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HILLE-WINTNER TYPE COMPARISON CRITERIA FOR
HALF-LINEAR SECOND ORDER DIFFERENTIAL EQUATIONS

ONDREJ DOSLY AND ZUZANA PATIKOVA

Abstract. We establish Hille-Wintner type comparison criteria for the half-
linear second order di Lerential equation
(re(x) ™ c®®() =0, ®() = xIP2x, p>1,

where this equation is viewed as a perturbation of another equation of the
same form.

1. Introduction
In this paper we deal Wig the half-linear second order di [erkntial equation
(€] r()e(x) i c(e(x) =0,

where ®(x) := |x|P"sgnx, p> 1, and r, ¢ are continuous functions, r(t) > 0.

It is well known that the oscillation theory of (1) is very similar to that of the
second order Sturm-Liouville linear equation (which is the special case p = 2 in
1)

(r()x5 c(t)x = 0.
In particular, the Sturm comparison and separation theorems extend verbatim to
(1), see, e.g [1, Chap. 3] and [3]. This means that (1) can be classified as oscillatory
or nonoscillatory according to whether any nontrivial solution of (1) has or does
not have infinitely many zeros on any interval of the form [T, o).

In the classical oscillation criteria for half-linear equations, equation (1) is
viewed as a perturbation of the one-term di [erkential equation

@) (re(x)) =0
and (non)oscillation criteria are formulated in terms of the asymptotic properties
of the function c for large t with respect to the function r. A typical example is

2000 Mathematics Subject Classification: 34C10.

Key words and phrases: half-linear di Lerkential equation, Hille-Wintner comparison criterion,
Riccati equation, principal solution.

Research supported by the grant A1163401/04 of the Grant Agency of the Czech Academy
of Sciences and by the Research Project MSM0021622409 of Ministry of Education of the Czech
Republic.

Received August 22, 2005.



186 O. DOSLY AND Z. PATIKOVA

the Leighton-Wintner type oscillation criterion which states that (1) is oscillatory

provided 1 1
ri=9(t)dt = and c(t) dt = oo,

where q is a conjugate number of p, i.e., % + % =1

The classical Sturm comparison theorem compares the pair of equations with
coe [ciehts ¢, r and C, R pointwise, while Hille-Wintner type criteria compare in-
tegrals. More precisely, together with (1) consider the equation

® %t)‘b(xq = C(HP(x) =0.

In the case when Ct ri=9(t)dt = oo and the integral L—al’c(t) dt converges, the
half-linear version of the Hille-Wintner type comparison theorem says that if
Ld

4) 0= c(s)ds < C(s)ds for large t

t t
and (3) is nonoscillatory, then (1) is nonoscihlitory as well, see [10] and also [3,
p. 206]. Concerning theﬂmplementary case ri=4(t) dt < oo (which is treated
in [11]), denote p(t) := ri=d4(s) ds and suppose that c(t) = 0, C(t) = 0 for large
tIf

t

L L
(5) c(s)pP(s)ds = C(s)pP(s)ds < oo
t t
for large t, then nonoscillation of (3) implies that of (1).
In this paper we follow the idea introduced in [2, 4, 5] and applied e.g. in
[13, 14]. We investigate (1) not as a perturbation of one-term equation (2), but as
a perturbation of the general (nonoscillatory) equation of the same form as (1)

|
(6) r()exy [E]+ tHP(x) = 0.
We compare oscillatory properties of (1) and (3) under the assumption

@) 0= %&s) —C(s) %]p(s) ds < %](s) —t(s) %Ip (s)ds < oo,
t t

where h is the so-called principal solution of (6). If €(t) = 0, then this principal
solution is either-h(t) = 1 or h(t) = p(t), depending on the divergence/convergence
of the integral ri=d(t) dt. Consequently, (7) reduces to (4) or (5) if €(t) = 0.

2. Preliminaries

In this section we first point out the relationship between nonoscillation of
equation (1) and solvability of the Riccati type first order di[erential equation

® wH () + (p— Dri~d(@w|® = 0.

