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REMARKS ON SYMMETRIES OF PARABOLIC GEOMETRIES

LENKA ZALABOV A

Abstract. We consider symmetries on Itered manifolds and we study the
j1j-graded parabolic geometries in more details. We discuss th e existence
of symmetries on the homogeneous models and we conclude some simple
observations on the general curved geometries.

This paper follows the lecture at the Winter School "Geomety and Physics' in
Srn, January 2006. The aim is to introduce and discuss the gmmetries for the
so called parabolic geometries. The strategy is to view the @rtan geometries as
straightforward generalizations of the classical a ne structures and to extend the
notion of the a ne symmetries on manifolds in this way. The a ne structures
can be understood as reductive Cartan geometries of the rsbrder, the classical
results are expressed naturally in the language of the Carta geometries, and the
classical approach generalizes easily.

The parabolic geometries represent another special case tife general Cartan
geometries. They are of second order and never reductive. Bhsymmetries will
no more be unique in this case and we may have more than one synatny at each
point.

The parabolic geometries live mostly on Itered manifolds, but we shall deal
with the jlj-graded geometries, where the ltration is trivial and the whole struc-
ture is given by a speci ¢ G-structure in the classical senseFor this special class
of geometries, the symmetries are de ned in the same intuitre way as in the a ne
geometry. At the same time, much of the classical theory of a ne symmetries ex-
tends. In particular, the existence of a symmetry at a point kills the torsion of the
geometry at this point. In view of the nice general theory of parabolic geometries,
this already proves the local atness of the symmetric geomgies for most types
of them.

1. Basic facts

Throughout the paper we use the notation and concepts of [2] iad [7]. Never-
theless we recall some of the basic facts and notation on theapabolic geometries
below.

The paper is in nal form and no version of it will be submitted elsewhere.
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Cartan geometries. Let G be a Lie group,P G a Lie subgroup, and write
g and p for their Lie algebras. A Cartan geometry of type (G;P) on a smooth
manifold M is a principal ber bundle p: G! M with structure group P, together
with a 1-form ! 2 ( G, g) called a Cartan connection such that:

(rM) ! =Ad, :+ ! foreachh2 P
I'( x(u))= X foreachX 2 p
I'(u: Ty,G! gis a linear isomorphism for eachu 2 G.

The homogeneous modefor Cartan geometries of type G; P) is the canonical
P-bundlep: G ! G=P endowed with the left Maurer-Cartanform ! ¢ 2 ( G;0).

The third property of ! de nes the horizontal elds ! *(X) for every element
X 2 g. The curvature K of a Cartan geometry is de ned by the structure equation
and K is also given explicitly by the curvature function :G!” 2g g,

WEGY)=[XY] L[ X)) YD

If at least one of the arguments is fromp, then the curvature vanishes and the
curvature function may be viewed as : G !~ ?(g=p) g. This function is also
right-invariant, i.e.

r9=g !
for all g 2 P, where is the tensor product of the adjoint actions Ad on (g=p)
and Ad on g.

A morphism of Cartan geometriesfrom (G ! M;! ) to (G! M%19is a
principal bundle morphism ' : G ! G ®such that ' ! %= 1. In this case their
curvature functions and Osatisfy = © ' . We shall deal with the auto-
morphisms of Cartan geometries. In the homogeneous case,dte is the famous
Liouville theorem, see [6]:

Theorem 1.1. The automorphisms of the homogeneous modéG ! G=P;!g) of
a Cartan geometry are exactly the left multiplications by edments of G.

The curvature is the complete local invariant of a Cartan geanetry, see e.g. [6]:

Theorem 1.2. If the curvature of a Cartan geometry vanishes then the geonry
is locally isomorphic with the homogeneous model of the santgpe.

