.1) is general in the sense that it includes the integral equations
that have been studied in Dhage and Jahagirdar [9] and Dhageral Regan [10].
The special cases of the FIE (1.1) occur in some physical andddogical processes,
gueing theory etc. For the details of such problems one is refred to Deimling [3],
Chandrasekhar [2]. The rest of the paper is organized as falvs. In section 2 and
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12 B. C. DHAGE

3 we shall develop a new xed point theory and in section 4 we shll prove the
existence results for the FIE (1.1) under Caratteodory cordition.

2. Fixed point theory

It is known since long time that the xed point theory has some nice applica-
tions to nonlinear di erential and integral equations for p roving the existence and
uniqueness theorems. An interesting topological xed poin result that has been
widely used while dealing with the nonlinear equations is tte following variant of
nonlinear alternative due to Laray and Schauder [16].

Theorem 2.1. Let U and U denote respectively the open and closed subset of a
convex setK of a normed linear spaceX such that02 U and letN : U! K be
a compact and continuous operator. Then either

(i) the equationx = Nx has a solution in U, or

(ii) there exists a pointu 2 @Usuch thatu= Nu for some 2 (0;1), where
@ Uis a boundary of U.

Another important xed point theorem that has been commonly used in the
theory of non-linear di erential and integral equations is the following generaliza-
tion of Banach contraction mapping principle proved in Browder [1].

Theorem 2.2. Let S be a closed convex and bounded subset of a Banach Space
X and letT : S! S be a nonlinear contraction. Then T has a unique xed point
x and the sequencé T"xg, x 2 X, of successive iterations converges ta .

Most recently the present author in [4] proved a xed point th eorem involving
three operators in a Banach algebra by blending the Banach »d point theorem
with that of Schauder's xed point principle.

Theorem 2.3 (Dhage [4]). Let S be a closed, convex and bounded subset of a
Banach algebraX and let A;B;C :S! S be three operators such that
(&) A and C are Lipschitzians with the Lipschitz constants and respec-
tively,
b)) & ! exists on B(S), | being the identity operator on X, and the
operator ..& : X I X isdened by & x= . &x,
(c) B is completely continuous, and
(d AxBy + Cx2S 8x;y2S.
Then the operator equation
(2.1) AxBx + Cx = x
has a solution, wheneverM + < 1, whereM = kB(S)k = supfk Bxk: x 2 Sg.
It is shown in Dhage [4] that the above Theorem 2.3 is useful irthe existence
theory of certain nonlinear integral equations in Banach afjebras. Now we shall
obtain the nonlinear-alternative versions of Theorem 2.3 ad a xed point theorem

established is Nashed and Wong [13] under suitable conditits, Before going to
the main results, we give some preliminary de nitions needd in sequel.
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De nition 2.1. A mapping T : X | X is called D-Lipschitzian if there exists
a continuous and nondecreasing function + : R* | R* satisfying

(2.2) kTx Tyk T(kx  yk)

forall x;y 2 X with 1(0) =0. Sometimes we call the function 1 a D-function
of TonX. If t(r)= r forsome constant > O, thenT is called aLipschitzian
with a Lipschitz constant  and further if < 1;then T is called acontraction
with the contraction constant . Againif 1 satises t(r)<r,r> 0,thenT is
called anonlinear D-contraction on X.

Remark 2.1. It is clear that every D-contraction implies nonlinear contraction
and nonlinear contraction implies D-Lipschitzian but the reverse implications may
not hold.

De nition 2.2.  Anoperator T : X ! X is calledcompact if T(X) is a compact
subset of X, and it is called completely continuous if it is continuous and for
any bounded subsetS of X, T(S) is a compact subset ofX .

Itis clear that every compact operator is totally bounded but the converse may
not be true. However the two notions are equivalent on a bounéd subset ofX .

Theorem 2.4. Let U and U denote respectively the open bounded and closed
bounded subset of a Banach algebté, and let A;C : X ! X andB :U! X be
three operators satisfying

(&) A and C are with the D-functions A and ¢ respectively,
(b) /L— ! exists, | being the identity operator on X; and the operator /L— :

X1 Xisdenedby £ x= 2,

(c) B is completely continuous, and
(d) M A(r)+ c(r)<r forr> 0, whereM = kB (U)k.
Then either

(i) the operator equationAxBx + Cx = x has a solution in U, or
(i) there exists anu 2 @ Usuch that

A YBu+rc ¥ -y

for some 2 (0;1), where @Uin the boundary of U.

