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LOCAL INTERPOLATION
BY A QUADRATIC LAGRANGE FINITE ELEMENT IN 1D

JOSEF DAL IK

Abstract. We analyse the error of interpolation of functions from the s pace
H3(a;c) in the nodes a <b < c of a regular quadratic Lagrange nite element
in 1D by interpolants from the local function space of this n ite element. We
show that the order of the error depends on the way in which the  mutual
positions of nodes a;b;c change as the length of interval [ a;c] approaches
zero.

1. Introduction

We motivate and de ne the notion of a regular quadratic Lagrange nite element
in 1D. Then we explain the main results of this article.
A reference quadratic Lagrange nite elementR is determined by
a) the interval K =[ 1;1],
b) the local spacel” of restrictions of polynomials of degree two or less to the
interval K,
c) the \set of parameters" relating values p( 1); p(0); p(1) to each p 2 L .
(These parameters determine pin " uniquely.)
We denote by v a (unique) interpolant of a function 4 : K 1< in the nodes
1;0; 1 from the spacel’.

To a< b <c real, we relate adiscretisation steph =max(b a;c b), a center
b= (a+ c)=2 and a (unique) function Fy, from [ with parameters a; b; ¢ Of course,
Fn is an injection if and only if Fy is increasing and, by putting =0 in (3), we
can see that this is equivalent to

3a+c a+3c
1) :

b
4 4

In this case we say thatF, is a transform and we denote byG,;, the transform

inverse to Fy,.

2000 Mathematics Subject Classi cation : 65D05, 65L60.

Key words and phrases: quadratic Lagrange nite elements in 1D, local interpolat  ion of func-
tions in one variable.

Received February 9, 2004, revised June 2005.



104 J. DAL IK

A gquadratic Lagrange nite element Ky, in 1D (briey a nite element Ky) is
related to a transform Fy, with parameters a<b <c. It is determined by
a) the interval Ky, =[a; ],
b) the local spaceLy of functions

(@) Pn(X) =P Gn(x)

forall p2 I,
c) the \set of parameters" relating the values pn(a), pn(b), pn(c) to each
pn 2 L. (These parameters determine p, in Ly, uniquely.)
We denote by v a (unique) interpolant of a function v : Ky ! < in the
nodesa, b, c from the spacelLy,.

In Fig. 1, there is a graph of the transformx = Fy( ) with parametersa<b <c¢
such that the node b attains the maximal value (a+ 3 c)=4 satisfying condition (1).
It is easy to see (by means of (7) for example) that we have
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Figure 1
AdE()>0for 2( 11),butlim , ; &Fy()=0:As ZGp(x)= ﬁfcr

x = Fn( ) 2 (a;c), we obtain

d
im —Gh(x)=+1:
x! ¢ dx h( )

Hence the transform = Gp(x) has an unbounded derivative on the interval @; ¢)
and, due to de nition (2), derivatives of functions p, 2 L ;, are generally unbounded
on (a;c), too. We study estimates of the errorv hV on nite elements Ky in
which the derivatives %Gh(x) are bounded in the following way.

Let be a xed constant from the open interval (0;1). We say that a nite
elementKy, is regular whenever
dEFh( ) h in [ L1]:
Our Lemma 3 says that a nite element Ky, is regular if and only if

3a+(1+2 )c (1+2 )a+3c.

®) T a+2 % T av2
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For regular nite elements K, and for functions v 2 H3(a;c), we prove the
following relation between the size of errorv hVv and the \speed" of point b as
it approaches the centerb for discretisation step h approaching zero:

Let p 1 be arbitrary. We have jb & = O(hP) if and only if there exists a
constant C satisfying

(4) V. hVimk, Ch' ™ h%jvjgk, + hPjvjak,
form=0;1;2.

Asib B (¢ a=4 h=2dueto (1), conditionp 1 is always fullled. The
accuracies of the error estimates (4) are the worst in the casp=1:

(5) V. hVimk, Ch? ™ (hjvisk, + jVizk,)
and the least value for which these accuracies are the best 5= 2:
(6) V. hVimk,  Ch® ™ (Visk, + Vizk,)
Our Example 1 illustrates that the estimates (5), (6) are optimal.

In this paper, for a given bounded interval K , the symbolsk ko , j jo.x mean
the norm in the spaceL »(K) which we denote by H?(K ), too. For m = 1;2;3,
symbol kK km.k means the norm in the spaceH™(K) and j jmk , | jm:1 :k IS
a notation of the seminorm in H™ (K ), W™ (K)), respectively.