Let x be a solution of (1), then the function w = r®(x7x) solves the Riccati
equation (8) and it is well known (see [3, p. 171]) that equation (1) is nonoscillatory
if and only if there exists a solution of (8) on some interval of the form [T, co).
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Next we recall half-linear version of the so-called Picone’s identity (see [9] or [3,
p. 172]), which, in a modified form as needed in our paper, reads as follows. Let
w be a solution of (8), then for any x [CI

@  r®XP —c®XP = WE)IxPP) = prii(tP |%‘l‘_l(t)XD- qJ(X)W('C)I:,I

where
P q
(10) P(u,v):=%—uv+%20
with the equality P (u,v) =0 if and only if v = ®(u).
Concerning the function P, we will need its quadratic estimates which are given
in the next statement whose proof can be found e.g. in [6].

Lemma 1. The function P (u,V) defined in (10) satisfies the following inequalities
1 1
P(u,v) = §|u|2_p v — tD(u)l;| for p=2,

1
P(u,v)s%|u|2_pv—qb(u)l;| for p=2,ug0.

Futhermore, let T > 0 be arbitrary. There exists a constant K = K(T) > 0 such
that

_, L (o]
Pu,v)=KJu?Pv—0o@) " for p=2
,_ O Gl
P(u,v) = K|ulP v—o(u) for p=2,

and every U,V satisfying Elu) T

Now we derive the so-called modified Riccati equation which plays the crucial

role in the proof of our main result. Let x [CCI' be any function and w be a solution
of the Riccati equation (8). Then from Picone’s identity (9) we have

(11) (WIXIP)"= X = cIx|P — pri~d|x|PP (@~ (wx), W),

where wy = ro(x7x) and @1 is the inverse function of ®. At the same time, let
h be a (positive) solution of (6) and wy, = r&(hZh) be the solution of the Riccati
equation associated with (6), then

L] ]
(12) (Wn[xP)"= rix TP —Ex|P — pri~dxPP & (wx, wp)

Substituting x = h into (11), (12) and subtracting these equalities we get the
equation (in view of the identity P (®~(wp), wn) = 0)

(13) (W —wn)hP)"+ (¢ = E)hP + pri=hPP (@~ (wn),w) = 0.

Observe that if ¢(t) = 0 and h(t) = 1, then (13) reduces to (8) and this is also the
reason why we call this equation the modified Riccati equation.

Finally, let us recall the concept of the principal solution of nonoscillatory equa-
tion (1) is introduced by Mirzov in [12] and later independently by Elbert and
Kusano in [7]. If (1) is nonoscillatory, as mentioned at the beginning of this sec-
tion, there exists a solution w of Riccati equation (8) which is defined on some
interval [T, o0). It can be shown that among all solutions of (8) there exists the
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manimal one W (sometimes called the distinguished solution), minimal in the sense
that any other solution of (8) satisfies the inequality w(t) > W(t) for large t. Then

the principal solution of (1) is given by the formula
—1

1 [
X = Kexp ri-as)e=t w(s) ds

i.e., the principal solution X of (1) is a solution which “produces” the minimal
solution W = rd(X/X) of (8).
3. Hille-Wintner type comparison theorem
The main result of our paper is the following statement.

.
Theorem 1. Let ri=a(t) dt = co. Suppose that equation (6) is nonoscillatory
and possesses a positive principal solution h such that there exist a finite limit

(14) t@&momo¢%%f£:L>o

and 1 .

(15) H—ft15 = oo.
r(h2(t) hi(t) ™

Further suppose that 0 < Lt—OL C(s)ds < oo and
] _ O] o
(16) 0= c(s) —¢(s) hP(s)ds < C(s) —¢(s) hP(s)ds < oo,
t t

all for large t. If equation (3) is nonoscillatory, then (1) is also nonoscillatory.

