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We classify all natural anors on vertical ber product pres erving
gauge bundle functors F on vector bundles. We explain this result for some more
known such F. We present some applications. We remark a similar classic ation of
all natural a nors on the gauge bundle functor F dualto F as above. We study
also a similar problem for some (not all) not vertical ber pr  oduct preserving gauge
bundle functors on vector bundles.

Introduction

Let m;n be xed positive integers.

The category of vector bundles with m-dimensional bases and vector bundle
maps with embeddings as base maps will be denoted byB,.

The category of vector bundles with m-dimensional bases andh-dimensional
bers and vector bundle embeddings will be denoted byVBp.p .

Let F : VB, ! FM  be a covariant functor. Let Bgy : FM!' M f and
Bvg, : VBn M f be the base functors.

A gauge bundle functor onVBy, is a functor F as above satisfying:

(i) (Base preservatior) Bpy  F = Byg,, . Hence the induced projections form
a functor transformation :F ! Byg, .

(i) ( Localization) For every inclusion of an open vector subbundlégjy : EjU !
E, F(EjU) is the restriction ~ '(U) of :FE ! Bvg,(E)to U and Figjy is
the inclusion (U)! FE.

(iii) ( Regularity) F transforms smoothly parametrized systems ofV By, -mor-
phisms into smoothly parametrized families ofFM -morphisms.
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A gauge bundle functorF : VB, ! FM s of nite order r if from jif = j’g
it follows Fyf = Fxg for any VBy-objectsE; ! M, E; ! M, any VB, -maps
f,g:E1! Ezandanyx2 Mj.

A gauge bundle functor F on VB, is ber product preserving if for any ber
product projections

pry

E, E; wEo!"™ E,

in the category VB,

Fpry Fpr,

FE; F(E1 wm E2)! FE,

are ber product projections in the category FM . In other words we have
F(E1 wm E2)= F(E1) wm F(E2).

A gauge bundle functor F on VBy, is called vertical if for any VB, -objects
E! M andE;! M with the same basis, anyx 2 M and any VB,-map
f : E ! E; covering the identity of M the ber restriction Fyxf : FxE ! FyE;
depends only onfy : Ex | (E1)«x.

From now on we are interested in vertical ber product presewing gauge bundle
functors on VBy,.

The most known example of vertical ber product preserving gauge bundle
functor F on VB, is the so-called verticalr-jet prolongation functor J! : VB, !
FM , where for aVBny-objectp: E! M we have a vector bundlel| E = fj} |
is a local mapM ! Eyx, x 2 Mg and for a VBy-mapf : E; ! E, covering
f :M1! My we have avector bundle map)|f : JJE1 ! JJEo, whered[f (j, )=

i oo (f f Yforji 2JJE..

Another example is the vertical Weil functor VA on VB, corresponding to a
Weil algebra A, where for aVBp, -objectp: E! M we haveVAE = [ yom TA(Ex)
and foraVBy-mapf :E;! E, we haveVAf = [ om, TA(fx): VAEL! VAE,.
The functor VA is equivalentto E  A.

The ber product F1 g, F2:VBy !FM of vertical ber product preserv-
ing gauge bundle functorsFi;F, : VB, ' FM  is again a vertical ber product
preserving gauge bundle functor orVBy,.

In [8], we proved that every ber product preserving gauge bwndle functor F
on VB, has values inVBy,. (More precisely, the bersummap+:E nyE! E,
the ber scalar multiplication ¢(:E! E fort2 R andthe zeromapO:E! E
are VBy-map and we can applyF. We obtain F(+) : FE u FE ! FE,
F({):FE! FEandF(@©): FE! FE. Then F(+);F( {);FO is a vector
bundle structure on FE.) Then we can compose such functors. The composition of
vertical ber product preserving gauge bundle functors onVBy, is again a vertical
ber product preserving gauge bundle functor onVB,.

