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SYMPLECTIC SPINOR VALUED FORMS AND INVARIANT
OPERATORS ACTING BETWEEN THEM

SVATOPLUK KR YSL

Abstract. Exterior di erential forms with values in the (Kostant's) s ym-
plectic spinor bundle on a manifold with a given metaplectic  structure are de-
composed into invariant subspaces. Projections to these in variant subspaces
of a covariant derivative associated to a torsion-free symp lectic connection
are described.

1. Introduction

While the spinor twisted de Rham sequence for orthogonal spi structures is
well understood from the point of view of representation theory (see, e.g., De-
langhe, Sommen, Sowek [4]), its symplectic analogue seearto be untouched till
present days. In Riemannian geometry, a decomposition of $por twisted de Rham
sequence (i.e., exterior di erential forms with values in basic spinor bundles) into
invariant parts is well known. Suppose a principal connectbn on the frame bundle
of orthogonal repers (of the tangent bundle) is given. It induces in a canonical way
a covariant derivative on di erential forms with values in t he basic spinor bundles.
In this case, it is known, which parts of the covariant derivatives acting between
the spinor bundle valued forms are zero if we restrict it to aninvariant part of the
sequence. Namely, the covariant derivative maps each invént part only in at
most three invariant parts sitting in the next gradation (so me degeneracies on the
ends of the sequence could be systematically described). Bymplectic geometry,
the rst question which naturally arises is, what are the spinors for a symplectic
Lie algebra. This question was successfully answered by Beam Kostant in [14].
He o ered a candidate for symplectic spinors. We will call these spinorsbasic
symplectic spinorsand denote their underlying vector spacesS. and S . They
are analogous to the ordinary orthogonal spinors in at leastwo following ways.

First, they could be found in a symmetric algebra of an isotropic sub-
space, while the orthogonal spinors could be found in amxterior algebra
of certain isotropic subspace.

The paper is in nal form and no version of it will be submitted elsewhere.
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Second, the highest weights of the basic symplectic spinorare also half
integral like the highest weights of orthogonal spinors (bah with respect
to the usual basis of the dual of an appropriate Cartan subalgbra).

Unlike the orthogonal spinors, the symplectic ones are of imite dimension,
thus not so easy to handle.

The main results of this article are the decomposition of thespinor twisted de
Rham sequence in the symplectic case and a theorem, which saghat the image
of each covariant derivative (associated to a symplectic tosion-free connection
and restricted to an invariant subspace) lies in at most three invariant subspaces,
i.e., a similar theorem to that one, which is valid in Riemannian geometry. To
derive the rst mentioned result, we need to decompose the ddinary exterior
forms into irreducible summands over the symplectic Lie algbra { a procedure,
which is well known. We also need to know, how to decompose ansor product
of such irreducible summand and the basic symplectic spinomodule S, . This
was done by Britten, Lemire, Hooper in [2] and by Britten, Lemire in [3] even
in a more general setting. To derive the second result (the dgcription of the
image of the covariant derivative), we need one more ingredint. In particular, we
should know, how to decompose a tensor product of the de ningepresentation
V of the symplectic Lie algebra and each in nite-dimensional represente\l}ipn of
the symplectic Lie algebra, which is an irreducible summandn the space 'V
S. These irreducible summands belong to a broader class of imite dimensional
modules over a symplectic algebra, so callethigher symplectic spinor modules
which are also known as harmonic spinor representations inhe literature. To
describe the decomposition of the tensor product of the de iing representation
and the mentioned irreducible summand, we shall use a theore which was derived
by the author in [15].

Investigation of the decomposition of the twisted de Rham conplex for meta-
plectic structures has been motivated by a search for symplgic analogues of an
(orthogonal) Dirac operator and its generalizations, whit naturally appear in the
twisted de Rham sequence in the orthogonal setting. Namelit is known that the
Dirac, Rarita-Schwinger and twistor operators could be fownd in the twisted de
Rham sequence for an orthogonal spin structure. The sympldic Dirac operator
has been found by B. Kostant, see [14], and and has been studientensively by
many authors, see, e.g., Habermann [7], Klein [12] and Kadikowa [10]. We will
recover all of these operators (Dirac, Rarita-Schwinger ad twistor) in a more sys-
tematic way by an investigation of invariant di erential op erators appearing in the
symplectic spinor twisted de Rham sequence for metaplectistructures. No de ni-
tion of the symplectic Rarita-Schwinger operator within mathematics is known to
the author. In physical literature, there are some referenes to symplectic Majo-
rana elds or symplectic Rarita-Schwinger elds, see Reute [17] and Green, Hull
[6], in the context of super-gravity of strings.