2. Explicit formulas for some derivatives

We nd derivatives of the transform Gy in Lemma 1 and of the interpolants
hV in Lemma 2.

De nition.  We put
Di=(c a)=2 and D,=c¢ 2b+a
for a nite element Kj,.

As a <b < c are parameters of the transformFy 2 [, we obtain
1 2
(7) X=Fh()= b+ D1+§ D,:

Lemma 1. Let us consider a nite element K, and putF = Fn, G = Gy. Then
the following statementsa) { c) are valid for all x 2 (a;c).

d _ 1 1
a) 5 G(X) = svemy = premDy
d? - Fex)GA0)® — D
b) §zG(x) = FOGH) - (DFemDbT
43 _ BFEYG(x)GAX)GMx) _ 3D2
€) axsG(X) = FIG(x) = GNP

Proof. Insert = G(x) into (7) and compute the rst, second and third derivatives
of both sides ofx = F (G(x)).
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De nition.  Let Ky be a nite element. To every function ¢ : K 1< werrelate
a functionv : Ky, '< by the formula
(8) V(x) =V Gn(x)
and we put
Di(v)= v(c) v(a) =2; Dy(v) = v(a) 2v(b)+ v(c):

It is easy to see that
v Fa() =%()
for all pairs of functions v; ¥ satisfying (8) and that

v2Ln (0 021U
Especially,
nV(Fn( )= 9av() 2 0

This fact together with dyv( 1) = v(@) = M( 1), d,v(0) = v(b) = M(0),
dov(1) = v(c) = Mv(1) give us

(9) dyv = v
(10 W () = v+ Di)+ 5 Do(v):

Lemma 2. Let be Ky a nite elementand v : K, I < a function. If we put
F = Fn, G = G;, then the following statementsa), b) are valid for all x 2 (a;c).

8) & nv(x) = 2L emR,
2 + +
b) d(i_z hV(X)_ v(a)(c szll-E-b()B((ax)lg)z);/(C)(b a)
Proof. If we insert = G(x) into (10) and use Lemma 1, we obtain a):
d _d _d dG _ Di(v)+ G(x)Da(v)
x V=g v FGK) = V(RO g = D, + G(x)D,
and b):
? dNd dG' o dG 2
3 "= oo g WE) g = g7 FO) 5
d v(F d’G _ v(a)(c b+ v(b)(a c)+ v(c)(b a)
ta WEOGe = (D1 + G(X)Dy)3

3. Estimates on regular finite elements

We present two characterizations of regular nite elementsK;, in Lemma 3.
Under the assumption of regularity, we obtain estimates of ertain seminorms of
the transforms Fy and Gy, in Lemmas 5 and 6 by means of a technical Lemma
4. Estimates of the norm kvko.x, and of the seminormsjvjmk , for m = 1;2;3
appear in Proposition 1. Corollary 1 gives us an estimate oftte seminormj?j,.s .
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Lemma 3. The following statementsa) { c¢) are equivalent for an arbitrary nite
elementKy,.

a) The nite element Ky, is regular,

b) h min(D;y D3;D;1+ Dy),

c) the inequalities (3) are satis ed.

Proof. a) () b): a) ( h D1+ Dy for 2 [ 1;1] due to (7) (
h D; Dsand h D, + D».

b) ) c¢): Letus assume thatD, 0. AsD, O0() b B() h=c b,
wehaveb)) h Di D, (c b &2 c+2b a( B2z Je
(1+2 )a+3c

b. In the caseD, 0, equivalentto® b, we prove b) () b T

analogically.

Lemma 4. The following statementsa) { €) are valid for an arbitrary regular
nite element K.

a) 22+ ) D: h,
b) h D; D 4 ),
c) h Di+D; 4 ),
d fh@@ ) Dz 5h@@ ),
e 4 ) D? D% hx
Proof of @). Ash=max(b ajc b), we haveD; = 3(c b+b a) h. If

h=b athenD, 0 and

dth():Dl'i' D, h 8 2[ 1,1]

W|T W=

3 1
0 D1+ D> hO §C+ Ea 2b h

0 3D: h+2(b a)=h2+ ):
If h=c bthenD; %(2 + ) can be proved analogically.
Proof of b) and c). The rst inequalities in b), c) are valid by Lemma 3 b).
If D, Othenh =c¢c band D; D> D;+ Dy = S2+c¢c 2b+a=
2h D; 2h %(2 + )= %(4 ) due to a). If D, O then we can prove
Di;+D, Di Dz 5@ )inthe same way.
Proof of d). We obtain d) by multiplying the inequalities b) by 1 and adding
them to the inequalities c).
Proof of ). This is a direct consequence of a) and of d) in the form 0 Dj
%h(l ).
Lemma 5. If K}, is a regular nite element then the following statementsa) { c)
are valid.

a) h  §Fn() 5@ ) 8 2[ 11

b) jFhizy ¢ =2jb O %h(l )
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Proof. These statements follow byFJ( ) = D1+ D, F?®= D, = 2(b b),
F2%% 0 and by Lemma 4 b), c), d).

