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ON THREE EQUIVALENCES CONCERNING
PONOMAREV-SYSTEMS
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Abstract. Let {Pn} be asequence of covers of a space X such that {st(x; Pn)}
isanetwork at x in X foreach x [Xl. Foreachn [Nl letPy, ={P : L[Ah}
and A, be endowed the discrete topology. Put M = {b=( n) O, A\ :
{P .} forms a network at some point x, in X }andf : M —- X by choosing

f (b) = xy, for each b [CM . In this paper, we prove that f is a sequentially-
quotient (resp. sequence-covering, compact-covering) mapping if and only if
each Py, is a cs™=¢over (resp. fcs-cover, cfp-cover) of X . As a consequence of
this result, we prove that f is a sequentially-quotient, s-mapping if and only
if it is a sequence-covering, s-mapping, where “s” can not be omitted.

1. Introduction

A space is called a Baire’s zero-dimensional space if it is a Tychono [=product
space of countable many discrete spaces. In [9], Ponomarev proved that each first
countable space can be characterized as an open image of a subspace of a Baire’s
zero-dimensional space. More precisely, he obtained the following result.

Theorem 1.1. Let X be a space with the topology T = {Ppg : f [CA}. For each
n [N, put Ap, = A and endow An the discrete topology. Put Z = My d\n, Which
is a Baire’s zero-dimensional space, and put M = {b = (B,) 4 : {Pg,} forms
a neighbourhood base at some point x, in X}. Define f : M —- X by choosing
f(b) = x, for each b [CM. Then

(1) £ is a mapping.

(2) T is continuous and onto.

(3) If X is first countable, then f is an open mapping.

Recently, whileggneralizing thePonomarev’s methods, Lin ([6]) introduced Po-
nomarev-systems f, M, X,{Pn} as in the following definition.
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Definition 1.2.

(1) Let P = [Py : x X} be a cover of a space X, where Py C(B)x ={P [1
P :x [PI}. P is called a network of X ([8]), if for each x [l with U open in X,
there exists P [P such that x [Pl U] where Py is called a network at x in X.

(2) Let {Pn} be a sequence of covers of a space X. {Pn} is called a point-star
network of ﬁ[?]), if {st(x,Pn)} is a network at x in X for each x [X, where
st(x,P)= {P [P:x [PI}.

(3) Let {Pnh} be a point-star network of a space X. For each n [N, put
Pn ={Pg : B AL} and endow A, the discrete topology. Put M = {b = (Bn) [
Mnmd\n © {Pg,.} forms a network at some point x, in X}, then M, which is a
subspace of the product space Ny A\n, is @ metric space and X, is unique for each
b M. Define #§ M —- X bychoosing f(b) = Xy, then f is a continuous and
onto mapping. f, M, X,{Pn} is called a Ponomarev-system ([7, 10]).

| |
In a Ponomarev-system f,M, X,{Pn} , the following results have been ob-
tained.

Theorem 1.3 ([6, 7, 10]). Let l%l M, X, {Pn} I:lbe a Ponomarev-system. Then the
following hold.

(1) If each Py, is a point-finite (resp. point-countable) cover of X, then f is a
compact mapping (resp. s-mapping).

(2) If each Py, is a cs"~tover (resp. cfp-cover) of X, then f is a sequentially-
quotient (resp. compact-covering) mapping.

Take Theorem 1.3 into account, the following question naturally arises.
Question 1.4. Can implications (1) and (2) in Theorem 1.3 be reversed?

In this paper, we investigate the Ponomarev-system l%l M, X, {Pn} I:Itiej;mswer
Questti_e]n 1.4 a [rmhtively. We also prove that, in a Ponomarev-system f, M, X,
{Pn} , T is a sequence-covering mapping if and only if each P, is an fcs-cover.
As a consequence of these results, f is a sequentially-quotient, s-mapping if and
only if it is a sequence-covering, s-mapping, where “s” can not be omitted.