In the algebraic part of this article (part 2), some basic and known facts on
higher symplectic spinor modules and decomposition of the ®ntioned tensor prod-
ucts are written (Lemma 1, Theorem 1, Theorem 2). Besides thee theorems, the



SYMPLECTIC SPINOR VALUED FORMS 281

rst main result (the decomposition of the symplectic spinor twisted de Rham se-
quence) is described (Lemma 2) together with the theorem onhlie decomposition
of the tensor product of the de ning representation and a higher symplectic spinor
module (Theorem 3). In this part, an information on intersection of g-modules is
written (Lemma 3). Third part of this article is the geometri cal one. It contains
a general lemma on an image of a covariant derivative (Lemma Yand the second
main result (Theorem 4), namely the characterization of theimage of a covariant
derivative associated to a torsion-free symplectic connéion.

2. Higher symplectic spinor modules

Let (V;!) be a complex symplectic space of complex dimension;2 2 N. Let
G = Sp(V;!') ' Sp2l; C) be a complex symplectic group of ¥/;!) and g =
sp(V;!) ' sp(2l; C) its Lie algebra.! Consider a Cartan subalgebrah of the
symplectic Lie algebra is given together with a choice of pasve roots * of the
system of all roots . The set of fundamental weights f$;gl_, is then uniquely
determined. For later use, we shall need ap orthogonal basigvith respect to the
Killing form on @), f gl , for which $; = }:1 jfori=1;:::51

For 2 h ,letL( ) be the (up to a g-isomorphism uniquely de ned) irreducible
module with the highest weight . If happens to be integral and dominant (wr.
to the choice (; *)), i.e., L( ) is nite dimensional, we shall write F( ) instead
of L( ). Let L be an arbitrary ( nite or in nite dimensional) weight modul e over
a complex simple Lie algebra. We callL module with bounded multiplicities if
there is ak 2 Ng, such that foreach 2 h, dimL k, whereL is the weight
space of weight .

Let us introduce the following set of weights

n X 10
A= = i$i] 1 1+2 (+3>0; i 2Np; i=1;:::;1 1;|ZZ+§
i=1

De nition 1.  For a weight 2 A, we call the moduleL( ) higher symplectic
spinor module. We shall denote the moduleL( 3$) by S; or simply by S and
the module L($| 1 §$ 1) by S . We shall call these two representationshasic
symplectic spinor modules

The next theorem says that the class of higher symplectic spior modules is
quite natural and broad in a sense.
Theorem 1. Letg' sp(2l;C) and 2 h . Then the following are equivalent
1) L( ) is a module with bounded multiplicities;

2) L( ) is a direct summand in the completely reducible tensor produ S
F ( ) for some integral dominant 2 h ;

3) 2A.

Proof. See Britten, Hooper, Lemire [2] and Britten, Lemire [3].

1Di erent choices of the symplectic form lead to isomorphic s ymplectic groups and algebras.
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V.
In this paper, we shall rst study the irreducible decomposition of spacgs 'v

irreducible modules. In the symplectic case (contrary to the orthogonal one), the
wedge powers are not irreducible generically. This decomsition is well known
and we state it as Lemma 1.

Lemma 1. Let V be the2l dimensional de ning representation of the symplectic
Lie algebrasp(V;! ), then

Al 72
A F($i 2p)
p=0
for i =0;:::;1, where[q] is the lower integral part of an elementq?2 R.

Proof. See Goodman, Wallach [5], pp. 237.

In the next theorem, the decomposition of the tensor productof an irreducible
nite dimensional sp(V;! )-module and the basic symplectic spinor modulesS is
described.

P
Theorem 2. Letg' spl2l;C) and = ::1 i$ iP2 h be an integral dominant
weight for (h; *). Letusdene asetT := ::1 di ijd 2 No; ::1 d 2
2Z;0 d ii=1;:::1 1,0 d 2,+1 . Then
M 1
F() S= L( §$|):
2T

Proof. See Britten, Lemire [3], Theorem 1.2.

