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NATURAL WEAK FACTORIZATION SYSTEMS

MARCO GRANDIS  AND WALTER THOLEN Y

Dedicated to Ji Rosicl/ at the occasion of his sixtieth birthday

Abstract. In order to facilitate a natural choice for morphisms create d by
the (left or right) lifting property as used in the de nition of weak factoriza-
tion systems, the notion of natural weak factorization syst em in the category
K is introduced, as a pair (comonad, monad) over K?2. The link with existing
notions in terms of morphism classes is given via the respect ive Eilenberg{
Moore categories.

1. Introduction

Weak factorization systems (; R) play a key role for Quillen model categories,
de ned in terms of (co brations, trivial brations) and (tr ivial co brations, bra-
tions). While the two players L and R have good stability properties undersome
colimits and limits, respectively, unlike the counterparts appearing in the orthogo-
nal factorization systems, they fail to be closed under the drmation of all colimits
and limits, coequalizers and equalizers among them. The gemal reason for that,
of course, lies in the fact that morphisms provided by the (right or left) lifting
property are not chosen naturally, even in the presence of auhctorial realization
for the system.

While the notion of lax factorization algebra presented in B] leads to a natural
extension of the presentation of orthogonal factorizationsystems as Eilenberg{
Moore algebras for the \squaring monad" on CAT (see [4], [7], [10]) it does not
give a remedy for the defect just described. This paper, thezfore, takes a new look
at what \functorial weak factorization systems" ought to be and, after a careful
recollection of the existing notions, proposes to de ne sug systems in the category
K by a pair (comonad, monad) in K2, under suitable conditions.

A rst step in the passage towards a pair of morphism classesn K is made
by considering the respective Eilenberg{Moore categoriesTheir (co)algebras are
morphisms in K that come with a (co)algebraic structure, and it is that stru cture
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398 M. GRANDIS AND W. THOLEN

that contains all information to construct \liftings" natu rally. Of course, as in all
Eilenberg{Moore categories, all (co)limits are now createl over K?. If both the
comonad and monad are idempotent, the structures become pperties, and the
approach takes us back to the traditional presentation of othogonal factorization
systems in terms of two subclasses of mét.

Those results are presented in Sections 2 and 3, and examplfslow in Section
4. These encompass the examples treated in [8]. Furthermoyeall co brantly
generated weak factorization systems in locally nitely-presentable categories are
natural, but we must leave a presentation of the rather lenghy and cumbersome
proof to a later paper.

2. Natural weak factorization systems
2.1. Morphisms (u;v): f | gin the category K? are commutative squares
_u 7

Jf’

\

f

of morphisms in the categoryK. The two projections give the (vertical) domain
and the codomain functors domcod: K2 ! K , and there is a natural transfor-
mation :dom! cod with { = f. According to [8], a functorial realization of
a weak factorization systemof K is given by a functor F: K2 | K and natural
transformations :dom! F, :F ! cod such that

domff—/é!od

commutes and, for allf 2 obK?2,

f 2LF =fgj9s: g=s g; g s=1g;

f 2Rp =1gj9p: g=9g pip ¢=10:

Now, (Lg;Rg) is indeed a weak factorization system (wfs) ofK in the sense
of [1], and any wfs (;R) that admits a functorial realization ( F; ; ) (so that all
properties above are satis ed, withLg, Rg traded for L, R) necessarily satis es
L = Lg, R = R (see Theorem 2.4 of [8]). These data provide for every morphaim
f a commutative diagram

Lf Rf
Flds e IE Rf

Lf rf RFE

%
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where we have writtenLf for ¢ (considered as an object oK?), and Rf for ¢,
and where 1, gt have splittings s, p with

(1) U =S ; u S=1; rr =t p;pP ri =1:

Unfortunately, these splittings (that are used for constructing \liftings") need to
be chosen each time and add a non{constructive aspect to theation of functorial
realization of wfs.