If F is a vertical ber product preserving gauge bundle functor m VB, then
(F) :VBh'FM ,(F ) (E)=(FE ) ,(F ) (f)=(Ff ) is a vertical ber
product preserving gauge bundle functor onVB,, (E denote the dual vector
bundle of E).
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In [8], we classied all ber product preserving gauge bundke functors F on
VB, of nite order r in terms of triples (V;H;t), whereV is a nite-dimensional
vector space overR, H : G, ! GL(V) is a smooth group homomorphism from
G = InvI{(R™;RM)pinto GL(V)andt: Dy, ! gl(V)is aGp,-equivariant unity
preserving associative algebra homomorphism fronD}, = J{(R™;R) into gI( V).
Moreover, we proved that all ber product preserving gauge hundle functors F
on VB, are of nite order. Analyzing the construction on (V;H;t) one can easily
seen that the triple (V;H;t) corresponding to a vertical F in question has trivial
t:D}, ! al(V), t(Gy )= (0)id, j§ 2DjJ,. Then by Fact 5 and Theorem 2 in [8]
it follows that all vertical ber product preserving gauge b undle functors on VB,
can be constructed (up toVBp-equivalence) as follows.

Let V : Mf, ! VB be a vector natural bundle. For any VBy-object p :
E! MwepuFYE=E y VM and for any VB,-mapf : E; ! E, covering
f :My! E,weputFVf =f ¢ Vf:FYE;! FVE,. The correspondence
FV :VB, | FM s a vertical ber product preserving gauge bundle functor m
VBp,. (For example, ifV : M f, 1 VB s the natural vector bundle corresponding
to the standard G, -spaceD!,, then FV is equivalent with J/. If V : M f, | VB
is the trivial vector natural bundle with the standard ber A, then FV is equivalent
to VA))

Let F be a gauge bundle functor onVBy,. A VB -naturalanor B onF is a
system of VB, -invariantanors B : TFE! TFE onFE for any VBn, -object
E. The invariance means thatB TFf = TFf B for any VByn.n -map f.

In the present paper we describe alV By, -natural anors B on vertical ber
product preserving gauge bundle functors= on VB,,. We prove that B : TFE !
TFE is of the form

B = Id+Mod(A)

for areal number and a ber bilinear VB, -natural transformation A: TM
FE ! FE, where Mod(A) is the VBny., -natural a nor corresponding to A (see
Example 2) and Id is the identity a nor.

In Section 3, we explain this main result for some more known ertical ber
product preserving gauge bundle functord= on VBy,. Thus for J|, we reobtain the
result from [15] saying that the vector space of allVBn., -natural a nors on J; is
2-dimensional.

In Section 4, we remark a similar classi cation of VB, -natural a nors on a
gauge bundle functorF dual to a vertical ber product preserving gauge bundle
functor F on VB, .

In Section 5, we remark a similar classi cation of VB, -natural a nors for
some (not all) not vertical ber product preserving gauge bundle functors F on
VB, (as the r-jet prolongation gauge bundle functorJ" on VB, and the vector
r-tangent gauge bundle functorT(") on VBy,). Thus a similar result as the main
result for not necessarily vertical F is very very probably.

Natural a nors can be used to study torsions of connections, see [5]. That is
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why they have been classi ed in many papers, [1] { [4], [6], [B{ [16], e.t.c.

The trivial vector bundle R™ R" over R™ with standard ber R" will be
denoted by R™" . The coordinates onR™ will be denoted by x*;:::;x™. The
ber coordinates on R™" will be denoted by y*;:::;y".

All manifolds are assumed to be nite dimensional and smooth Maps are
assumed to be smooth, i.e. of clas€! .

1. The main result

Let F be a ber product preserving gauge bundle functor onVB;,. We are
going to present examples oW By, -natural anors on F.

Example 1 ( The identity anor ). For any VB, -object E we have the identity
map Id: TFE ! TFE. The family Id is a VB, -natural anor on FE.