Proof. As we have already mentioned before, to prove that (1) is nonoscillatory,
it is su [cieht to find a solution of associated Riccati equation (8) which is defined
on some interval [T, o0). This solution we will find (using the Schauder-Tychonov
theorem) as a fixed point of a suitably constructed integral operator.

By our assumption, equation (3) is nonoscillatory, i.e., there exists an eventually
positive principal solution x of this equation. Denote by w := rd(x7x) the solution
of the associated Riccati equation

W C() + (p— Dri~d(n)lwl® = 0.

From the previous section, with (1) replaced by (3), i.e., with ¢ replaced by C, we
know that the modified Riccati equation

(W — wn)hP)+ (C —B)hP + pri=9hPP (@~ (wh),w) =0

holds, where h is the principal solution of (6) and w, = r®(h/7h) is the minimal
solution of the Riccati equation corresponding to equation (6). By integrating we
get
an

=l

=
hP(wh, —w)|} = %](s) —T(s) Ehlp(s) ds+p
T

] ]
ri=4s)P rithHwa(h) ds.
.
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Since I__'°!’r1_q(t) dt = 0 and 0 < ?’C(s) ds < oo, w solves also the integral
Riccati equation (see [3, p. 207])
ik =

w)=  C(@Eds+(-1)  ris)w(s)ds,
t t

and therefore w(t) = 0 for large t. Hence - -
hP(Wh — W)[F < hPwh (t) + hP w(T) — wn(T)
and letting t - oo in (17) we have (with L given by (14))
1 1 L1 L]
L+hP w(T)—wn(T) = C(s) —€(s) hP(s)ds
T g’
1— D—l O t
+p r~~9s)P ri *h5wae(h) ds.
T

Since P (u,v) = 0 and (16) holds, this means that
L ] .1 ™
(18) riI 9P ri i)ht), w(t)d h(t) dt< oo.

Now, since (14), (16), (18) hold, frorr[1:$l7) it foIIov%that there exists a finite limit
tIim hP(t) w(t) —wnh(t) =:B

and also the limit

oow() . hP()w() _ L+p
49 L wn® TR Rewn T L
Therefore, letting t — oo in (17) and then replacing T by t, we get the equation
1 1 L] L]
hP(t) w(t) —wh(t) —B = C(s) —¢(s) hP(s)ds
(20) L k

] ]
+p ri=a9s)P r¢thSwa(h) ds.
t

Since (19) holds, according to Lemma 1 there exists a positive constant K such
that O] O]
Ko™ (Wn) P P(W —wn)* <P & H(wh),w
and hence

Kri=9hPwi™2(w — wh)? < rt=9hPP I%al—l(wh), WI:L ri=ap I?fll—lhﬂ,wqa(h)lz.l

Now, using the fact that w2 = ri=2(h)2~PhP~2, we get the inequality

K NEN ]
— — —_ hp
F(OR2(0) D) iz w(t) — wh(t) hP(t)
_ (i ]
(21) < ri 9P I r)hr), w(t)d(t) .

Denote G(t) = r~(t)h=2(t) I%!%t) li—"Lp, then the last inequality after integrating
over [T, oo) reads
G

HEE] ] N ] ]
K G(t) w(t)—wn(t) hP(t) “dt< riaP ri i(hHt), wt)d(h(t) dt.
T T
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[
By (1%We have I__‘JG(S) ds - oo ast - oo. Thisimplies that f = lim¢_, - hP(t) w(t)—
wh(t) =0 since if B £ 0, we have

nin| ]
G(t) w(t) —wn(t) hP(t) “dt = oo,

S . Ll Ll . .
which, in view of (21), implies that ri=4p ri=1htwd(h) dt = oo and this
contradicts (18). Consequently from (20), we get the integral equation

] 1 L1 L]
(22) hP(t) w(t) —wp(t) = C(s) —¢(s) hP(s)ds
t g’
3 ] J
+p ri=as)P rithtwa(h) ds,
t
and this equation we use in constructing the integral operator whose fixed point
is a solution of (8) which we are looking for.
Define the function set U and the mapping F by