Throughout this paper, all spaces are assumed to be regular and T1, and all
mappings are continuous and onto. N denotes the set of all natural numbers, {xn}
denotes a sequence, where the n-th term is xn. Let X be a space and let A be
a subset of X. We cgh-that a sequence {xn} converging to x in X is eventually
in Aif {Xn : n > kj—{x} CAlfor some k [N. Let P be a famijy of subsets of
X and fetx [X. P, st(x,P) and (P)x denote the union {P :P [H}, the
union {P [A:x [P} and the subfamily {P [A : x [P} of P respectively.
For a sequence {Pn : n [CNI} of covers of a space X and a sequence {P, : n [N}
of subsets of a space X, we abbreviate {P, : n [N} and {P, : n [N} to
{Pn} and {Pn} respectively. A point b = (Bn)n mof a Tychono [=product space is
abbreviated to (), and the n-th coordinate 3, of b is also denoted by (b).
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2. The main results

Definition 2.1. Let f: X — Y be a mapping.

(1) f is called a sequentially-quotient mapping ([1]) if for each convergent se-
qguence S in Y, there exists a convergent sequence L in X such that f(L) is a
subsequence of S.

(2) T is called a sequence-covering mapping ([4]) if for each convergent sequence
S gonverging to y in Y, there exists a compact subset K of X such that f(K) =
S {y;

(3) T is called a compact-covering mapping ([8]) if for each compact subset L
of Y, there exists a compact subset K of X such that f(K) = L.

Remark 2.2. (1) Compact-covering mapping = [Seglience-covering mapping =1
(if the domain is metric) sequentially-quotient mapping ([6]).

(2) “sequence-covering mapping” in Definition 2.1 (2) was also called “pseudo-
sequence-covering mapping” by Ikeda, Liu and Tanaka in [5].

Definition 2.3. Let (X, d) be a metric space, and let f : X — Y be a mapping.
f is calleg—q m-mapping ([9]), iffor each y [YI and for each neighbourhood U of
yiny,d fi(y), X —f1(U) >0.

Remark 2.4. (1) For a Ponomarev-system I%!M,X,{Pn}l,:lf M — Xis a
m-mapping ([7, 10]).

(2) Recall a mapping f : X —- Y is a compact mapping (resp. s-mapping), if
f~1(y) is a compact (resp. separable) subset of X for each y YL It is clear that
each compact mapping from a metric space is an s- and m-mapping.

Definition 2.5. Let P be a cover of a space X.

(1) P is called a cs™¢over of X ([6]) if for each convergent sequence S in X,
there exists P and a subsequence S™of S such that S™is eventually in P.

(2) P is called an fcs-cover of X ([3]) if for each sequence S convergingltié in
X, there exists a finite subfamily P of (P)x such that S is eventually in P

(3) P is called a cfp-cover of X ([7]) if for each compact subset K, there exists
a finite fanlu'i—l{Kn : n < m} of closed subsets of K and {P,, : n < m} [Plsuch
that K = {K;: r|1:|s m} and eacl%I Kn [P

ma 2.6. Let f,M,X,{Pn} bea Ponomarev—systelm;alnd let U= (MNnmthn)
M, where ', AL for each n [CN. Then f(U) C—KPg : B [Tk} for each
k [N

Proof. Let b = (Bn) [0 and let k I:Nl.lipen {Pg.} forms a network at
f(b) in )l(—_ar|1d Bk k. So f(b) B, —I{Pg : B Ik} This proves that
f(U) CXPpg:B IZEIIE{ -
Theorem 2.7. Let f,M,X,{Pn} be a Ponomarev-system. Then the following
hold.

(1) £ is a compact mapping (resp. s-mapping) if and only if Py, is point-finite
(resp. point-countable) cover of X for each m [N

(2) T is a sequentially-quotient mapping if and only if Py, is a cs"=¢over of X
for each m NI
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(3) f is a compact-covering mapping if and only if P, is a cfp-cover of X for
each m [N

Proof. By Theorem 1.3, we only need to prove necessities of (1), (2) and (3). Let
m [N

(1) We only give a proof for the parenthetic part. If Py, is not point-countable,
then, for some x [X, there exists an uncountable subset Iy, of Ay, such that
Fm = {B LBm: x [Bg}. For each B [Hm, put Ug = ((Mh<mAn) > {B} x
(Ma>mAn)) M. Then {Ug : B [COn} covers F71(x). If not, there exists ¢ =
(yn) CH1(x) and ¢ MU for each B [, SO Ym Oy, Thus X A, from
construction of 'm,. But x = f(c) [P, from Lemma 2.6. This is a contradiction.
Thus {Ug : B [Ty} is an uncountable open cover of f~1(x), but it has not any
proper subcover. So f~1(x) is not separable, hence f is not an s-mapping.

