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A BRIEF REVIEW OF SUPERSYMMETRIC NON-LINEAR
SIGMA MODELS AND GENERALIZED COMPLEX GEOMETRY
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Abstract. This is a review of the relation between supersymmetric non-
linear sigma models and target space geometry. In particula r, we report on
the derivation of generalized Kahler geometry from sigma m odels with ad-
ditional spinorial super elds. Some of the results reviewe d are: Generalized
complex geometry from sigma models in the Lagrangian formul ation; Coor-
dinatization of generalized Kahler geometry in terms of ch iral, twisted chiral
and semi-chiral super elds; Generalized Kahler geometry  from sigma models
in the Hamiltonian formulation.
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1. Introduction

The construction of Generalized Complex Geometry (GCG), [B], [12] was moti-
vated partly by understanding generalized Calabi-Yau manfolds relevant to string-
physics. Since its introduction in mathematics, it has fourd several additional ap-
plications in physics [3]-[28]. Here we shall mainly be corerned with the special
case of Generalized Kahler Geometry (GKG) [12] and its reléion to supersym-
metric nonlinear sigma models.

The history of this line of investigation goes back to the orginal realization of
the close relation between supersymmetric nonlinear sigmanodels and complex
geometry, some twenty- ve years ago [32], [4]. The renewednterest is due to
Gualtierei's proof that the bi-hermitean target-space geanetry of Gates, Hull and
Racek [10] * may be mapped to GKG. The mapping is nontrivial, however. In
particular the sigma models are de ned in terms of super- eds transforming in
the tangent spaceT of the target spaceT, whereas the de nition of GKG also
requires the cotangent spacel . A direct relation between the sigma model and
GKG thus requires additional T -elds. Such a model is also of interest from
another point of view; the second supersymmetry of [10] onlycloses on-shell, in
general. To obtain o -shell closure additional auxiliary super elds are needed.

This sets the scene for the investigation: The problem is todrmulate a general-
ized (1; 1) nonlinear sigma model with super elds transformingin T T , require
o -shell closure and read o the ensuing target space geomey. A related problem
is that of interpreting the geometry for the manifest (2;2) models. The present
paper is a report on the results and di culties of this progra m.

As the presentation is a review, we refer the reader to the refrences for details,
but sections 2-5 present the background needed to appreciathe problem. Section
6 review results from the N = (1;1) sigma model point of view, while section 7
takes the starting point in N = (2;2) models, reporting on the recent result re-
garding coordinatization of, and the existence of a potental for generalized Kahler
geometry. Finally, section 8 contains a brief summary of therecent understanding
of generalized Kahler geometry as the target space geomatrin the Hamiltonian
formulation of the sigma model.

2. Sigma models

AN = (p; g) two-dimensional supersymmetric nonlinear sigma model i theory
of maps  from a supermanifold M P9 to a target-spaceT,
(2.1) M @ira) 71T
found by minimizing the action ~
(2.2) S= L()+ Ls;

M a

where the form of the bulk Lagrange densityL and the boundary term Lg depend
on the number of supersymmetries. The boundary term is necasry is needed to

1see also [15]
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preserve symmetries of the bulk-action in the open case? We shall be concerned
with closed sigma models in the two casedl = (1;1) and real, with®

(2.3) L()=@ E ()@ ;
and N =(2;2) and complex, with
(2.4) LC)=K( o)

In (2.3), the target space geometry enters these expressisnthrough the target
space metricG  and the antisymmetric B-eld B  in the combination*

(2.5) E () G ()+B ():

This also covers theN = (2;2) action, since reducing (2.4) toN = (1;1) com-
ponents yields special cases of (2.3), (2.5) where the metriand B - eld are given
as derivatives of the potential K (; ). We thus see that more super-symmetry
implies more restrictions on the target-space geometry. Intwo dimensions the
situation is (partly) summarized in the following table

Supersymmetry | (0,0) or (1,1) (2,2) (2,2) (4,4) (4,4)
Background G;B G G;B G G;B
Geometry Riemannian | Kahler | bihermitian | hyperlahler | bihypercomplex

Table 1. The geometries of sigma-models with di erent supersymmeties.