Lemma 6. Let Kn be a regular nite element with the propertyjFnj,.; ., ChP
for some constantC and for somep 1. Then

a) jGnju1 x, *h?1

b) jGhiz1 x, ShP 3,

0) iGhjz1 k, & h¥ °.
Proof. The statement a) is a consequence of Lemmas 1 a) and 5 a). Statent
b) follows by Lemmas 1 b), 5 a) and statement c) is valid due tojFnj,.; .. = jD2j
and Lemmas 1 ¢), 5 a).

Proposition 1.  Let K}, be a regular nite element. Then the following assertions
a) { d) hold true for all pairs of functions v : K < , ¢:K I< satisfying
condition (8).

a) If 02 Ly(K) thenv 2 Lo(Kp) and

kaO;Kh j thil ® kOkO;K\ i
b) If ¢ 2 HY(K) thenv 2 H1(K}) and
Miuky § Fnify pIGniza ko9
c) If ©2 H2(K) thenv 2 H2(Kp) and
iz, 1 Fnif, e IGhiTa k0% *+ iGhizt x, Ve

d) If 2 H3(K) thenv 2 H3(K}) and jvjak, ] thl%_1 "

JGhi%1 i« i%ae +3iGhin1 k,iGhjz1 K, i%pe + iGhiza K, i%iye
Proof of a).  Let us considerv(x) = (G (x)) for some¥2 L,(K). As ¢( )2F2( )
is non-negative, measurable due to [4], Theorem 10.18 and boded by the inte-

grable function ¥( )?jFnj,.; .4, we conclude that¥( )>F?( ) is integrable by [4],
Theorem 10.27. Thezn the change %f variables, see [6], TheaneP: 24, gives us

kG, = vO0%dx= ORI Friy e kOGe

Kn

as well asv 2 L,(Kp).

Now, we prove
B 02 Cci(K)=) v2CiKy)and

Mk, J Fnify pIGnins w,J0pe
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If 4 2 CY(K) then v 2 C1(K},) due to Lemma 1 a) and to the regularity of K.

Moreover,
Z

Z h i
do dGy ' 2 , .
n dx J Gh]%;l Kn

J'VJ'E;Kh = d—(Gh(X))d—X

Kn

d¢ 2
T FROd

| iy iGniZa x, 02

In the same way, the following assertionsc); &) can be proved.
6 ¥2C2(K)=) v2C?Ky)and

Mz, J Fnify e IGnins k%2 + Gniza ko i

d@ 02 C3K)=) v2C3Kn)andjvjzk, | Fhiz,

JGhi%1 i« i%a.e +3iGhit1 k. iGhjz1 K, i%pe + iGhiza K, i%iye

The operator j : L,(K) ! Lo(Kp), j()(X) = v(x)  ¥(Gh(x)), is linear
obviously and continuous due to a). The statements a),b), €), d) say that for
m =1;2;3, the operator jm = jjcm ) IS continuous from H™K) to H™(K}p).
As CM(K) is dense inH ™ (K), there exists a unique linear continuous extension
Jm of jm to the spaceH ™ (K) such that the operator norm kJn, k is equal to kj m k
by [1], Theorem 3.4.4. The values ofl,, have been de ned in the following way.
For an arbitrary & 2 H™(K), there exists a sequencev)}  C™(K) such that
k¢ Ok, ! Oasn!l and Jm, () is the limit of the sequence ;) in
H™(Kp). But then also k¢  ¢hky e ! Oasn!l and Jn, () is the limit of
(Vn) in La(Kp). This, Im(9n) = j (®,) for all n and continuity of j in L,(K) give
usJm(®) = j(¥), sothat Iy = jjym #y:

Proof of b). Letusput = ijjl%;l ¢ IGhis1 k. As®2 HYK)=) v=J.(0)2
H1(Kp) is valid, it remains to prove that jvji %, Forevery¢2 H LR)
there exists a sequencev)}  CL(K) such that k¢ ¥, kpg ! Oasn!l

Hence for every" > 0 there existsVy such that k¢ ¥, k1;|€ " and we have
kv vpkik, = kJ1(¢ ¥n)kik, k Jik". By this inequality and by b) we obtain

iz, J Vo Vajuk, FjVajik, K Ik j0njipe
K Jik'+ 0 Ve +i0ipe (% +(KIk+ )
As this estimate is valid for all "> 0, jvjix, j9i,.p is necessary.
The statements c), d) can be proved in the same way.