V.
We use the two last written claims to decompose the tensor prducts 'V
Ig, for i = 0;:::;1. We shall introduce the following con\'@ntion. For a weight
[ ; Ay |
izy i%i,weshallwrite (1 2::: |)brieyinstead of L( ., i$i).

Lemma 2. The following decompositions hold:

For2i+1 | 1,
20+l 21 i1 1 1
\Y S’ \Y S 10:::0 = 0010:::0 > e 0:::01%i+1 0:::0 >
3 3 3
0:::01 = 010:::01 — 0:::0150:::01 =
2 2 2
For2i | 1,
Ri 2l 2i 1 1
\Y S \Y S 0:::0 > 010:::0 > 0:::010:::0 =
10:::01 = 0010:::01 = 0:::01p 10:::01 §
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For | even,
7\
1 1 1
\ S' 0:::0 = 010:::0 = 0:::010 0::::::0=
2 2 2
10:::01 § 0010:::01 § 0:::0101 - 0:::02 §:
2 2 2
For | odd,
n 1 1 1 1
\% S' 10:::0 = 0010:::0 = i 0:::010 =) (0:::0=
2 2 2 2
0:::001 § 010:::01 § N 0:::0101 § o0 0:::02 §:
2 2 2 2

Proof. Since! : V VI Cis a non degenerateg-invariant bilinear form, it
giyes ag-module isomorphismV ' V . Thus the decomposition of the product
'V Sis equivalent to the decomposition of 'V S. For obtaining a further

isomorphism, choose a symplectic basise; ng|=1 of (V;!) and de ne a mapping

A A i

\% VI C
fori =0;:::;2 on homogeneous elements by a formula(vy  ::: " vj;wg oo ?
Wy i)=: q2 C;ifandonlyif gg”™:::"ey = vitiiAvitwi MM wy , where
Vi;iinVis Wil wy ;2 V. Obviously, one extends the de nition by linearity.

Since the symplectic groupG = Sp(V;! ) is a subgroup of the special linear group

SL(\<)1 we have (g\\ﬁ; gw) = gvh gw=det(glv* w= v~ w= (v;w) for each

v2 '"Vandw2 % 'Vandg2 SpV;!), ie., the mapRing  is,Sp(V; ! )-
(

and alsosp(V;! )-invariant in the\;{ppropriate manners. Thus 'V 3 ! V),
which is naturally isomorphic to 2y which is in turn isomorphic to 2y,
Thus we need to decompose the spaces' V. Sfori = 0;:::;1 only. After a

straightforward but tedious application of Lemma 1 and Theorem 2 we would get
the decompositions written in the statement of this lemma.

For sake of brevity, let us introduce the following notation. First, let us de ne
a nite subset of pairs of non-negative integers.
= f(i;j)ji =055 =0 ig[f (p))ji=1+21;::5;2) =0;:::;20 ig:
Further, let us de ne
Eoz = 0:::0 3,(0;2))2 f (L1);(1 1y,
Eopzj+1 = 0:::01 3 ,(0;20+1) 2 f (51);(;1 1),
Eoiop = 0:::010:::0 % c@2i20)2 f (D@1 1)g,
Ezi+1;2 = 0:::0150:::01 % ,i+1;21)2  f (1)1 1),
Eaijgj+1 = 0:1:015410:::01 3, (2i;2) +1) 2 f (1);(;1  1)g,
Ezi+1:2+1 = (0 :::015+10:::0 %), i+1;2+1) 2 f (I;D);(;1 1)g,

Ey 1:= 0:::02 2, Ey =(0:::03).
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Let us remark, that a little bit more systematic way of de nin g the modulesE;;
for (i;j ) 2 would be that one, in which the basis f igl_, is used.
Using this notation, we can reformulate the lemma 2 in the folowing way
A i N M

N M
(i )2
To visualize the system described by Lemmg, 2, we display a piare for rank

| =3. The i column corresponds to the space 'V V_S and each member of a

column corresponds to an irreducible representationin ' V. Swith a displayed
highest weight.