Example 2. Suppose we have a familA of ber bilinear maps A:TM FE !
FE covering the identity of M for any VB, -object E! M such that Ff A =
A (Tf ¢ Ff)forany VBmny-mapf :E;! E; coveringf : M1 ! My, ie. we
have a ber bilinear VBm:n -natural transformation A: TM y FE ! FE, where
TM is the tangent bundle of M and FE is the vector bundle as is explained in
Introduction. For any VBy., -objectp: E! M wedeneMod(A): TFE! TFE

by
Mod(A)(v) = % (y+tA(T (v);y) 2TyFY; v2TyFE;y2FE;
0

where :FE ! M is the bundle projection. Then Mod(A) is a VBm:, -natural
anoron F. We call Mod(A) the VB, -natural anor on F corresponding toA
(the modi cation of A).

For example, in the case ofF = J] we have a ber bilinear VBn:., -natural
transformation A, : TM JJE! JJE, Al(w;jy )=ji(w ), w2TM,x2 M,

M1 Ex,w 2 Ey isthedierential of with respecttowandw :M ! Ey
is the constant map.

The main result of the present paper is the following classication theorem.

Theorem 1. Let F be a vertical ber product preserving gauge bundle functor o
VBn. Any VBny., -natural anor B on F is the form

B = Id+Mod( A)
for some real number and some ber bilinear VBn., -natural transformation A :

™ v FE! FE.

Thus for F = J! we reobtain the result from [15] saying that anyV By, -natural
anor on J! is a linear combination with real coe cients of the identity a nor
and Mod(AY) (see Corollary 5 bellow).

We end this section by the following observation.
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Let F be of the form FV for some natural vector bundleV : M f,, | VB (see
Introduction). Let C: TM y VM ! VM be anM fp-natural ber bilinear
transformation. Then we have aV By, -natural ber bilinear transformation AC :
TM wm FYE! FVE,

AC(v;e y)=e C(vy);

y2ViM,e2 Ex,v2TM,x2 M.

Proposition 1. LetV : Mf, ! VB be a natural vector bundle. AnyVBpmn -
natural ber bilinear transformation A:TM y FVYE ! FVE is of the form AC
for some M f ,-natural ber bilinear transformation C: TM y VM ! VM.

Proof of Proposition 1. By the VBn., -invariance, A is determined by the
M f,-natural ber bilinear transformation

TM M VM3 (v;y)! Aviel( T(v) y)e T(v) 2VM;

where e;;:::; e, is the usual basis of sections of the trivial vector bundleM
R" and e;;:::;¢€, is the dual basis, and T : TM ! M is the tangent bundle
projection.

2. Proof of Theorem 1

We x a basis in the vector spaceFgR™" .
Step 1. Consider

T B:(TFR™)e=R™ FeR™" FR™" I ToR™;

where : FE ! M is the bundle projection. Using the invariance of B with
respect to the ber homotheties we deduce thatT B(a;u;v)=T B(a;tu;tv)
forany u;v2 FpR™" a2 R™, t60. Then T B(a;u;v)=T B(a;0;0) for
u;v;aas above. Then using the invariance oB with respectto C idgrn» for linear
isomorphismsC of R" we deduce thatT  B(a;0;0) = a for some real number

. Then replacing B by B Id we have T B(a;u;v) =0 for any a;u;v as
above. ThenB is of vertical type.

Step 2. Consider
pro B:(TFR™")g=R™ FeR™" FoR™" I FoR™" ;

where VFR™" )y = FgR™"  FoR™M I FoR™" s the projection onto the
second (essential) factor. Using the invariance oB with respect to the ber
homotheties we deduce that py B(a;tu;tv) = tpr, B(a;u;v) for a;u;v as in
Step 1. Then pr, B(a;u;v) is a system of linear combinations of the coe cients
of u and v with coe cients being smooth maps in a because of the homogeneous
function theorem. On the other hand, sinceB is an anor, pr , B(a;u;v) is a
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system of linear combinations of the coe cients of a and v with coe cients being
smooth functions in u. Then

() pro Bajuiv) = G(a;u)+ H(v)

for some bilinear mapG and some linear mapH .