(2) Let T be a sequentially-quotient mapping, and let {xn} be a sequence con-
verging to x in X. Then there exists a sequence {bx} converging tﬁlin M
such that f(bx) = Xn, for each k CN. Letb = (Bn) C{lhmd\n) M. We
claimthat the subsequence {Xn,} of is eventually in Pg,. In fact, put
U= (Mh=mNn) X {Bm}>* Mh=mAn) M, then U is an open neighbourhood of
b in M. So sequence {bx} is eventually in U, hence sequence {Xn, } is eventually
in f(U). f(U) P, from Lemma 2.6, so {Xn, } is eventually in Pg_,. Note that
Bm A, s0 Pg,, [Ph. This proves that P, is a cs™¢over of X.

(3) Let T be a compact-covering mapping, and let C be a compact subset of X.
Then there exists a compact subset K of M suqh_—tl?at f(K)=C. Foreacha [K,
put Uz = ((Mnh<mAn) % {(&m} % (Mh>mAn)) M, where (a)m LAl is the m-th
coordinate of a, then U, K is an open (in subspace K) neighbourhood of a. So
there exists an eeep (in subspace K) neighbourhood V, of a such that a [\, [
Clk(Va) [T} K, where Clk (Va) is the closure of V4 in subspace K. Note that
{Va : a [CK} is an open cover of subspace K and K is compact in M, so there
exists a finite subseqﬁaz, ...,as} of K such tha_t]{vai =1, isa fini[t_e]
cover of K. TF&% [ﬁ/ai) : iEI_ 1,2,...,s = Iﬁzﬁand SO T Cl(Vy,)
i=12...,s =f C!E(Vai : tI: 1,2,...,s = f(K) = C. For each
i=1,2,...,s put C; =T Clk(Va,) . Since %Vai) is compact in K, C;j is
compact in C, so C; is closed in C, and Cr—y {Ci :1=1,2,...,s}. For each
i=12...5s C = f(Clk(Vy)) [X(Us, K) CE(Uy), and T(Uy,) [Play,,
from Lemma 2.6, so C; [P},;y,,. Note that (aj)m [Am, SO Pa;),, [Pm. This
proves that P, is a cfp-cover of X. 1

]
By viewing the above theorem, we ask: in a Ponomarev-system f, M, X, {Pn} ,
what is the su [cieht and necessary condition such that f is a sequence-covering
mapping? We give an answer to this question.

C1 1
Theorem 2.8. Let f,M, X,{Pn} be a Ponomarev-system. Then f is a sequence-
covering mapping if and only if each P is an fcs-cover of X.

Proof. Su [ciehcy: Let each P, be an fcs-cover of X, and let S = {xn} be
a sequence converging to x in X. For each n [N, since P, is an fcs- ,
there exists a finite subfamily F, of (Pn)x such that S is eventually in  Fp.
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Noteﬁi&} S —5 is finiteﬂere exists a finite subfamily G, of P, such that
S— Fn [LIGh. PutFn Gn ={Pp, : Bn [ITh} where Fnjs a finite subset
of An. For eﬁpn%, if Pg, [Bh, put Sg,, = (S Iﬁn) {x}, otherwise, put
Sg, = (85— Fn) Pg,. Itiseasy toseethatS = B [T SBn and {Sg, : Bn [
M} is a family of compact subﬁrlof X.

Put K={(Bn) (M n: ,mep. 2 0 Then
Claim 1: K and f(K 1 -

Letb=(Bn) LK, then | ySp, 8 LPicky L1, Sp,.. theny L gy Pp.,-
Note that {Pg, : n [N} forms a network at y in X if and only if y 1 Pg.-
Sob [M and f(b) =y This proves That K [CM and f(K) [CS]
Claim 2: S [F{K).