Proof. Now the desired conclusion of the theorem follows by an appiation of

Theorem 2.1, where the operatoN is de ned by

I ¢ !
2. N= ——— B:
(23) A
From hypothesis (d), it follows that ¢ (r) <r forr> 0, and so by Theorem 2.2
(I C) !exists onX. Again the operator 'A? ! exists in view of hypothesis (b).
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Therefore the operator & to x ' C) ! exists onU. We show that

the operator N given by (2.3) is well de ned. We claim that
I C 1t

—~ B:U! X:
A

It is enough to prove that
BO) L (X):
Lety 2 U be xed point. De ne a mapping Ay : X ! X by
(2.4) Ay(x) = AxBy + Cx:
Let x1;x2 2 X. Then by (a),
kAy(x1) Ay(x2)k k AxiBy AxsByk+ kCx; Cxok
k Axi; AxkkByk+ kCx; Cxgk
k B(UK a(kxy  x2K)+ c(kxi X2k)
M a(kxi  Xz2K)+ c(kxy x2k)
= (kxy  x2K);
where (r)= M a(r)+ c(r)<r ifr> 0.

Hence by an application of Theorem B yields that there is a unfue pointx 2 X
such tat

Ax By + Cx = x
or
Ax By =(I C)x ;
ie.,
I C
By =
y A X
Hence & 'B de nes a mapping
/I Cc 1 _
T B:U! X:
A

Next we show that % ' is a continuous mapping onB (U). Let fx,g be
any sequence inB (U) such that x, ! x.
Let
|

c 1
A (Xn) = ¥n) XnA¥Yn + Cyn = ¥

and

| C 1
A (X)=y) XAy +cy=y:
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Now
Kyn Yyk= kxnAyn + Cy, XAy Cyk
k xnAyn xAyk+ kCy, Cyk
k XnAyn XnAyk+ kx,Ay  xAyk+ kCy, Cyk
k xnkkAy, Ayk+ kAykkx, xk+ kCy, Cyk
M a(kyn yk)+ kAykkx, xk+ ¢c(ky, YyKk):
Therefore

limsupky, yk M A limsupky, vyk + ¢ limsupky, vyk :
n n n
If limsup ky, yk 6 0, then we get a contradiction to the hypothesis (d). Hence
n

. I C 1 I C 1 . ]

Ilnm A (Xn) A x) = Ilrrp ky, yk=0:
This shows that the operator (%) 1 is continuous onB(U). Since N is a
composite of a continuous and a completely continuous mappgs, it is completely
continuous operator onU. Now an application of Theorem 2.1 yields that either

the operator equation % 'Bx = x has a solution inU or there exists a point

u2 @Usuch that & 'Bu = u for some 2 (0;1). This further implies that
either the operator equation AxBx + Cx = x has a solution inU or there exists
anu 2 @Usuchthat A Y Bu+ C Y = uforsome 2 (0;1), thatis, either
conclusion (i) or (ii) hold. This completes the proof.

Remark 2.2. We note that in a Banach algebraX, the operator 'K ' exists if

/'\— is well de ned and one-to-one.

An interesting special case of Theorem 2.4 in the applicabléorm is

Corollary 2.1. Let B(0;r) and B[O; r] respectively denote the open and closed balls
centered at origin of radiusr > 0 in a Banach algebraX and letA;B;C : X ! X
be three operators such that
(a) /L— is well de ned and one-to-one,
(b) A and C are Lipschitzians with the Lipschitz constants and respec-
tively,
(c) B is completely continuous, and
d M + < 1 whereM = kB(BIO;r])k.
Then either
(i) the operator equationAxBx + Cx = x has a solution in B[O; ], or

(i) there exists anu 2 X with kuk=r suchthat A “* Bu+ C Y =u
for some 2 (0;1).

When C 0, we obtain
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Theorem 2.5. Let U and U denote respectively the open bounded and closed
bounded subset of a Banach algebrid, and letA : X ! X andB :U! X be
three operators satisfying

(@) A is D-Lipschitzian with the D-function a4,
(b) /'\— ! exists, | being the identity operator on X; and the operator /'\— :

X! Xisdenedby £ x= 2,
(c) B is completely continuous, and
(d) M a(r) <r for r> 0, whereM = kB (U)k.

Then either
(i) the operator equationAxBx = x has a solution inU, or
(i) there exists anu 2 @ Usuch that
A 4 Bu=u
for some 2 (0;1), where @Uin the boundary of U.