2.2. The natural transformation in 2.1 is equivalently described by a functor
L: K2 1K 2 with

(2) domL =dom ; codL = F; L =

Now may be described by a natural transformation : L ! 1x2 with

(3) dom =1 gom; cod = ;
explicitly, ¢ is the commutative square
1
A —"—1
f f
Ff —/

Likewise, when we present as a functorR: K2 | K 2 with
4) domR = F; codR =cod ; R = ;
then may be presented as a natural transformation : 1x- ! R with
(5) dom = ; cod =1 ¢oq;
hence, ¢ is the commutative square
A —Ikt

f

B /g

Now, let us suppose that there is a natural choice for the spttings s; p satis-
fying (1). Hence, we suppose that there are natural transfomations : F ! FL,
:FR! F with

(6) L = ;L =1¢; R=p ; R =1f:

Equivalently, and can be described by natural transformations : L ! LL
and : RR! R with

(7)

dom =1 gom; cod = ; L =1 .;
cod =1 oq; dom = ; R=1x:
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Explicitly,  and ¢ are respectively the commutative diagrams

A —=>—Ip FRf ——/f¢
f Lf Rf f
Ff — " JELf B—=/f

It seems natural to assume that {; ; )and( R; ;) actually form a comonad
and a monad onK?, respectively, so that in addition to (7) one has

L =1 .; L =L ;
(8) R=1Rr; R = R
Alternatively, in addition to (6) one requires
) F(la; 1)  =1ff; v =FQ@a; ) £,
f F(f;18)=1Fs; f rt = t F(F;1e):

This leads to the De nition 2.4 below, for which the followin g setting is consid-
ered.

2.3. Let CAT=K be the 2{category whose objects are functors with values irK,
whose arrowsF : U! 'V are commutative triangles
A B

u o V
K

of functors, and whose 2-cells are natural transformations : F ! G with V =

1y. Amonad (T; ; )on U in CAT=K is simply a monad (T; ; )on A in CAT
with UT = U, U =1y, U =1y. A comonad onU in CAT=K is described
analogously.

De nition 2.4. A natural weak factorization system (natural wfs)in a category
K is a pair (L;R) such that
(1) L=(L; ;) isacomonadondom in CAT=K,

(2) R=(R; ;)isamonadon codin CAT=K,

(3) codL =domR; cod = R; dom = L .
From our discussion in 2.1, 2.2 one sees immediately:
Proposition 2.5.
() Let us be given a functorF : K? | K and natural transformations
dom! F; :F ! cod; F1 FL; "FR! F;

(where L;R : K2 | K 2 respectively represent; as in 2.2). If =
:dom ! codand (6) holds, then (F; ; ) is a functorial wfs (with a
natural choice of splittings).
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(i) There is a bijection between natural wfs(L;R) = (L; ;; R; ;) onK;
as in 2.4, and systems(F; ; ;; ) as in (i) which satisfy = and
the conditions (6), (9). Given a natural wfs (L; R), one de nes the system:

F :=codL =domR; :=dom ; :=cod ; :=cod ; :=dom
Conversely, given such a system, one de nes the associatedtaral wfs as in 2.2.
2.6. For a natural wfs (L;R), let L, and Rr denote the Eilenberg{Moore cate-
gories ofL and R, respectively. Hence, an object inL| is a pair (f; (i;s): f ! Lf)
such that

£ (i:s) I £

1,.°
[ ]

o (i;s) ‘ f

foo | f — JLf
f L(i;s)

commutes inK?. Since necessarily = 1, with 2.5 we can simply write
obL, =f(f:A! B;s:B! Ff)j ¢=sf, 1 s=1g; t s= F(1a;s) sg;

a morphism (u;Vv): (f;s) ! (g;t) in L is a morphism (u;v): f ! gin K? which
satisest v = F(u;v) s. Hence, objects inL_ are, in the setting of 2.1, simply
morphisms of Lg (see 2.1) that come with agiven splitting s which, in addition,
must be compatible with the (co)multiplicative structure o f L; morphisms of L
must respect the given splittings.

Similarly one obtains
OobRr=f(f:A! B;p:A!l Ff)j +=fp;p t=1a;pt=p F(p;18)0;
with morphisms (u;v): (f;p) ! (9;0 in Ry satisfyingu p=q F(u;v).

Corollary 2.7. Let (L;R) be a natural wfs ofK. Then, in the notation of 2.1
and 2.2, every morphismf : A! B factors as

with (¢; ) 2 L. and ( ¢; ) 2 Rr. Furthermore, for all (f;s) 2 L. and
(g;0 2Rrand(u;v): f | gin K?, there is a naturally chosen diagonal morphism

w as in
AL/Q

W o~

f 9

B ——'b

namely: w = g F(u;v) s. If K has colimits (resp. limits) of a given type, then
L. (resp. RR) also has them, formed as ink?.