Lety [SI For each n [N, pick B, [Tk such thaty [Sk,. Putb = (Bn), then
b [K and f(b) =y. This proves that S [T{K).

Claim 3: K is a compact subset of M.

Since K and My n is @ compact subset of My f\n. We only need to
prove that K is a closed subset Ofﬂl b n. 1t is clear that K I\, b . Let
qiﬂin) [(Mnmhn — K. Then | S, = L1There exists ng such that

h=no S, = LAPut W = {(yn) M n : yn = B”IE n < ng}. Then W is
open in Mudn and b [CW. It is easy to see that W K = [So K is a closed
subset of Mp o n-

By the above three claims, f is a sequence-covering mapping.

Necessity: Let f be a sequence-covering mapping and let m [CN. Whenever
{xn} is a sequence converging topx-ip X, there existsa-epmpact subset K of M
such that f(K) = {x, : n [N} {x}. Since f1(x) Kisa cqmpgqct subset of
M, there exists a finite subset {a; : i = 1,33,5} of f~1(x) K and a finite
open cover {U; : i =1,2,...,s} of f‘l(x):Vr, where for each i = 1,2,...,s,
Ui = ((Mh<mAn) % {(@)m} % (Mh=mAn)) M is an open neighbourhood of a;,
and (aj)m [CAl, is the m-th coordinate of a;. By Lemma 2.6, x = f(a;) [CF{U;) [
P@im [Pm)x for each i = 1,2,...,5—We only need to prove that sequence
{xn} converging to x is eventually in  {Pe,),, : 1| =&%...,s}. If not, there
exists a subsequence {Xn,} of {Xn} such that xn, M 1{Pe,,, : i =1,2,...,s}
for each k [CN. That is, for each k [N and each i = 1,2,...,s, Xn, I Pa;),,-
For each k [N, we pick by K such that f(bk) = Xn,. If for some k [N and
somei=12,...,s, b [, then xn, = f(bk) CIH(U;) [Py, from Lemma 2.6.
This is a contradictign-—po by [LU; for each k [Nand each#=1,2,...,s. Thus

{bx :k (N} CKI-— {U;:i=1,2,...,s} Notethat K— {U;:i=12,...,s}
isa comqait-lmetric subspace, there exists a sequence {by; } converging to a point
b[K— {Uj:i=1,2,...,s} Thusb IFri(x), so f(b) & x. On the other hand,

{f (bk;)} converges to f(b) by the continuity of f and {f(by;)} = {xnkj } converges
to x, so f(b) T This is a contradiction. So sequence {xn} converging to X is
eventually in - {Pe,y, :1=1,2,...,s}. —1
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3. Some consequences

cs™~tover and fcs-cover are not equivalent in general, but there exist some
relations between cs™~¢over and fcs-cover.

Proposition 3.1. Let P be a cover of a space X. Then the following hold.
(1) If P is an fcs-cover of X, then P is a cs"~tover of X.
(2) If P is a point-countable cs™¢tover of X, then P is an fcs-cover of X.

Proof. (1) holds from Definition 2.5. We only need to prove (2).

Let P be a point-countable cs™¢over of X. Let S = {x,} be a sequence
converging to x in X-—gince P is point-countable, put (P)x = {Pn : n [NI}. Then
S is eventually-in, _, Pn for some k [N. If not, then for any k [N, S is not
eventually in  _, Pn. So, for each k [N, there exists x,, [CSI— | _, Pn. We
may assume Ny < Ny < -+ < Nk—1 < Nk < N1 < . Put SP={x,, : kK [N},
then SUis a sequence converging to x. Since P is a cs™~¢over, there exists m [N
and a subsequence S™of Stsuch that S™is eventually in P,,,. Note that P, ().
This contradicts the construction of S* —1

Corollary 3.2. Let I%I M, X, {Pn} I:tl)e a Ponomarev-system. Then the following
are equivalent.

(1) f is a sequentially-quotient, s-mapping;

(2) f is a sequence-covering, s-mapping.