00 1 01 3 00 1 01 3 00 1 01 3 00 1
2 2 2 2 2 2 2
10 1 11 3 10 1 11 3 10 1
2 2 2 2 2
01 1 02 3 01 1
2 2 2
1
00 -
2

In the next theorem, a decomposition of a tensor product of a lgher symplec-
tic spinor module and the de ning representation V ' F($ 1) over sp(V;!) '
sp(2l; C) is described.

Theorem 3. Letg' sp(2l;C)and 2 A. Tl\nen
L() F($1)= L():

2A

whereA = A\f + | 2 ( $i1)gand ( $,) is the saturated set of weights of
the de ning representation.?

Proof. See Kuysl, [15] or [16].

Let us remark, that the proof of this theorem is based on the socalled Kac-
Wakimoto formal character formula of Kac and Wakimoto published in [9] and
on some results of Humphreys, see [8], who speci ed results gostant from [13]
on tensor products of nite and in nite dimensional modules admitting a central
character.

In the next lemma, a property is formulated, which is valid for an arbitrary
simple Lie algebrag.

20ne can easily computethat ( $1)= f ji=1;:::;1g.
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Lemma 3. Let X be ag-module andV;W X its two g-submodules(of nite

or in nite dimension ). SupposeV = V; i1 Vaand W = W; 1@ W,
are decompositions into irreducible g-submodules. De ne a subset of the set
f1;:::;ag by the prescription| := i 2f1;:::;agj9 2fL::;bg: V' W,
Then M
VW Vi:

i21
Proof. Letus consider the projectionsp; : V! V;;i=1;::;;aandg W ! W,
j =10 ;b. Suppose, that we have de ned the prolectlonsp. also on the spaceN

in the foIIowmg way. One can easily show, that a nite direct sum of g-modules
is actually completely reducible (see, e.g., Kysl [15]). Thus there is a (generally
non-unique) g-submodule U, such that (V\ W) U = W is a direct sum of g-
modules. Therefore given anyx 2 W, we can write it as a sumx = v + u, where
v2V\ Wandu?2U,ina unlqueF;Nay E,nd de ne pi(x) := pi(v). Now, take an
elementx 2 V\ W. We havex = _; _; pi G(x) . To get a contradiction,

suppose there are elements2 | andj 2f 1;:::;bg such that p; ¢ (x) 6 0. Thus

we have ag-module homomorphismR = p qJWJ WLV, Which is nonzero.
The classical Schur lemma type argument shows thaR is an isomorphism ofW;

and V;, which contradicts the condition i 2 I .

Remark. The proof of the above written lemma does not use any informabn
about the Lie algebra over which we took the moduleX, thus it could be gen-
eralized to each module over a general algebraic structuregfoup, commutative,
associative, super-Lie algebra e.t.c.), which admits modies over itself. Let us
note, that the statement of the lemma can be improved in an eag way. To see the
weakness of the lemma, consider two nonzero equivalent repsentationsV; and
V,, form their direct sum V = V; V;, and suppose a submodul&V ' Vi ' Vy,
for which V, 8 W 6 V,, is given. Then clearlyV\ W = W (V 1V, but the
lemma gives onlyV\ W V1 V5. We will not try to improve this lemma, because
rst we shall need it only in the above written form and second the reformulation
would be a bit ine cient because of its increased length.

3. Spin symplectic geometry

We shall begin with a short observation about covariant derivatives on vector
bundle valued forms and then we are going to consider basic pscts of metaplectic
structures.

Lemma 4. Letp: F ! M be a smooth vectorvbundle equipped by a vector
bundle connectionr 7. Consider a subbundleE TM F! M for some
i=0;:::; :;dimM and a sections 2 ( M;E). Sinces could be viewed as an exterior
di erennal form with values in F; the covariant derivative d” = could be applied.
Then

il

d"s2 M;(TM E)\ TM F
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Proof. This is an easy\})_bservation. We know thats 2 ( M; Vi TM F)and
therefored” "s2 M; "' T M F . The assumptions 2 ( M;E) implies

52 (M;T M E). Summing up, we obtain d fs2  M; (TM E)\
(" T™M F).

To de ne a metaplectic structure, we will use a de nition of K atharina Haber-
mann from [7], which is quite analogous to the Riemannian cas. Now, let (Vo;! )
be a real symplectic space of dimensionl2 Let Gy be a nontrivial 2-fold covering
of the group Go = Sp(Vo;!) ' Sp2l; R), thus Gy ' Mp(2l; R) (the metaplectic
group) and x a 2:1 covering :Gp! Gep.