Proof. The forgetful functors L, ' K 2 and Rr! K?2 create colimits and limits,
respectively.
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3. Orthogonal factorization systems

3.1. Recall that an orthogonal factorization systemin a category K may be given
by a pair (L; R) of classes of morphisms oK, both closed under composition with
isomorphisms, such thatKk = R L,andforallf 2L;g2R and (u;v):f ! gin
K 2 there is a unique morphismw with wf = u and gw = v.

Equivalently, it may be described by a functor F: K2 ! K with FE =1¢ and

F(;f)2L%:
F(f; 1)2R} :

fgj F(g;1)isog;
fgjF(1;9) isog

(see Theorem A of [7]); hereE : K! K 2 is the full embedding with A 7! 1,, and
the morphisms (1;f), (f; 1) stem from the generic factorization

ik
(LA ) o 7“-’_:91;)15 )

1 ——-

Ef =(f;f ) he

in K2, foreveryf : A! B inK.

Note that such a functor F gives rise to a natural wfs, with ; = F(1;f), ¢ =
F(f; 1) and ;, ¢ bothisomorphisms. Since orthogonal factorization systers are
weak factorization systems ([2], [1]), one has !l = L and Rt = Rf.

Theorem 3.2. Orthogonal factorization systems ofK are equivalently described
as those natural wfs(L;R) for which L and R are idempotent. In this case the
Eilenberg{Moore categoriesL| and Rgr are equivalent toLg and R, considered
as full core ective and re ective subcategories ofK?, with F as in 2.5.

Proof. It is clear that an orthogonal factorization system gives rise to a natural
wfs (L;R) with L, R idempotent, see 3.1. Conversely, having such a natural wfs,
in the notation on 2.5 one has , iso. In order to be able to apply Theorem A
of [7], we just have to showFE = 1; in fact, it is su cient to show FE = 1«
(see 2.2 of [7]). Hence, we must show that for every objed in K, the morphisms
= 4, andr = ,, areisos (see 2.6 of [8]).

To this end, one considers the morphismlIf 14): 15 ! r in K? and notices that
F (I; 1a) is iso since 1, is iso (by (9) of 2.2). Now we factor (; 1a) as

i l;
1A(1A ) 1/ (kr) V:

By idempotency of R and L, we may assume | = 1g and , = 1g (with
B = F1a), so that an application of F to the factorization of (I; 1) leads to the
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following commutative diagram

A— I I
| | 1g
F1asl) /B F(lr) /é
r 1s r
At — I
Now one has:
' r=F(0r) I r (commutativity of )
=F(;r) F@a;l) (commutativity of )
= F(l;1a) (sincer 1=1,)

Hence,l r is an isomorphism, and then bothl, r must be isos.

Remarks 3.3. Here are three related open problems.

1. The proof of 3.2 uses idempotency of both players of the natal wfs (L;R).

We do not know whether idempotency of one of them implies idemotency of the

other.

2. Inawfs (L;R), one class determines the other. We do not know if, for a natral

wfs (L;R), L and R determine each other.

3. Are there distinct natural wfs inducing the same functorial wfs, that is: do there

exist distinct natural wfs (L;R), (L%R9 with (in the notation of 2.5) F = F©,
= 9 = O%put 6 %or 8 @

4. Examples

4.1. In a categoryK with binary products, everymap f : X ! Y has a well-known
graph-factorization

(20) f= 1+ f=phyfi:X! X YI Y,
where p; is the second projection of the cartesian product.

Dually, in a category K with binary sums, a map f : X ! Y has acograph-
factorization

(11) f= ¢ ¢=[f1li.: X! X+Y! Y;

where i, is the rst injection of the sum and ; =[f;1]: X + Y ! Y has co-
components ¢ ip=1f, ¢ i2=1y.

Plainly, both factorizations are functorial. Furthermore , they can be made into
natural wfs, by dual procedures: below, we describe the send, which, whenK is
lextensive [3], leads to the weak factorization system (comduct injections, split
epimorphisms), recently considered in [9].
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For the rst, it is well-known that, when K = Set Lg coincides with the
class of split monos, which amounts to the injective mapping except the empty
embeddings in non-empty sets, whileR ¢ contains all the surjective mappings and
empty inclusions.