U ={u [T, o0) : wy(t) < u(t) < w(t) for t [T, o)},

where T is su Lciehtly large,
_ L ] _ ]
F(u)(t) = wn(t) + h™P(D) c(s) —€(s) hP(s)ds
= t - -
+p ri=9(s)hP(s)P & L(wp),u ds
t

Observe that the set U is well defined since w(t) = wp(t) for large t by (16) and
(22). Obviously, U is a convex and closed subset of the Frechet space C[T, o)
with the topology of the uniform convergence on compact subintervals of [T, oo).
Denote H(s) := % —®~1(wp)s. Then H{s) = = 1(s) —d~1(w) = 0 for s = wy,.
This means that P (®~(wp), u) is nondecreasing in the second variable and hence
if wh(t) < ui(t) < ux(t) < w(t), t []T, 00), we have F(up)(t) = F(uz)(t) for
t [T, oo).

Next we show that F maps U into itself. To this end, it is su [cieht to show
that wp (t) < F(wh)(t) < F(u)(t) < F(w)(t) < w(t) for large t. IV%Ihave

_ 1] L]
F (Wh)(t) = wn(t) + h™P(1) c(s) —€(s) hP(s)ds = wp(t)
t

and, at the same time, using (16) and (22) (suppressing the argument t)
(IR (N

F(w)=wh+hP (c—0)hP +p riI=9hPP (@ 1 (wph), W)
Ty o
<w,+hP (C—0)hP+p ri=9hPP d (wp),w
t t
=w.

Let T; > T be arbitrary. As wn(t) < F(u)(t) < w(t) for u [0 and wh,w
exist on the whole interval [T, co), the set F(U)|r 1,; is bounded. Next we show
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that this set is also uniformly continuous. Let u [0 be arbitrary, € > 0, and
1, t , T1], without a loss of generality we may suppose that t; < t,. Denote
1, t LI, Ty] the 01 g ty y suppose.

f(t) ;= c(t) —T(t) hP(t) + pri~9®)hPEP &1 wu(t) ,u(t) ,
theﬂ_i)y the monatonicity of P in the second argument

] B - NN
f(s)ds < c(t) — ER)hP (L) + pri 9P d 1(wn(t)),w(t) dt=:R
T T

and hence
[F(u)(t2) —F (U)(t1)||_§°L|Wh(t2) — Wh(t1)]

+H () fs)ds—hPt)  F(s) dsE
t2 E Ijo 11 g}
= |wh(t2) — Wn(ty)| + HP(t2) f(s)ds —h7P(ty) f(s)ds
t:

Cd gl "
+h™P(ty) f(s)ds — h™P(t1) f(s)ds

t2 t go |rt_L
< [Wh(t2) =wn(ty)] + [n7P(t2) —=h7P(t2)]  F(s)ds+h7P(t))  f(s)ds

< [Wh(t2) —wn(t)] + | P(2) —hP(t)]  F(s)ds+hP(t)) F(s)ds
T tl
Since wp, is continuous, there exists 8; such that |wh(t2) — wn(t1)| < § provided
[t — t1] < 3. Similarly, as h™ is continuous, there exists §; such that [h™P(tz) —
h™P(t)| <II§ if [t — t1] < 8. Finally, for R := sup; 1,1 h7P() there exists 33
such that  * f(s)ds < fﬁ provided [t; — t;] < 3.
Altogether,

F)(t) - FE)®)I < 5+ 3eR+ Rz =¢
if [tz — t1] < min{81, 82, 83}. Hence F (U)|r 1,3 is uniformly continuous.

It is obvious that F is a continuous mapping and using the Arzela-Ascoli the-
orem, F(U) is relatively compact subset of C[T, o). Now, from the Schauder-
Tychonov fixed point theorem follows that there exists v [Ul such that v = F (v).
Hence v satisfies the modified Riccati integral equation

] ] B — Ol o .
hP(t) v(t)—wnh(t) = (c(s) —cT(s)hP(s)ds+p rr~9(s)P ri"h5vd(h) ds.
t t
By di[erkntiating one can see that v satisfies the modified Riccati equation (13)
and hence v solves also (8). This implies that equation (1) is nonoscillatory and
the proof is complete. 1

As an immediate consequence of the previous theorem we have the following
statement.