Corollary 2.2 (Dhage and Regan [10]) Let B(0; r) and BJ[O; r] denote respectively
the open and closed balls centered at origin of radius> 0 in a Banach algebraX
and let A;B : X ! X be three operators such that

(a) /L— is well de ned and one-to-one,

(b) A is Lipschitzian with the Lipschitz constants ,

(c) B is completely continuous, and

(d M< 1, whereM = kB (B[O;r])k.
Then either

(i) the operator equationAxBx = x has a solution in B[O;r], or

(i) there exists au 2 X with kuk = r such that A Y Bu =u
for some 2 (0;1).

3. Another direction

In this section, we obtain some nonlinear alternatives of Leay-Schauder type
involving the two operators in a Banach spaceX. A slight generalization of a
nonlinear alternative established in Dhage and Regan [10ki

Theorem 3.1. Let U and U denote respectively the open and closed subsets of a
Banach spaceX such that02 U, andletA;B : X! X andB :U! X satisfy

(@) A is nonlinear D-contraction, and

(@) B is compact and continuous.
Then either

() the operator equationAx + Bx = x has a solution in U, or

(i) there exists anu 2 @Usuch that A (£)+ Bu = ufor 2 (0;1),
where @ Uis the boundary ofU.
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Proof. The desired conclusion of the theorem follows by a direct apiation of
Theorem 2.1 to the mappingN = (I A) 'B. Since A is nonlinear contrac-
tion, by Theorem 2.2, the sequence A"xg; x 2 X, of successive iteration ofA
at x converges to the unique xed point of A, Therefore I A) ! exists and is
continuous on X . Now the map (I A) B which is a composite of a continu-
ous and completely continuous operator, is completely comhuous on X, and in

particular on U. Hence by an application of Theorem 2.1 yields that either tre
operator equation (I A) Bx = x has a solution inU, or the operator equation
(I A) 'Bx = x has a solution on the boundary@) of U for some 2 (0;1):
This further implies that either (i) the operator equation Ax + Bx = x has a solu-
tion in U, or (ii) there exists an u 2 @ such that A (Y)+ Bu = ufor 2 (0;1):
This completes the proof.
An interesting corollary to Theorem 3.1 is

Corollary 3.1. (Dhage and Regan [10])Let B(0;r) and BJO; r] respectively denote
the open and closed ball in a Banach spacé and let A;B : X | X satisfy

(a) A is contraction, and

(b) B is completely continuous.
Then either

(i) the operator equationAx + Bx = x has a solution in B[O; r], or

(i) there exists an elementu 2 X with kuk = r such that A (Yx)+ Bu =u

for some 2 (0;1).

Theorem 3.2. Let U and U respectively denote the open and closed ball in a Ba-
nach spaceX suchthat02 U. Let A;B : X ! X andB :U! X satisfy

(&) A is linear and bounded,

(b) there exists a positive integerp such that AP is a nonlinear D-contraction,
and

(c) B is compact and continuous.
Then either the conclusion(i) or (ii) of Theorem 3.1 holds.

Proof. The desired conclusion of the theorem follows by a direct apiation of
Theorem 2.1 to the mappingN : U ! X de ned by
N=(l A) !B:
Now
1 .
(1 A = AP 1 Al
j=0
By hypothesis (b), AP is a nonlinear contraction, so by Theorem 2.2, the map-
ping (I AP) ! exists onX and consequently the mapping [ A) ! exists onX .

Moreover from hypothesis (a) it follows that (I A) ! is continuous onX. The
rest of the proof is similar to Theorem 3.1. We omit the details.



18 B. C. DHAGE

A special case to Theorem 3.2 in its applicable form is

Corollary 3.2. Let B(0;r) and BJ[O; r] denote respectively the open and closed ball,
in a Banach spaceX centered at origin and of radiusr > 0. Let A;B : X ! X
satisfy

(&) A is linear and bounded,
(b) there exists a positive integemp such that AP is a contraction, and
(c) B is completely continuous.

Then either conclusion (i) or (ii) of Theorem 3.2 holds.

Finally we give an important remark which is useful in the applications to the
theory of nonlinear di erential equations.

Remark 3.1. Note that in Theorems 2.4 and 2.5, the setdJ and U are assumed
to be the open and closed subsets in a Banach spageé respectively, however, it
is enough to assume thatU and U are subsets of some closed convex subdét of
the Banach algebraX . The same argument is also valid for Theorems 3.1 and 3.2.