We shall focus on the (22) case which we now brie y describe from anN =
(1;1) superspace point of view.

3. The Gates-Hull-Ro  cek geometry

Starting from the action (2.2) with the Lagrange density (2.3), we may ask under
which conditions there is an additional left and an additional right supersymmetry

— nt " .
(3.6) =""J, D+ +"J ,D

where D are the N = (1;1) superspace covariant spinorial derivatives. In [10]
the answer to this was found to be that the target space geomey has to satisfy
the following requirements

(i) The tensors J¢ y( ) have to be complex structures, i.e.,J(2 y = 1 and
N ) =0, where N , denotes the corresponding Nijenhuis tensors.

2|n fact, there is an intricate interplay between the preserv  ation of symmetries and the possible
geometries of the sub-manifolds where the boundaries may li e (the D-branes) [1]-[17].

Swe use bosonic light-cone coordinates * and =. The double plus/minus notation is in
keeping with the 2 d notation where a spinor  has components * and

4This is a slight abuse of notation, since the metric and B- eld are the lowest components of
these super eld functions.
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(i) The tensors J¢ ( ) also have to be covariantly constant with respect to
torsionful connections,r ¢ )3 y =0where () © G H, O js
the Levi-Civita connection and H = dB.

(iii) The metric G is hermitean with respect to both complex structures,
J(t )GJ( ) = G.

(iv) The complex structures preserve the torsion, i.e.,
J( )HJ( )= J( )H.

The conditions (i)-(iv) are a consequence of invariance ofte action (2.2) under
the second supersymmetry (3.6) and of closure of the algebraf that symmetry.
It is an important fact that the algebra only closes on-shell in general. If the
two complex structures commute it does close o -shell, howeer, and there is a
manifest (2; 2) description of the sigma model in terms of chiral and twised chiral
(2; 2) super elds.

In [27], the conditions (i)-(iv) were reformulated in terms of the Poisson struc-
tures

(3.7) () Qw ING*;

a reformulation which anticipates the subsequent generatied complex geometry
description. Before we turn to the equivalence between the inermitean geometry
and the GCG, we need to brie y introduce the latter.

4. Generalized complex geometry

Generalized complex geometry is introduced in [13] and eladrated on in [12].
A coordinate formulation useful for physicists is given in p4]. Here we only reca-
pitulate a few important facts.

The basic object in the de nition of a GCG is the generalized @mplex structure
J . This is introduced in a manner which mimics the description of a complex
structure, namely as an automorphism of the sum of the tangehspace and the
cotangent space

(4.8) J:T T 71NT T
which squares to minus one

(4.9) J2= 1L
The projection operators

(4.10) ia i)
are used to de ne integrability by requiring that

(4.11) X+ ) (Y+ ). =0;
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whereX + ;Y + 2T T and the bracket is the Courant bracket de ned by®
1
(4.12) X+3Y+ o [XY]+ $x Sy éd({x {v ):

For physics it is highly relevant that the group of automorphisms of the Courant
bracket apart from di eomorphisms also includes b-ransfoms, de ned by

(4.13) X+ ) X+ +{xb;

for a closed two-formb.
As a nal ingredient, the natural pairing |, de ned by

(4.14) X+ oY+ i={x +{;
is required to be hermitean with respect toJ ;
(4.15) JUNI =1:

Note that, apart from the last condition, the de nition of an ordinary complex
structure is recovered by replacing the sum of the tangent arcotangent spaces by
the tangent space only and the Courant bracket by the Lie bra&et.
In the local basis (@;dx ), the generalized complex structure and the pairing
metric take the form
- J P 0 _ 0 1y
(4.16) J_LK’I_ldO’
where d is the dimension of the manifold and the blocks are maps betwen the
possible combinations ofT and T . A b-transform acts onJ according to
_ 10 1 0
(4.17) Jp = b 1 J b 1
To appreciate the scope of GCG, it is useful to note that ab-transform may take us
from a J representing ordinary complex geometry to one representig symplectic
geometry. Generalized complex geometry contains both type of geometries as
special cases.
An important special case of a GCG, called a generalized Kaler geometry
(GKG), is de ned in [12]. It involves two commuting generalized complex struc-
tures J; and J, and requires that the metric formed from these,

(4.18) G J 133;

is positive de nite. When J; represents the ordinary complex structure of Kahler
geometry and J, represents the Kahler form, then G is made from the Kahler
metric. It is this generalized Kahler geometry which is of interest for the sigma
models, and we now turn to that relation.