Corollary 1. There exists a constantC such that if v 2 H3(Kp) then ¢ 2 H3(K)
and

jojs;le C h% thng;Kh + ijjZ;l ;IejVjZ;Kh
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for all regular nite elements K, and for all pairs of functions v : Ky, I <
¢ : K I< satisfying condition (8).

Proof. If we mutually exchange the intervals K, K, the transforms x = Fn( ),
= Gp(x) and the functions ¥( ), v(x) in Proposition 1 d) and use Lemma 5 c)
then we obtain
JOJS;K\ J Ghjf;l ;KhJFhJ:L;l K JFhJil ;K‘JVJ3;Kh +31Fh12;1 R IVI2K
This inequality and Lemmas 6 a), 5 a) give us the statement.

4. Main results

An estimate of the interpolation error 4 v on the reference nite element
is presented in Lemma 7. Lemmas 8, 9 give us estimates of thersmorms jv

hVimk ,» M = 0;1;2, on regular nite elements. Theorems 1, 2 formulate an
equivalence between the orders of estimates of the above semrms and the order
of the seminormjFyj,, .p for regular nite elements Ky.
Lemma 7. There exists a constantC such that

k¢ Mkyp  Cidigpe

for all ¢ 2 H3(K).
Proof. As all norms in the three{dimensional spacel” are mutually equivalent and

the imbedding from H3(K) into C(K') is continuous due to the Sobolev Imbedding
Theorem 3.8 from [3], Chap. 2, there exist constant<C;; C, such that

(11) kMNky.p  Comax(O( 1)j;j9(0)j;j0(1)j) CikOkg e, Cok¥kye
for all ¥ 2 H3(K).

Let us take a xed " 2 H2(K) such that k "k,., =1 and consider the scalar
product
N
®=v MM
Then, due to (11),
PO ke Nk KOG+ kAK e 1+ Co)kiky e

for all ¥ 2 H3(K) and, at the same time, (p) = 0 for all p 2 [". These facts
and the Bramble-Hilbert Lemma 4.5 from [2] say that there exists a constantC
satisfying
k0 MNkype = sup j®@ M Vel Citiape

’ k "k, ¢ =1 ’ '
for all & 2 H3(K).
Lemma 8. There exists a constantC such that

Vo nVimk,  ChZ Midjg
for m = 0;1;2, all regular nite elements Ky, and for all pairs v 2 H3(Kp),
¢ 2 H3(K) satisfying condition (8).
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Proof. Let a regular nite element Ky and v 2 H3(Kp), & 2 H3(K) satisfying
(8) be arbitrary. The interpolants v 2 L, Av 2 [ satisfy d,v = v by (9)
and, consequentlyv\ ,v=#4 dyv=4 “Av. Then we obtain

V. nVimk, Ch® Mko Mk

by Proposition 1 a) and Lemma 5 a) in the casem = 0, by Proposition 1 b) and
Lemmas 5 a), 6 a) in the casem = 1, and by Proposition 1 ¢) and Lemmas 5 a),
b), 6 a), b) in the casem = 2. An application of Lemma 7 concludes the proof.

Lemma 9. There exists a constantC such that

V. nVimk,  ChY ™ hWjvjsk, + jFnjyg e iVizk,
for m =0;1;2, all regular nite elements K, and for all v2 H3(Ky).
Proof. We obtain this statement by Lemma 8 and Corollary 1.

The following basic Theorems 1, 2 present an exact formulatin and a proof of
the fact that for every regular nite element K, the property

(12) iFrisy ¢ CihP
is equivalent to the estimate
(13) jv hVimk ,  C2ht ™ h%jvjgk, + hPjvjax ,

form=0;1;2 and for all v 2 H3(K}).

Theorem 1. For every constant C; there exists a constantC, such that the esti-
mate (13) is valid on all regular nite elements K}, with the property (12).

Proof. This is a direct consequence of Lemma 9.

Theorem 2. For every constantC, there exists a constantC, such that all regular
nite elements Ky on which the estimate(13) is satis ed, have the property (12).