4. Existence theory

We shall seek the solution of the FIE (1.1) in the spacdBM (J; R) of all bounded
and measurable real-valued functions onJ. De ne a norm k k in BM (J; R) by

4.2) kxk = ntwéajx jX(t)j:

Clearly BM (J; R) becomes a Banach algebra with this supremum norm. We
need the following de nition in the sequel.

De nition 4.1. A mapping :J R! R is said to satisfy L*-Caratfeodory
condition or simply is called L *-Caratheodory if

(@) t! (t;x) is measurable for eachx 2 R,

(b x! (t;x) is almost everywhere continuous fort 2 J; and

(c) for each real numberr > 0, there exists a functionh, 2 L'(J; R) such that

j 6x)j he(t) ae. t21J
for all x 2 R with jxj r.
We consider the following assumptions:

(Ho) The functions ; ; ; :J ! J are continuous.

(H1) The function k : J R ! R is continuous and there exists a bounded
function :J! R with bound k k such that

jk(tx) kEy)  @ix vy ae t2J

forall x;y 2 R.
(H2) The function x ! ﬁ is well dened for all t 2 J and ﬁ =
y

x=yforalt2J.
oy ¥
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(H3) The function f :J R! RnfOgis continuous and there exists a bounded
function :J! R with bound k k such that

if(tx)  f(ty)j M)jx yj ae. t2J:
(Hs) g:J ! R s continuous.

(Hs) g is L-Caratreodory.

(Hg) There exists a continuous and nondecreasing function :[0;1)! [0;1)
and a function p2 L1(J; R); p(t) > 0 a.e. t 2 J such that

jg(tx)i  p(t) (xj) ae t23J
for all x 2 R.

Theorem 4.1. Suppose that the assumptiongHo){(Hg) hold. Further if there
exists a real numberr > 0 such that

8

< k kQ+kpki: (1) +k k< 1;
(4.2)
K+F(Q+kpk 1 (r))

M2 Tk k@Q+kpk,: () K K

where Q = sup;,; jd(t)j, K = sup;,; jk(t; 0)j and F = sup,,; jf (t; 0)j, then the
FIE (1.1) has a solution onJ.

Proof. De ne an open ball B(0;r) centered at origin of radiusr > 0; wherer

satis es the inequalities in (4.2). Now consider the mappirg A; B;C on BM (J; R)
de ned by

Ax(t)=f tx( (1) ; t2J;

Z

(4.3) Bx(t) = q(t) + gs;x( (s) ds; t2J; and
0

TV AR 00

Cx(t)= k t;x( (1) ; t2J:
Then the problem FIE (1.1) is equivalent to the operator equaion,
AX (t)Bx(t) + Cx(t) = x(t); t2J:

We shall show that the mappings A;B and C satisfy all the conditions of
Corollary 2.1 on BM (J; R). Clearly A;B and C de ne the mappings A;B;C :
BM (JR) ! BM (J;R). As f(t;x) 6 0 for all (t;x) 2 J R, the operator x
is well de ned on BM (J; R). Further in view of hypotheis (H>) it follows that
the operator 'A? is one-to-one onBM (J; R). We shall show that A and C are
Lipschitzians on BM (J; R). Let x;y 2 BM (J; R). Then by (H1) and (H3),

JAX()  Ay@)j=Jf tx( (1)  f ty( (1) ]

®ix ®© y ®]
k  kkx yk;
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ie.,
kAx Ayk k kkx yk;
and
JCx(t)  Cy(t)j=jk t;x( (1)) Kk ty( (1) ]
®ix )y ()]
k  kkx yk;
ie.,

kCx Cyk k kkx vyk:

Thus A and B are Lipschitzians with the Lipschitz constants k k and k k
respectively. Now we shall show thatB is completely continuous mapping on
B[O;r]. Since and are continuous andg is Caratreodory, it follows from
dominated convergence theorem thatB is continuous onBJ[0;r]. See Granas et.
al. [12]. Letfx,g be a sequence iBB[0; r], then kx,k r forall n 2 N; so by (Hs),

Z
kBxnk supjq(t)j +sup ig s;xn( (s)) jds
t2J t2J 0

1
Q+ h; (s) ds
0

= Q+ khykps;

which shows that f Bx g is a uniformly bounded sequence irBM (J; R). Next we
show that f Bx,g is a equi-continuous set. Lett; 2 J. Then we have
Z
(t)

jBxa(t) Bxa()j jalt) a( )i+ O g s;x( (s)) ds

jat)y aC)i+jm(t) m()j;
ZN0
wherem(t) = h; (s) ds.