5In the presence of a closed three-form H, the Courant bracket can be modi ed (twisted) by
adding aterm {x {y H
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5. Sigma models realizations

In [12] it is shown that there is a map between the bihermiteangeometry of
section 3 and the generalized complex geometry of section 4he geometric data
J¢ 1;G; B always de nes a GKG with generalized complex structures

|

1

Jo Iy (g
!

1
)

|
(5.19) Jl;z = 1 S
2w Yoy Qn 3

) .
)y
where ! ( y are the symplectic forms corresponding toJ( y. Up to b-transforms
and di eomorphims, the inverse is also true. We emphasize tht the relation is
independent of an actual sigma model realization, closurefahe algebra etc. This
relation, however, tells us that if we add elds transforming as co-vectors of the
target spaceT we have a chance of realizing the GKG directly from a (generdted)
sigma model. To keep the physical degrees of freedom the sarae in the original
sigma model, the new elds should be auxiliary. This is also vat we expect if the
algebra of non-manifest supersymmetries is to close in theegeralized model.

In fact, if we turn to the (2 :2) models and their reduction to (1;1) we discover
some of the necessary structure. Namely, a (2) sigma model written in terms
of semi(anti) chiral super elds® X, X will contain spinorial auxiliary elds when
reduced to (3;1). This is an example of the kind of models we are looking for,
and will be discussed in more detail below. A (11) generalized sigma model with
auxiliary spinorial super elds S  transforming in T reads [23]

z
(5.20) S= d*d? S, E ()S +Ss D,
M
Here E s the inverse ofE  de ned in (2.5), but this condition may be relaxed
and S may be studied on its owen with no assumption of invertibility. The most
general ansatz for the second supersymmetry (in terms of lefand right transfor-
mations) reads

() = D J0) s p()
(s = i@ L' bps kKO +s s N
+D D MO+D s QU)
()s = ps R)I+ps z)+p D T
+S D U +D s VvO)
(5.21) +D D X()+s s y()

a considerable complication as compared to the case with nouxiliary elds (3.6)
above which contains only the rst term on the right hand side of the rst row.
The many higher rank tensors and the many di erential and algebraic equations
resulting from invariance of the action (5.20) and closure 6 the algebra, make

SIntroduced in [8].
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the general analysis cumbersomé. We next discuss some examples and some
simpli cations.

6. Examples

In this section we discuss sigma model realization of geneliaed complex geom-
etry in some examples. It constitutes a brief recapitulation of the results of [24]
and [6].

6.1. (10)! (2;0): A toy model. In [24] we study the simpler question of just
one extra (left) supersymmetry, going fromN = (1;0) to N = (2;0). The rst
case we look at is the toy modelzde ned by the action

(6.22) S= d?ds., @
M

This is a topological model, whose second supersymmetry rea
= * Dy J S: P
S. = "@ L D+S: K +5 S N
(6.23) +Ds D:i: M +D;y S Q

We show that invariance of the action (6.22) under the transbrmations (6.23) and
closure of the algebra of those transformations is equivaté to

_ J P
(6.24) J = LK
being a generalized complex structure. The higher rank tensrs in (6.23) are
expressible as derivatives of those occurring in (6.24). Hwe, in this case the
model exactly determines the target space geometry to be GCGn fact this still
holds true if we add a Wess-Zumino term, provided that the Couant bracket is
modi ed to its twisted version.

6.2. (10)! (2;0): The sigma model. The (1;0) sigma model action reads
z

(6.25) S= d?d D, S S @ S: SS E

M
where the auxiliary elds are one spinor and one vector eld. The ansatz for the
second supersymmetry is given by expressions which is are vibus modi cations
of (5.21), in particular they de ne the tensors J, P, L, K, R, T and Z.