Let : R™M 1 R™M phe aVBny, -map such that ( x;v) = (X; exlv), (x;y) 2
R™". Then sends Z& into g% + L, whereL is the Liouville vector eld on
R™" . Then using the invariance ofB with respect to we obtain

F(G(er;F  Y(v) = G(e;v)+ H(V);

wheree; = (1;0;:::;0) 2 R™. SinceF is vertical, Fo =id. Hence H(v) =0,
and
pra B(a;u;v)= G(a;u):
Then by the VBn:n -invariance of B we obtain the equivariant condition
Fof (G(a;u)) = G(Tof (a); Fof (u))

for any a;u as above and anyWBp.n-map f : R™" I R™" preserving 02 R™.
Hence there is aV By -natural ber bilinear transformation A:TM u FE !
FE corresponding toG. It is easy to see thatB = Mod( A).

3. Applications

Let T(P®) = aT PT : Mf, ! VM be the natural vector bundle of
tensor elds of type (p; ) over m-manifolds. Let F®) = FT™ - VB, IFM
FPOE =E y TPOM, FPOf = f  T(Of pe the corresponding vertical
ber product preserving gauge bundle functor (see Introdudion).

Suppose thatC : TM  y T®IM I T®PAOM is a ber bilinear M f ,,-natural
transformation. Using the invariance of C with respect to base homotheties on
R™" one can easily deduce thatC = 0. Thus we have the following corollary

Corollary 1. Any VB, -natural anor on F (P9 as above is a constant multiple
of the identity a nor.

Similarly, any M f -natural ber bilinear transformation C:TM y M ! M,
where M is treated as the zero vector bundle oveM , is zero. Thus we have

Corollary 2. Any VBp:, -natural anor on the vertical Weil bundle VA is a
constant multiple of the identity a nor.

Let T =(J"(;R)o) :Mfy, ! VB be the linear r-tangent bundle functor.
Let F( = T . VB, ! FM  be the corresponding vertical ber product
preserving gauge bundle functor.

Suppose thatC : TM y TOM I TOOM is a M f,-natural ber bilin-
ear transformation. By the rank theorem, C is determined by the contraction
hC;joxti : Tér)Rm I R. Then using the invariance ofC with respect to the base
homotheties one can easily show that this contraction is zey. Then C =0. Thus
we have
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Corollary 3. Any VB, -natural anor on F (") as above is a constant multiple
of the identity one.

Let T" = J"(;R)o : Mfy, ! VB Dbe the r-cotangent bundle functor. Let
F' =FT :VBnh!FM be the corresponding vertical ber product preserving
gauge bundle functor.

Suppose thatC : TM y T"M ! T'" M is a M fy-natural ber bilin-
ear transformation. By the rank theorem, C is determined by the evaluations
C(v;jext) 2 T{ R™, wherev 2 ToR™. Then using the invariance of C with re-
spect to the base homotheties one can easily show that theseaduations are zero.
Then C = 0. Thus we have

Corollary 4. Any VBn -natural anor on F' as above is a constant multiple
of the identity one.

LetE" =J'(;R): Mf, !VB be the extendedr-cotangent bundle functor.
As we know the corresponding vertical ber product preserving gauge bundle
functor on VBy, is equivalent to the vertical r-jet functor J| (see Introduction).

Suppose thatC : TM y E" M ! E" M is a M f,-natural ber bilin-
ear transformation. By the rank theorem, C is determined by the evaluations
C(g%,:i61) 2 Ef R™ and C(g%;jix') 2 E§ R™. Then using the invariance
of C with respect to the base homotheties one can easily show thathe second
evaluation is a constant multiple of j ;1 and the rst one is zero. Then the vector
space of allC in question is of dimension less or equal to 1. Thus we reobtai

Corollary 5 ([15]). Any VBn:., -natural anor on J| is a linear combination with
real coe cients of the identity a nor and the a nor Mod(AY).

Corollary 6. Let F be a vertical ber product preserving gauge bundle functormo
VBn. Any VBq, -natural 1-form ! on F is zero.