0
Sinceq and m are uniformly continuous functions onJ, we conclude thatf Bx,g
is a equi-continuous set. Hencd® is a completely continuous mapping fromB [O; r]
into BM (J; R) by Arzela-Ascoli theorem. Again by (Hs),

M = kB (B[O; r])k
= supfk Bxk : x 2 B[O;r]g
n 0
= sup supjBx (t)j
x2B[0;r] t2J

n z (t) (0]

sup  supjq(t)j +sup ig s;x( (9)) jds
x2B[0;r] t2J t2J 0
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n <1 0
sup Q+ p(s) (kxk)ds
0

x2B [0;r ]
Q+ kpkp: (r)
and so
k kM +k k=k k Q+ kpk.: (r) +k k< 1

in view of rst inequality in condition (4.2).

Thus all the conditions of Corollary 2.1 are satis ed and herce an application
of it yields that either the conclusion (i) or (ii) holds. Now we shall show that the
conclusion (ii) is not possible. Indeed ifu is a solution of the operator equation

A YBu+rc Y -y

with kuk = r for some 2 (0;1), then u is also a solution of the FIE
h i h i ZAN0
(44 ut)y= kt-u( () + ft-u( @) o)+ g s;u( (s) ds
0

for some 2 (0;1).
But for any solution u of (4.4) with kuk=r and 2 (0;1) one has

UM k tIC®) ko) + jk(t o)

+ f t;Eu( (t) f (0) + jf(t;0)
Z
ja(t)j + . jo(s;u( (s))jds

(Mju (1) j+ jk(t 0)]
z 1

+ () (OpuC (O + if (£ 0)j) jat)i + , p(s) ju( (s)j ds
k kkuk+ K +(k kkuk+ F) Q+ kpk_: (Kuk) ;
kuk  k k Q+ kpk : (kuk) + k k kuk+ F Q+ kpk_: (kuk) + K:

Letting kuk = r in the above inequality yields

K+ F(Q+ kpk.: (r))
1 [k k(Q+ kpks (r))+ Kk K’
which is the contradiction to the second inequality in (4.2). Therefore the conclu-
sion (i) holds, and consequently the FIE (1.1) has a solutioru on J with kuk .
This completes the proof.

As an application, we consider the following nonlinear funtional di erential
equation (in short FDE)

x(t)  ktx( @®) °
FEx( (1)

(4.5) =gtx((s) ae t2J
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satisfying the initial condition
(4.6) x(0)= 2R;
wherek;g:J R! R,f:J R! RnfOgand ;; :J! J are continuous
with (t)=0= (0).
By a solution of the FDE (4.5){(4.6) we mean an absolutely cortinuous function

x:J ! R that satis es the equations (4.5){(4.6) on J.

Let C(J; R) denote the space of all continuous functions ol . Clearly C(J; R)
BM (J; R). The existence result for the FDE (4.5){(4.6) is

Theorem 4.2. Suppose that the assumptiongH){(H3) and (H3){(Hs) hold.
Further if there exists a real numberr > 0 such that the inequalities in(4:2) hold

with Q = fz(o(;o;)) , then the FDE (4.5){(4.6) has a solution onJ.

Proof. The FDE (4.5){(4.6) is equivalent to the integral equation.

Z

k(0; )+ g s;x( (s) ds
0

(@7 x®=ktx( @) + ftx(O) —55

fort2 J.

Now the desired conclusion of the theorem follows by a direcapplication of
Theorem 4.1 with q(t) = fz(o(?;)) forallt2 J, (t)= t and the spaceBM (J; R)
replaced with C(J; R). The proof is complete.

Further in an analogous way to Theorem 4.1, we can obtain the xistence results
for the functional integral equations,
Z Z2N0
x(t) = q(t) + f s;x( (s)) ds+ g s;x( (s) ds
0 0

and
Z, Z
x()=qt)+ Kk t;s)x( (s) ds+ g s;x( (s) ds
0 0

by the application of Corollaries 3.1 and 3.2, respectively Some of the results in
this direction may be found in Dhage [7] and Dhage and Ntouyag8].

Remark 4.1. Finally while concluding this paper, we remark if k(t;x) 0 on
J R, then Theorem 4.1 reduces to the existence results proved ibhage and
Regan [10] for the functional integral equation
Z
x(t)= f t;x( (t) q(t)+ g s;x( (s) ds :
0
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