Cartan geometry is calledlocally at if the curvature vanishes. Thetorsion T
of the Cartan geometry is de ned by the composition of the vales of the curvature
function with the projection g! g=p. If the torsion is zero, i.e. the values of
are in ~2(g=p) p, we call the Cartan geometry torsion free. Obviously, the
homogeneous models are Cartan geometries with zero curvatel

Parabolic geometries. Let g be a semisimple Lie algebra. Thekj-grading on g
is the vector space decomposition

9=90 « % Ok
such that [gi;gj] i+ forall i andj (we understandg, =0 for jrj > k) and such
that the subalgebrag := g « g 1 is generated byg ;. We will suppose

that there is no simple ideal ofg contained in go. Each gradation of g de nes the
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ltration g=g X g Kkt o¢ = gk, whereg =  igj. In particular go
and g° =: p are subalgebras ofy and g' =: p. is a nilpotent ideal in p.

Let G be a semisimple Lie group with the Lie algebrag. Not only the choice of
the group G but also the choice of the subgroupss, P G with the prescribed
subalgebrasp a go impacts the properties of the resulting geometries. The obious
maximal choice is this one:

Go:= g2 GjAdg(g) 0 8i
P:= g2GjAdy(d) d; 8i
but we may also take the connected component of the unit in thee subgroups

or anything between these two extremes. It is not dicult to s how for all such
subgroups (see [8]):

oo
x5
~ =

Proposition 1.3. Let g be ajkj-graded semisimple Lie algebra ands be a Lie
group with Lie algebrag.
(1) Go P G are closed subgroups with Lie algebrage and p, respectively.
(2) The map (go;Z) 7! goexpZ de nes a dieomorphism Gy p. ! P.

A parabolic geometryis a Cartan geometry of type (G;P), where G and P are
as above. If the length of the gradation ofg is k, then the geometry is called
jkj-graded

The curvature of parabolic geometries. The curvature function : G !
A2g  gisvalued in the cochains for the second cohomologyt (g ;g). This group
can be also computed as the homology of the codi erential@ : ~¥*1 g g!
~kg g, where

X
@(Zo" " Zk W)=  ()MZer A Ze Zi W
|=0X .
+  (YYEzZszZir T f czZe w
i<j
forall Zg;:::;Zx2g ' ps andW 2 g.

The parabolic geometry is callednormal if the curvature satises @ =0. If
the geometry is normal, we can de ne theharmonic part of curvature, y : G !
H2(g ;g), as the composition of the curvature and the projection to the second
cohomology group.

Thanks to the gradation of g, there are several decompositions of the curva-
ture of the parabolic geometry. One of the possibilities is he decomposition into
homogeneous componentsvhich is of the form

kK
- () .

i= k+2

where (U)(X;Y ) 2 gpsg+i forall X 2 gp;Y 2 gq and u 2 G. The parabolic
geometry is calledregular if the curvature function satises () = 0 for all
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r 0. The crucial structural description of the curvature is provided by the
following theorem (see [8]):

Theorem 1.4. The curvature of regular normal geometry vanishes if and only
if its harmonic part |y vanishes. Moreover, if all homogeneous components of
of degrees less than vanish identically and there is no cohomolog;sz(g 1 0),

then also the curvature component of degreg vanishes.

Another possibility is the decomposition of the curvature according to the val-
ues:
X

- j
i= k
and in an arbitrary frame u we have ;(u)2g ~g ! gj. The component
valued in g corresponds to the torsion.

In the case ofjlj-graded geometries the decomposition by the homogeneity co
responds to the decomposition according to the values. Thedmogeneous compo-
nent of degree 1 corresponds to the torsion while the homogeius components of
degrees 2 and 3 coincide with g and ;.

Underlying structures. Let (G! M;! ) be a regular parabolic geometry. We
obtain the ltration of the tangent bundle on M by subbundlesT'M = G p ¢
such that for all sections of T'M and of TIM the Lie bracket[; ]is a section
of T*IM. We get directly the associated graded bundle

gr(TM)=gr (TM) gr +(TM)

where gr(TM) = T'M=T"*1 M. In this case we have that grfyM) ' g as
graded Lie algebras for allx 2 M and we obtain the frame bundle& = G=expp:
as the frame bundle of grT M). In particular, gr ((TM)'G o ¢, Gi-