De nition 2.  Let (M;! ) be a symplectic manifold of dimension 2. Let p; :
P! M;Sp(2l;R) be a principal ber bundle of symplectic repers (in TM) and
p2 : Q! M;Mp(2l;R) be a principal ber bundle with a structure group
Mp(2l; R). We call a surjective bundle homomorphism : Q ! P (over the
identity on M) metaplectic structure, if the following diagram commutes.

Mp(2l;R) Q —/b%

£y
=m

Sp2;R) P —1pb

Let (M;! ) be a symplectic manifold of dimension 2. It is well known that
there is no unigque symplectic connection Symplectic connection is a torsion-free
connectionr on the tangent bundle which preserves the symplectic struatre !,
ie.,

F(rxY;2)+ 1 (Y;r x2Z)= X! (Y;2)
foreachX;Y;Z 2 ( M;TM), see, e.g., Habermann [7]. Nevertheless, we may take
any symplectic connectionr and associate to it a principal bundle connectionz” :
TP ! go. For this connection, there is a lifted connectionZ® : TQ! gv' o
on the metaplectic structure. To this connection, Z? we can associate a linear
connectionr S on the spinor bundlep:S! M. By the spinor bundle p: S! M
we mean the associated vector bundl&S := Q 5 Sto the principle Go-bundle
via the basic symplectic spinor representationS. In this way we may construct the
covariant derivative d' °. (For the correctness of this de nition, see Kashiwara,
Vergne [11], where certain globalization of the basic spinomodules to the group
Gy is described.)

For the sake of brevity, let us introduce the notation for the following associated
vector bundlesEij = Q o Eij forall(i;j)2 : Fortechnical reasons, we de ne
Eij =0if(i;j)2 .

Theorem 4. Letr be a torsion-free symplectic connection on the tangent bure
of the (symplectic) base manifold M of a metaplectic structte. Let us denote the



SYMPLECTIC SPINOR VALUED FORMS 287

induced covariant derivative for the associated sympleatispinor bundlep: S! M
by d' °: Then with the notation introduced above,

drs:(M;Ei;j)! (M;Ei+1j 1 Ei+v1j  Eis1j+1)
for all (i;j) 2

Proof. We must prove that the image is of the fgr_m described by the stéement of
the theorem. Lemma 4 (forF := S;E := Ej; 'T M Sand a connectionr S
induced by a symplectic connectionr on TM) implies, that d" °s2 ( M; (Ejj
TM "1 T M S)forasections2 ( M;E;; ). The vector bundle T M
i\ "1 T M Sisisomorphic to the associated vector bundleQ sV  Ei\
"1y S): Our strategy is to use lemma 3 to compute the inters\t;ction. Therefore
we need to nd the decomposition of the modulesV Eij and oy Sinto
irreducible summands. The latter was done in lemma 2. We shaluse theorem 3 to
decompose/ Ej; ' V Ej : There arein principle 6 forms ofEj; :L(0:::0 3);
L(0:::01 2);L(0:::040:::0 3);L(0:::0L40:::01 2);L(0:::02 2)and
L@O:: :O%). Because we will be more careful and will distinguish betwen odd and
even subscriptsi;j for the spaceE;; at the beginning of our analysis, we will be
investigating eleven cases actually.
1) For Ez;0=(0:::0 1);weobtainthat E;;o V=(10:::0 2) (0:::01
2
{ Fori=0;:::;1 1; we obtain that ((10:::0 %) (0:::01 %))\
VS (10:::0 3) (0:::01 )= Eaim; 1 Eaivio Ezienn
(the rst summand is zero by de nition). Vo
{ Fori = I; we obtain that the intersection is zero, because ?** v S
is zero. But in this case the vector spacdy. 1 Eg+1.0 E2+1:1 1S
zero, too (by de nition).
In each cases, we have obtain thaEy.o V Esi 1 Eazio Ezia
according to the statement.
2) For Ezi+1.0=(0:::01 2); we obtain that Epj+10 V =(10:::01 3)
(0:::0 3) (0:::010 3):
{ Fori=0;:::;1 2, weget((10:::01 3) (0:::0 1) (0:::010
%))\ 2+l V S= (O 220 %) (10 .01 %) = E2i+2; 1 E2i+2;0
Ei+2 .1; because the rst summand is zero (by de nition).
{ Fori=1 1;we obtain ((10:::01 3) (0:::0 1) (0:::010
NN v s=(©:::0 2)= Ea, 1 Ezo Ea;1; because the
rst and last summands are zero (by de nition).
3) For Ezi;op =(0:::0150:::0 %) (I 2 2j> 0Oisto be supposedj =0
has been already handled), we obtairEz;» V = (0:::01y 10:::0
1) (0:::015410:::0 3) (0:::010:::1 3) (10:::0150:::0 2):
{ For2i+2j< 2l the intersection ((0:::015 10:::0 %)
(0:::01541 0:::0 2) (0:::0150:::1 2) (10:::0150:::0 2))
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V..
\ PV S=(0:::0 10:::0 1) (0:::014,0:::0 3)
(0:::0150:::1 3)= Ezivaiz) 1 Ezivnizj  Eaisgigen:
{ For2i+21 = 21; we get that the intersection equals (0::: 01 10:::0
1y.
2):
In each case, we have obtained that the intersection is irEzi+1:25 1
Ezi+1:2)  Ezi+1:2j41:

The remaining cases will not be handled so carefully. We wilwrite only the
result of the appropriate decomposition and not the result d the intersection. In
each cases, one can compute the intersection like in the prsus ones and check
that the condition for the intersection to be a vector subspece ofEi+1;j 1 Ei+1
Ei+1;+1 for appropriate i;j is ful lled. We will also not distinguish between the
parities of i; j:

4) ForE=(0:::0%0:::01 %)(k> 1), wegetE V=(0:::01 ,0:::01
3) (0:::0L4410:::01 3) (10:::040:::01 3) (0:::0L40:::0 3).

5) For E= (0 :::0%0:::0 %) (k> 1), wegetE V=(0:::0% 10:::0
2) (0:::0%4410:::0 3) (10:::040:::0 3) (0:::0L0:::01 3).

6) For E=(10:::0 1); we getE V =(0:::0 %) (010:::0 1)

(1:::01 3):

7) For E=(10:::01 3);wegetE V=(0:::01 2) (010:::01 2)
(1:::0 2):

8) For E=(0:::01 3);wegetE V=(10:::01 1) (0:::02 32
(0:::0%):

9) ForE=(0:::011 2);wegetE V=(10:::011 3) (0:::02 2
(0:::010 1):

10) ForE=(0:::02 3);we getE V=(10:::02 32) (0:::011 32)
(0:::03 3) (0:::01 3):
11) ForE=(0:::01); we getE VvV =(10:::03) (0:::0 1):

The irreducible representation of g could be de ne also for the split real form
0o = sp(2l; R). The irreducibility does not change and also the decomposions
remain the same. Let us remark, that according to the result d Kashiwara, Vergne
[11], there are somel ?-globalizations of our representation to the metaplectic
group Gy and that there are also the canonically de ned ones. The deampositions
do not change if we turn our attention to the (go; K)-structure,® becauseK is
connected (see Baldoni [1]), and do not change even if we takhe appropriate
globalization (e.g., the Casselman-Wallach, i.e., the miimal one).

3k is the maximal compact subgroup of Gp ' Mp(2l; R), i.e., the -preimage of the maximal
compact subgroup K of Sp(2l; R), which is isomorphic to the unitary group, K ' U(2l).
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In the next picture, the system described by theorem 4 is disfayed for | = 3,
i.e., for metaplectic structures over a six dimensional symlectic manifold (M 8;1).

%%E%é ggo%@o%&o f;ggo

Eu%{ui&l%@l f;ggl

Having the analogous result in the Riemannian case in mind, & are entitled to
call the horizontally going operators in the rst arrow symplectic Dirac operators,
that ones going from the rst arrow down-right symplectic twistor and in the
second arrow the horizontally going onessymplectic Rarita-Schwinger operators
The horizontally going operators on the remaining arrows cald be eventually
called symplectic generalized Rarita-Schwinger operators

The further research could be devoted to other real sympledt groups, various
types of globalizations of the modules in question, to a coatinate-way description
of the operators, we have obtained, and to their analytic prgerties.
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