Proof. Let L be the Liouville vector eld on the vector bundle FE. Then! Lisa

VBnm:n -natural a nor. Since it is not isomorphic, itis of the form ! L = Mod( A)

for some bilinear VB, -natural transformation A: TM uy FE! FE. Then A

is of the form A(v;y) = (v)y for some uniquely (and thenM f , -natural) 1-form
:TM ! R on M. But any such 1-form is zero. ThenA =0. Then ! =0.

Corollary 7. Let F be a vertical ber product preserving gauge bundle functorro
VBy. There is no VB, -natural symplectic structure ! on F.

Proof. Suppose that such! exists. Then! (L; )is a VB -natural 1-form on F.
Then! (L; ) = 0 because of Corollary 6. Then! is degenerate. Contradiction.

Quite similarly one can prove

Corollary 8. Let F be a vertical ber product preserving gauge bundle functorm
VBn. Then there is no VBy., -natural non-degenerate Riemannian tensor eldg
onF.
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4. A dual version of the main result

Let F be a vertical ber product preserving gauge bundle functor ;n VB, .
Let F Dbe the dual gauge bundle functor onVBnn, F E = (FE) andF f =
(Ff 1) . Replacing in the proof of Theorem 1F by F we obtain

Theorem 1'. Let F be a vertical ber product preserving gauge bundle functor
on VB,. Let F be the dual gauge bundle functor. An¥ B, -natural anor B
on F is of the form

B= Id+Mod(A)

for some 2 R and someVBn., -natural ber bilinear transformation A:TM
FM! FM,whereA :TM u F E! F E is the VBn,, -natural ber bilinear
transformation given by A (v; )= A(v;) foranyv2 TM.

5. The not necessarily vertical case

In our opinion, it is very probably that Theorem 1 holds for (n ot necessarily
vertical) ber product preserving gauge bundle functors onVB,,. For example, in
[15] we proved.

Fact 1 ([15]). Any VBmn -natural a nor on the r-jet prolongation functor J',
which is a not vertical ber product preserving gauge bundldéunctor on VB, is a
constant multiple of the identity a nor.

The crucial property of J" which we used to prove Fact 1 is that anyV B, -
natural linear operator lifting linear vector elds from E to vector elds on J'E
is a constant multiple of the ow operator.

Replacing in [15] J" be an arbitrary ber product preserving gauge bundle
functor F on VB,, we can obtain

Proposition 2.  Let F be a(not necessarily vertica) ber product preserving gauge
bundle functor on VB, such that anyV By, -natural linear operator lifting linear
vector elds from E into vector elds on FE is a constant multiple of the ow
operator F. Then any VBy., -natural anor B on F is a constant multiple of the
identity a nor.

Proof. Clearly, B F is aVBm. -natural linear operator lifting linear vector elds
to F. By the assumption, thereis 2 R suchthat B F = F. Next we use
the same proof as the one of Theorem 1 up to the formula (*). Obiously, after
Step 1, B satises B(FX) = 0 for any linear vector eld on R™" . Putting in
*) X = a@—% (i.e. (a;u;v) = (a;u;0)) we get G(a;u) = 0. Putting X = L, the
Liouville vector eld on R™" (i.e. (a;u;v) =(0;v;V)) we getH (v) =0.

In [7], we proved that the assumption of Proposition 1 is sats ed for the vector
r-tangent gauge bundle functorT(")  on VBy, de ned as follows. Given aVBy,-
objectp: E! M, T E = (J'(E;R)o) is the vector bundle over M dual
to J'JE = fj; j :E ! R is berlinear, x =0 ; x 2 Mg. For every
VBnh-map f : E; ! E, coveringf : My ! M, T §f T E; 1 TO) E,
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is a vector bundle map coveringf such that HT (") f (! Vifpo 1= 0O )i,
12 7 Ey, i{og 2 3"(E2;R)o, x 2 M. (The correspondenceT (") is a not
vertical ber product preserving gauge bundle functor on VBy,.) Thus we have

Fact 2. Any VBp, -natural anor on T is a constant multiple of the identity
anor.
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