More generally, we de ne a ltered manifold as a manifold M together with a
ltration TM = T kM T M such that for sections of T'M and of
TIM the Lie bracket[; ]is a section ofT'*IM and we again obtain an associated
graded bundle. For eachx 2 M, the graded algebra gr{[xM ) is called the symbol
algebra

If the symbol algebras are all isomorphic to our xed graded dgebrag , then
there is the frame bundle for gr(TM) with the structure group Aut (g ). As
discussed thoroughly in [3], our groupGy may equal to the latter graded automor-
phism group (in the case when all the rst cohomology lives innegative homo-
geneities), or it is a proper subgroup and the geometry is gien by the reduction
of the graded frame bundle to the structure groupGo  Autg (g ).

If we start with a regular parabolic geometry, we get exactlythese data on the
base manifold and we call them thein nitesimal ag structure .

Conversely, the Cartan's equivalence method has lead to thequivalence be-
tween such in nitesimal ag structures and regular and normal parabolic geome-
tries, see [8, 1],

Theorem 1.5. Let M be a Itered manifold such that each symbol algebra is
isomorphic tog and let&G ! M be a reduction of the frame bundle ofyr(TM)
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to the structure group Go. Then there is a regular normal parabolic geometry
(p: G ! M;! ) inducing the given data. IfH(g ;g) are trivial for all ~ > 0, then
the normal regular geometry is unique up to isomorphism.

The construction is functorial and the latter theorem desciibes an equivalence
of categories.

jlj-graded geometries. In this case the lItration of the tangent bundle is trivial.
We need only the reduction of gr(T M) to the structure group Go. The jlj-graded
geometries are automatically regular and we get the corresgndence between nor-
mal jlj-graded parabolic geometries and rst order G-structures wose structure
groups Go appear as the reductive part of a parabolic subgroupP G and
g=9d 1 G 0.

We give here survey on alljlj-graded geometries. The classi cation of semisim-
ple Lie algebras in terms of simple roots is well known and foa giveng there is a
complete description of all parabolic subalgebras, see [2] for more details. The
latter description allows to classify all corresponding gemetries. We list them all
here together with their non-zero components of the harmorg curvature (notice
some overlaps in low dimensions).

A- : the split form, = 2, the almost Grassmannian structures,g = sl(p +
a;R), 9o = s(gl(p;R) gl(q;R)), p+ gq= "+ 1. Moreover
p=1,qg=2o0r p=2, q=1 : the projective structures dim = 2, one
curvature of homogeneity 3
p=1,g>2o0rp>2 g=1: the projective structures dim > 2, one
curvature of homogeneity 2
p=2,g=2 : dim=4, two curvatures of homogeneity 2
p=2,g>2o0orp>2 g=2: dim = pg one torsion, one curvature of
homogeneity 2
p>2 qg>2: dm= pg two torsions
A- : the quaternionic form, " =2p+1 > 2,g= sl(p+1;H). We have:
p=1: the almost quaternionic geometries, dim = 4, two curvatures of
homogeneity 2
p > 1. the almost quaternionic geometries, dim = 4, one torsion, one
curvature of homogeneity 2
the geometries modeled on quaternionic Grassmannians: twimrsions
A-: " =2p 1 one type geometry for the algebrasu(p; p). We have:
p=2 : two curvatures of homogeneity 2
p > 2: two torsions
B- : the pseudo-conformal geometries in odd dimension 3. We have:
" =2 : dim = 3, one curvature of homogeneity 3
"> 2:dim=2" 1, one curvature of homogeneity 2
. the split form, ~ > 2, the almost Lagrangian geometries - one torsion
. one type of geometry corresponding tasp(p; p), 2p= ~ - one torsion
+ : the pseudo-conformal geometries in all even dimensions 4
" =3 : dim =4, two curvatures of homogeneity 2
> 3:dim 6, one curvature of homogeneity 2

000
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D- : the real almost spinorial geometriesg = so(l; 1)
" =4 : one curvature of homogeneity 2
5 : one torsion

D- : the quaternionic almost spinorial geometries,g = u (;H), | = 2m -
one torsion

Ee : two exotic geometries withgp = so(5;5) R andgo = so(1;9) R -one
torsion

E; : another two exotic geometries - one torsion

Let us remark, that in the low dimensional cases some of the gkbras are
isomorphic and the corresponding geometries are in fact e@l In particular,
sl(4;R) ' sa(3;3), so2;4) ' su(2;2), so(1;5) ' sl(2;H) and so all the four-
dimensional conformal pseudo-Riemannian geometries areoeered by the corre-
sponding As{cases. Moreover, the spinorial geometries foD 4 are isomorphic to
the conformal Riemannian geometries.