Corollary 1. Let the assumptions of Theorem 1 be satisfied. Then the oscillation
of equation (1) implies that of (6).
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1

Corollary 2. Letr(t)=1,CT= tlp, where § = p;—l , i.e., (6) is the generalized
Euler equation with the critical coefficient

C1 4§
(23) oy T+ t—pd)(y) =0.
If equation (3) is nonoscillatory, ,~ C(s)ds =0 for large t, and

- Ld g O
(24) 0< c(s)— = sP7lds < C(s)— = sPlds< oo
t sP t sP

for large t, then (1) is also nonoscillatory.

Proof. The function h(t) = %% is the principal solution of (23) (see [8]),

lim h@yo(htn) = lim %" l%%t—% e _pla @1,

p
and b dt Oy G bd g
h2@hi)y—2  p-1 t
Since all remaining assumptions of Theorem 1 are obviously satisfied, the state-
ment follows from this theorem. 1

Remark 1. (i) The assumptions ri=4(t) dt = oo and (14), (15) are used in the

proof of Theorem 1 to prove that V‘\’,‘;((?) - last - oo and this fact is then used
in the quadratization of the function P and the proof that w(t) > wy(t) for large
t. It is an open question whether Theorem 1 can be modified in such a way that it
remains to hold ﬂthout themassumptions. Also, the assumption of convergence
of the integrals C(t)ds, €(t) dt is natural in view of the Leighton-Wintner
oscillation criterion mentioned at the beginning of the paper since equation (3)
and (6) are supposed to be nonoscillatory.

(ii) If €(t) = 0, no function of the form P appears in the proof of Hille-Wintner
type theorem (this proof follows essentially the linear case, see [3, p. 171]) and
hencqilﬂis statement can be proved without assumptions (14), (15). If we suppose
that ri=9(t)dt = oo, then h(t) = 1 is ij principal solution of one-term equa-
tion (2), i.e., wy = 0 and the assumption .~ c(s)ds = 0 (see (4)) ensures that the
minimal solution of (8) satisfies w(t) = 0. This means that the crucial requirement
w(t) > wn(t) (to coql_sguct the set U) is satisfied Withﬁt assuming (14). A similar
situation we have if r'=9(t)dt < co. Then h(t) = [ r'~9(s)ds is the principal
solution of (2) and wp(t) < 0. The inequality w(t) > wy(t) is then ensured by the
assumption c(t) = 0 since this assumption implies w(t) > wy(t) by the comparison
theorem for minimal solutions of Riccati-type equations, see [3, p. 234].

(iii) In Corollary 2 we have used Euler equation (23) as “unperturbed” equation
(6). Another example of the nonoscillatory equation which can be used at this place
is the half-linear Euler-Weber di [erential equation (an alternative terminology is
Riemann-Weber equation, see [15])

Ll 1 Gl
p

(25) (®(xY) ™+ ?ip +

Y
tPlog? t

N =

o(x) =0, ¢:=
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However, the principal solution of this equation is not known explicitly and only
its asymptotic estimate is known, see [8, 15]. This fact suggests the idea to replace
the assumption that h is a principal solution of (6) by the assumption that h is
a function close to this solution, in a certain sense. This idea is a subject of the
present investigation.

(iv) The fact that equation (25) is nonosciligtory suggests,a specification of
Corollary 2, namely, we will take C(t) = t™P Jt+¢log 2t in this statement.
Then we get the following statement which is a modification of [4, Theorem 2].

Corollary 3. Suppose that

Ld =
— X P
Ost c(s) Sps ds < oo
for large t. If
b 3 [
A P bt
Iogtt c(s) sPS ds<¥ 2 7

for large t, then equation (1) is nonoscillatory.
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