Here the analysis of the algebraic and di erential conditions is already very
involved. In [24] we are able to show that they are satis ed fa generalized complex
geometry, and that they precisely correspond to GCG under sme additional weak
assumptions, but we fail to show that they lead uniquely to GCG.

“In [23] a solution for the transformations (5.21) respectin g certain discrete symmetries of
(5.20) was found. This solution was extended to the G =0 case in [5].
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Perhaps this is not too surprising, given the many rst order actions possible.
E.g., for the (1;1) moZdeI, the action (5.20) may be replaced by

(6.26) S= d*d?> S, E S +D, E D :

and whenE s invertible the two are equivalent (related via eld rede nitions).
There is also the question of canonical coordinates, i.e.,oordinates where the
natural pairing metric takes the form (4.16). The action (6.22) turned out to
be formulated in such coordinates, but in principle the elds in (6.25) might be
related to the canonical coordinates via a coordinate tranformationin TT T T.
One additional interesting observation made in [24] is thatthe algebraic condi-
tions for the model (6.25) may be summarized in a formula for a3d  3d matrix;

1,
R T Z
(6.27) @ J PA = 1
0 L K

This indicates that the underlying geometry of the general nodel (5.20) might be
best formulated using two copies of the cotangent space, rather than one. This
hypothesis is tested in the next example.

6.3. (L1)! (2;2) The symplectic model.  In [7] we study a special case of the
action (6.26), namelyzthe case when the target space metriG is zero, i.e.,

(6.28) S= d?d? s, S +D:. B D :

with antisymmetric and invertible. (Without the assumption of i nvertibility,
this is a (1; 1) Poisson sigma model.) We nd that the full target space geanetry
has a neat formulation in terms of 31 3d matricesdenedonM TT (T T.

T T ), where plus and minus just label two copies of the cotangenbundle. The
condition (6.27) now translates into the existence of the two commuting (almost)
complex structures

(6.29)
0 Jm p®) 0 1 0 J0) 0 =] )1
30 =@ L™ K ®) 0 A JO)=@ TO) R( ) Z()A -
TH Z %) R® LC) 0 K()
with respect to which the (degene(r)ate) \metric"
0 0 0
(6.30) G=G'=1@o0 o0 A
0 t 0
is hermitean
(6.31) Jtgy)=g; 302= 1; p®.30)1=0:

This looks a lot like the bi-hermitean geometry of section 3,only lifted to M .
Indeed, we also de ne a (torsion-free, at and diagonal) comection such that

(6.32) rJdt)=o0:
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In fact, taken into account the degeneracy due toG = 0, we do recover a lifted
version of the bi-hermitean geometry. The details may be fond in [7], here we
just note that the b-transform also arises naturally in this context; it is part of
the gauge-transformations related to the connection . It should be interesting to
extend this analysis to no-zeroG and, if possible, to elucidate the relation to
GCG.

7. The manifest N =(2;2) models

The discussion so far has been concerned with nding the resictions on the
target-space that result from requiring invariance of anN = (1; 1) action under
additional supersymmetries as well as closure of the correending algebra. When
the algebra closes it should in principle be possible to nd a(2;2) superspace
formulation. This leads to the question of what is the most geaeral (2; 2) super eld
formulation that corresponds to the (1; 1) sigma models. As may be inferred from
the preceding discussion of these models, this is tantamotirto asking how to
coordinatize ker J) ;J¢ y cokerJy ;J¢ ) using (2 2) super elds. (The reason
for this split is that we already know how to coordinatize the kernel, as mentioned
in section 3.) The mathematical problem of how to choose coatinates for this
space has been around for a long time [29] [11], but was resely only recently in
[26]. Before stating the results of that paper we have to de re the relevant (2 2)
super elds.