Proof. Consider the following conditions.
(3) P, is a point-countable cs™¢tover of X for each n [N
(4) Py, is a point-countable fcs-cover of X for each n [N
Then (1) C@)knd (2) CL@)Ifrom Theorem 2.7 and Theorem 2.8 respectively.

(3) CI_@Ifrom Proposition 3.1. So (1) CI ()] —1

Can “s-” in Corollary 3.2 be omitted? We give a negative answer for this
qu?ﬁbn. We call a family D of subsets of a set D is an almost disjoint family if
A B is finite whenever A,B O, A E B.

Example 3.3. There exists a space X, which has a point-star network {Pn}
consisting of cs™~¢overs of X, but Py, is not an fcs-cover of X for each n [N

Proof. Let X = {0} [{1/n: n NI} endow usual subspace topology of real line
R. Let n [N, we construct P, as follows.

Put A, = {I/k : k > n}. Using Zorn’s Lemma, there exists a family Ap
of infinite subsets of A, such that A is an almost disjoint family and maximal
with respect to these properties. Then A, must be infinite (jp-fgct, An must be
uncountable) qﬁpenote it by {Pg : B CALW}. Put B, ={Ppg {0}:B CAL}, and
put Ph =B, {{1/k}:k =1,2,...,n}. Thus P, is constructed. We only need
to prove the following three claims.

Claim 1: {Pn} is a point-star network of X.

Let x LU with U open in X. If x = 0, thenthee exists m [N such that
Am U1 Itis easy to check that st(0,Pm) = An {0}. So 0 [s1(0,Py,) U1 If
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X = 1/n for some n [N, then st(1/n,Py,) = {1/n}. So 1/n [st(1/n,P,) Ul
This proves that {Pn} is a point-star network of X.

Claim 2: For each n [N, Py, is a cs™=¢over of X.

Let n CNIand let S = {xx} be a sequence converging to x in X. Without loss
of gpneqalization, we can assume S is nontrivial, that is, the set L = {Xxx : k [
N} An is an infinite subset of A, and the Iir‘q'ﬁ int x =0. If L CAL, itis clear
that S has a subsequence is evqniulally inL {0} B, CPhL. If L TA,, then
there exists B LAl such that L Pg is infinite. Otherwise;L LA, by maximality
of An. Thus S has a subsequence is eventually in Pg {0} [CBL [Ph. So Py is
a cs"~tover of X.

Claim 3: For each n [N}, P, is not an fcs-cover of X.

Let n [Nl If Py, is an fcs-cover of X, then, for sequence {1/k} converging to 0
in X, there gxist Pg,,Pg,,...,Pp, [An and some m [N such that Am = {1/k:
k>m} C_KPpg, :i ﬁ,...,s}. Since An i@initqiif:k BLCA,—{Bi:i=
1,2,...,s}. Then Ay, Pg is infinite, and Ibeﬂl |42_|_=5—|IiI{PBi i=1,2,. ..I—si|80
there exists i [{1,2,...,s} such that A, Pp Pg, isinfinite. Thus Pg Pp; is
infinite. This contradicts that A, is almost disjoint. So Py, is not an fcs-cover of
X.

Thus we complete the proof of this example. —1

Remark-3.4. Let X apg {Pn} be given as in Example 3.3. Then, for Ponomarev-
system f,M, X,{Pn} , T is sequentially-quotient from Theorem 2.7 and Claim
2 in Example 3.3 (note: f is also a m-mapping from Remark 2.(1)), and f is not
sequence-covering from Theorem 2.8 and Claim 3 in Example 3.3. So “s-” in
Corollary 3.2 can not be omitted.

Remark 3.5. Recently, Lin proved that each sequentially-quotient, compact map-
ping from a metric space is sequence-covering, which answers [6, Question 3.4.8]
(also, [2, Question 2.6]). Naturally, we ask: is each sequentially-quotient, T-
mapping from a metric space sequence-covering? The answer is negative. In fact,
let ¥ be a mapping in Remark 3.4. Then f is a sequentially-quotient, T-mapping
from a metric space M, but it is not sequence-covering.
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