Proof. Let us assume that the estimate (13) is valid on a regular nite element
Kn. If we pgt m =2 and v = x? in (13) then we can see by means dkjz.k, =0,
jng;K , =4 :dx 8h that the second power of the right-hand side has an upper
estimate 8C2h? 1. Then (13), Lemma 2 b) and substitution x = Fn( ) give us

Z @2 2
8csh?r 1 2 47 hx?  dx
a
_Z° , @ b+P@ g+ b a) zdx
7 (D1 + Gh(x)D2)3
1 2(c b+ @ o+ Eb a) ° _
o 2 (D1+ D»)? (Di+ D2)d:

By means of the identity a?(c b)+ P(a c)+ (b a)= Di(2D? 1D%) and
by routine computation, we can nd the value
D;D3

W%Df 31D{D5 7D?D;+8DS
1 2
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of the last integral. Then we have

D,D2

8csh® ' ————2.— 10D$+38Dj(Df D3)+7D{D3(Df D3J)
2(bf D3
DID} 2+ D3
+8D% >5 1°2 55 -2
2 (D2 D3)* 3 h

1
37 2

by Lemma 4 a), €). HencejFnj,, . = jD2j <C1hP for C; = C; 5(§+—)7 due

to (7).

The following example shows us that the error estimate (13)$ optimal in the
casesp =1 and p = 2, formulated in (5) and (6) explicitly.

Example 1. We examine two collections of regular nite elements relatel to the

In both cases, we use the function
v(x) = x4 €&
and we denoteh, =max(c, by;by  an), Kn =[an;cn],
Di(M) = 2(cn @) Da(M)= o 2+ an
Fo()= b+ Da(m)+ 5 2Da(n);
Di(v;n) = %(V(Cn) v(an)); Da(vin)= v(c) 2v(bh)+ v(an);
PW(Fa( )= V(b)+ D a(vin)+ 3 2Da(vin):

Due to Lemma 2 a), b), we compute the seminorms of interpolathn error in
L»;H; H? by the following formulas.

Z 1
Vo aVidk, = MEO) AV(Fn( DIPF()d;
Zin i
. . _ dv Di(v;n)+ D ,(v;n)'?2 )
v nVJiKn = , . &(Fn( ) Di(n)+ D (n) Fr?( )d
1 hy
vV, = ga(Fa)
V(@G )+ V)@ o)+ V)b a)' 2o

(D1(n)+ D2(n))3
In the rst case, we put

an= 2" B, =0; c,=2%":
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Then h, =22 "and Dy(n) =22 "

present values of the lower estimates

fm(n): h% m

v

nVimk ,

(hn jVizk, + JVizk,)

fo(n)

f1(n)

fa(n)

0.01326605

0.04911164

0.32236024

0.01015252

0.03844064

0.22579268

0.00720223

0.04966095

0.72000078

0.03227066

0.15416260

1.98841239

0.04775567

0.21923563

2.74714388

0.05199045

0.23769159

2.97680427

0.05298483

0.24254834

3.04760990

0.05339632

0.24479767

3.08374039

O|O|N[oOT| D W N>

0.05361941

0.24605864

3.10431198

10

0.05373998

0.24674534

3.11551222

In the second case, we put

estimates

an:

gm(N) =

2"1 2"); by=0; ¢ =
Then h, =22 " and Dy(n) =22 2" =

v

12
Zhn’

nVimk .

ha ™

(Visk , + JVizk,)

Go(Nn)

g1(n)

g2(n)

0.01053705

0.03900872

0.25604647

0.00803949

0.03232572

0.20823404

0.00918685

0.04001027

0.26050865

AWM |5

0.01731354

0.06254085

0.31047510

0.02703484

0.09081994

0.38322695

0.03470397

0.11393049

0.45332569

0.03842154

0.12515299

0.48902544

0.03968640

0.12889298

0.50080214

0.04006793

0.12997263

0.50403188

OO N OO

=

0.04018614

0.13028430

0.50487509

Remark.
(14)

v

thm;K h

for m=0;1;2 and for all v 2 H3(a; ¢) if and only if

ijjz;l K =0:

IN 1D 113

2! "= Zhp, sothat p=1. In Table 1, we

Table 1

22 n.

so that p = 2. In Table 2, lower

Table 2

Lemma 9 says that there exists a constantC satisfying

Ch® Mjvizk,
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This condition is equivalent to the linearity of the transform x = F,( ) and also to
the fact that Ly, is the space of polynomials of total degree two or less. Estiate
(14) is a special case of classical results concerning polymial interpolation. See
the estimate (44) in [5], Section 1.7 for example.
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