7.1. N =(2;2) superelds. Denoting the 2d spinorial (2; 2) covariant derivatives
by D and D , the following constraints characterize the (2 2) super elds:
Chiral , anti-chiral , (2;2) super elds are de ned by

(7.33) D =D =0:
Twisted chiral and twisted antichiral  super elds are de ned by
(7.34) D =D =Ds =D =0:

Left or right semi-chiral X_.r and left or right anti semi-chiral YL;R super elds
are de ned by [8]:

(7.35) D:X. =0 D Xg=0;
and the hermitean conjugate relations.
7.2. N = (2;2) actions and their reduction. A general N = (2;2) action
involving the elds de ned in subsection 7.1 reads
z
(7.36) S=  dd®d*K (5 ;5 5 XX XRiXR):

To compare this action to the (1; 1) action (5.20), we need to reduce it to (31)
super eld form. To this end we de ne the (1;1) covariant derivatives D and
second supersymmetry charges

(7.37) D =D +D ; Q =i(D D);
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and the (1;1) component elds

(1+i 2] X Xij L Q Xij
(7.38) (1+1i 2] Xr Xgj R+ Q+XRj;

where the vertical bar denotes setting the second fermi-cadinate, 2, to zero.
The reduction is then achieved by writing the Lagrangian as

(7.39) D?Q%K(; ;i 3 XuiXLiXeriXr)j= D?K (05 i5XLR: L 5 Re):
The set i; |;XLr, i =1;2is identi ed with the scalar elds in (5.20), while
the auxiliary elds | ; g+ still need a rede nition 8. The details of this may be
found in [25]. Eliminating the auxiliary elds then bring us to the class of sigma
models studied in [10] before we have auxiliary spinors trasforming in T .

In [10] and in [18], it is shown that precisely when the two conplex structures
commute, Py ;J¢ )] =0, there is a (2; 2) description of the sigma model in terms
of chiral and twisted chiral super elds. l.e., ker(Ju) + J¢ )) ker(Juy  J¢ ) is
precisely coordinatized by those elds. (The split of the kenel of the commutator
corresponds to the two types of elds.) This is the case when lhsemi-chiral elds

are set to zero in (7.36): ~

(7.40) S! d?d?2d?K (; ;: ):

The question of the co-kernel of the commutator now arises. d it completely
described by turning on the semi chiral elds or are there stil other (2;2) elds

needed? The answer, given in [26] is that this is indeed enobg It follows that

the full generalized Kahler geometry may be described by aalinates that are chi-
ral, twisted chiral and semi-chiral super elds and that the GKG has a potential
(K) which determines the metric and theB-eld (in a non-linear manner). A
surprising result is further that K has an interpretation as a generating func-
tion for certain symplectomorphisms. Important ingredients in this derivation are

the reformulation in [27] of the bi-hermitean constraints in terms of the Poisson
structures (3.7) and the introduction in [14] of a third Poisson structure

(7.41) =[J+;J ]G 1:
8. Recent development

In looking for the target space geometry of the generalizedigma model (5.20),
or (6.26) we face the problem of non-uniqueness of the auxdry eld coupling. In
fact, starting from the (2;2) form (7.36) we nd only a sub-class of the actions
described by (5.20). The fact that the auxiliary elds are world-sheet spinors also
doubles the number of degrees of freedom that we need to defilme the cotangent
bundle. So far these problems have prevented a complete detrination of the
target space for the action (5.20), and there are even hintshat the geometry it
corresponds to may be larger than GCG. It is thus gratifying that there exists
a Hamiltonian approach to the sigma models where these probms are largely

8As can be seen from the number of auxiliary spinors, this is no t the general case of (5.20),
however.
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overcome. Briey, the Hamiltonian for the sigma model will contain only one
\extra" eld rather than two and the form of the Hamiltonian i s essentially xed.

This development was initiated in [30], where it is shown thd there is a direct
relation between generalized complex geometry and a the Haiftonian formulation
of sigma models. This discussion is model independent, andh¢ particular case of
certain poisson sigma models has since been discussed in [9]

Recently this development was completed in [6] where we shothat generalized
Kahler geometry is precisely the target space geometry whe you require a second
closing supersymmetry in the Hamiltonian formulation. From this formulation we
also derive the correspondence (5.19) to the bi-hermiteanepmetry of [10].
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