Proposition 4.2 (The cograph factorization). Let K be a category with binary
sums. The cograph factorization of a map, recalled above ifiL1), can be made into
a natural wfs, so that, if K is lextensive, the maps oL ; Rg can be characterised
as coproduct injections and split epimorphisms, respectigly.

Proof. The cograph factorization is functorial, with

F:K2IK ;
(12) FE: X! Y)=X+Y,; F (uv):f! g =u+v;
and the natural transformations ; de ned above, in (11). In order to make it

into a natural wfs, let us de ne the following two natural tra nsformations, related
with the factorization of Lf = i; and Rf =[f; 1] displayed in the diagram below

cF ! FL;

(13) : _ fi[i-]_;.i.g].:-XI'FY! X+X+Y; .
:FR! F; ¢ =[inigia i X +Y+Y ! X +Y;
X ————— X X+Y X+Y

is is fi15iz] 1
X+Y —IIxX+x+Y X+Y+Y —Ix+y
1 liasigsiz] [f; 1,1] [f; 1]

X+Y X+Y Y =—Y

The last axiom (9) is easily veri ed.
Let now K be lextensive [3], and let us proceed to characterise the sebr; R .
In the left diagram below

X f My x i1/Y1 Yo
a4) | AR I N P |
X ey x —y Y —Y

the morphism s decomposes as a surg; + s2: Y1+ Yo ! X + Y;and f is the

composition of a mapg: X ! Y; with the injection; but this g is an isomorphism,
since the previous diagram restricts to the central diagramabove; thus,f : X | Y

is a coproduct-injection. One easily sees that arl-coalgebra is precisely a pair
(f;s) as above, since the last condition, ; s = F(1x;s) s, is automatically

satis ed. Moreover, taking into account the right diagram above, s is determined

by the injections f : X ! Y andj,: Y2 ! Y. Therefore, anL-coalgebra can be
equivalently described as a pair of mapsf(: X ! Y;f% X% Y) which are the

injections of a sum-decomposition ofy .
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Finally, in the diagram

Iy

J

X ge
Jt
|

the map t must be of the form [1x ;t9, with ft® = 1y, whence Rg coincides
with the set of split epis (and this holds in an arbitrary category K). Again, an
R-algebra is just such a pair €;t), which amounts to a splitting ft%=1y .

4.3. We consider now two dual factorizations of a functor, for the category CAT
(cf. [6], I, 1.12)

(a) First, we can factor an arbitrary functor f: X ! Y through the comma
category Ff = (f #Y); via a left adjoint right inverse i and a functor q
(16) X _oo—’lp_/(f #y) Ik gi=f  (ap);
@7 ix)=(xfx;L:fx ! fx); qix;y;b:fx ! y)=vy;
X;y; b fx ! = X; D 1x = pi;
18) POy y) x =P

Uil ler "y = (o) (5T D (XY

(b) Dually, we can also factor an arbitrary functor g: Y I X through the comma
category Gg = ( X #g), via a right adjoint right inverse j and a functor p

(19 Y 00 x #g) i Pi=g  (@al);
(20) i) =(ay;y;1:gy! ay); px;y;b:x ! gy)= x;
1) qix;y;b:x! gy)=y; ":qj=1y;

tleg ! A ey = (BiLy) (YR (9y3yidgy)

We prove below that these factorizations can be made into natral wfs. If f a g;
then we can identify (f #Y) with ( X #g), and nd a factorization of adjunctions;
the latter is not functorial on the category of adjunctions, but on a suitable double
category of functors and adjunctions (see [5], 3.5) in a sesswhich will be dealt
with in a sequel.

4.4, Let us construct a natural wfs for the factorization 4.3(a), through (f #Y)
(the other can be obtained by duality). With the previous not ation, we have a
functor

F:CAT?| CAT; F(F:X 1 Y)=(f #Y);
(22) F((uyv): f ! g:Ff! Fg;
F(u;v)(x;y;b: fx I y) = (ux;vy;vb: vix = gux! vy);
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and a functorial factorization, de ned by the natural trans formations:

:dom! F; =X (F#Y);
(23) :F ! cod, f=q:(f#Y)! Y,
= :dom! cod:
First, the functor Lf =i: X ! (f #Y) factors as follows through the comma

category FLf = (Lf #(f #Y)), whose general object is of type X% x;y;a: x°!
x;b:fx 1 y)
Lf =(RLf) (LLf ): X ! (Lf #(f #Y))! (f #Y);
(24) LLF (x) = (XXX 5 15 Lix ) 5
RLf (x%x;y;a: x%! x;b:fx ! y)=(xy;b:fx | y):
The natural transformation |, related with the previous factorization of Lf , is
de ned as:

(25) :F! FL; s (F#Y)!D Lf #(f #Y) ;
sy b fx oy =(xxy; b fx Uy,
X _ X
Lf:i‘ ‘LLf

(fF #Y) —(LF #(f #Y))
1 RLf
(f #Y) (f #Y)

Second, we factoRf = q: (f #Y)! Y through FRf = (q#Y), whose general

object is of type (x;y;b: fx | y;y%P:y! y9,

g= Rf =(RRf) (LRf): (f #Y)! (q#Y)! Y;

(LRE)(x y;bifx boy)=(xy;brfx boysy;liy !l y);

(RRf )= Rqg: (q#Y)! Y ;

(RRE)(Gy;b: fx 1y ¥yt y9 =y,
and we de ne the natural transformation , related with the previous factorization
of Rf

(26)

27 FR! F; fr(Q#Y)! (f #Y);

1) ()xy;bifx oy yoPiyl vy =(xyS%bb:fx I y9;
(f #Y) = (f #Y)
LRf 1
(q#Y) —I(f #Y)

RRf ‘ ‘q

Y:Y
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Verifying the remaining axioms is straightforward, if long.
Proposition 4.5.  This structure de nes a natural wfs.

Proof. We will use various comma categories, among which

C=(f #Y); Co=(g#Y9;
(28)
C%®=(Lf #C);  C%%(LLf #C%;

writing their projections as follows

p:C! X; q:C! Y; 1:C! Y?;

p% Ccor X©; % Cc%1 YO, 10.co1 ve.
(29) pOO COO! X 00. qOO COO! C: ] 00_ COO! C2 .

P:Co9 Xx: Q:Ccoq oo : Cog coa.

Computing the components of the transformations introduced above (in 4.4)
quickly becomes heavy and confusing. Therefore, let us notthat the functor F

de ned above is determined as follows by the projections oC%= (g # Y9:
(30) p° F(u;v)=up: (f #Y)! X% o F(uv)=vg: (f #Y)! YO,
10 F(u;v)= vl tvfp ! vq (vfp = gup):

Again, the natural transformation ¢ is determined by the projections of C%=
Lf #(f #Y) :
p® s =p:(f #Y)! X; g% ¢ =1:(f #Y)! (f #Y);
(10 )0y fx boy) =10 (xfx ;1) (xy;b);
and also the last equation can be made free of components, reiing it as:
(32) p 1% =1,; q! % =1:fp! q;
(which amounts to using the 2-dimensional universal propety of the comma (f #
Y)).
Now, to test the condition F(1x; ) = 1g; we use the projectionsp;q;!
of (f #Y), together with the characterisation (30) of the functors of type F (u; V)
P F(x; ) + =p%¢ =p=p It ;
q F(Ix; ) ¢ = 1d%¢ =a=q L ;
I F@Ax; ) 1= ¢! =qP¢ =1 =1 1
Similarly, to verify that ; f = F(Ax; ¢) ¢:Ff ! FLLf , we use the
projections P; Q; of C9%0%= FLLf = LLf #(Lf #(f #Y)) , further replacing
with its projections p°° ;g% (as in (32))
P Fx; )t =p"%c=P  1;
Q F(Ix: 1) 1= ¢ = +=Q it 1;
P F(lx; ) ¢ = pPs! 0 =pl ¢ =1,=2p0 ¢ = p% 5 g
o0 F(x; 1) s =010 =10, =g%0 ¢

(31)
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We end with verifying the remaining two conditions of (9) on . For the rst:
f (FCosI)OsysD=( 1) s (x)yib =( )X 15y b)
=(x;y;b):
For the second, after computing
a (RA#Y) L (q#Y);
(Qy;bifx 1oy yoPry !l yoy®pt yor yoy
=(x;y;b:fx 1y yoRPH: y 1 y99;
we have (working on components):
(r Qcy:bysy% Ry = ( 1)(xy; b y® )
= (X y0%0: fx ! y%;
t POy bySEyRPy = (1)« (xy:bySB);yRue
=( )X y% by = (x; yO BPHb: fx ! yOY:
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