The symmetries of parabolic geometries. Let us rst consider an a ne lo-
cally symmetric space. This is a manifoldM with a linear connectionr such that
at each point x 2 M, there is a locally de ned a ne transformation sy satisfying
sx(X) = x and Tysx = idt, m . The classical result on a ne locally symmetric
spaces says that a manifold with an a ne connection is localy symmetric if and
only if the torsion vanishes and the curvature is covariantly constant, see e.g. [5].

A manifold with a linear connection can be viewed equivalenly as the rst
order GI(n; R)-structure, i.e. a principal bundle p: P*M | M equipped by the
canonical form 2 (P;R"), together with a xed principal connection form

2 YPM; gl(n). Clearly the form ! := + 2 ( PM;R" + gl(n; R)) enjoys
the properties of a Cartan connection of the type A(n; R); Gl(n; R)), with the
ane group A(n;R).

Now, a symmetry onM can be viewed as a morphism of this Cartan geometry,
such that its underlying smooth map' on M (base morphism) has the properties
of the classical a ne symmetries, i.e. ' (X)= xand Tx' = idr m.

We might try to extend this de nition to a general Cartan geom etry, but clearly
this cannot work in general. In order to see the point, let us onsider any contact
parabolic geometry, a CR{manifold for example. Thus we dealwith a 2n + 1{
dimensional manifold M equipped with the contact distribution HM of codi-
mension one, such that the algebraic mag. : ~?2HM ! TM=HM induced by
the Lie bracket is non{degenerate. If there were a symmetry , then for any ,

2 HxM  TxM the action of ' onL(; ) mustbe N

LGN =LCOx =L
and thus we cannot require the di erential to be minus identity everywhere.
At the same time, the above analysis indicates how to proceeébr all parabolic

geometries. Let us recall that eachjkj{graded parabolic geometry comes with the
tangent bundle equipped by a Itration TM =T kM T k¥im T M.

De nition 1.6. Let (G ! M;! ) be a parabolic geometry. Thesymmetry at the
point x is a locally de ned automorphism ' such that its base morphism satis es
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"(x)=xand Tx' j; 1y = idy 1y . The geometry is called (ocally) symmetric
if there is a symmetry at each pointx 2 M.

In other words, symmetries revert by the sign change only thesmallest subspace
in the lItration, while their actions on the rest are complet ely determined by the
algebraic structure of the symbol algebra.

In the case ofjlj-graded geometries, however, the lItration is trivial and so we
haveT M = TM. Thus the de nition of the symmetries of j1j-graded geometries
follow completely the classical intuitive idea.

2. Symmetries on homogeneous models of jlj-graded geometries

The following lemma works in all situations where the symmety is de ned as
re ecting the whole tangent space by the sign change. In paiitular, the lemma is
very useful for homogeneous models of such geometries.

Lemma 2.1. If there is a symmetry in x on a Cartan geometry of type(G;P),
then there exists an elementy 2 P such that Ad (X + p) = X + p for all
X+ p2g=p.

In the case of ajlj-graded geometry, all such elementg are of the form g =
goexpZ, wherego 2 Go such thatAdg,(X)= X forall X 2g 1andZ 2 g is
arbitrary.

Proof. Suppose, that there is a symmetry in a pointx 2 M. We know, that the
base morphism' preserves the pointx. Hence the morphism' preserves the ber
over x. Let u be an arbitrary xed point in the ber over x. There is an element
g2 P suchthat' (u)= u g. Let 2 X(M) be a vector eld on M. It holds that

T ()= idrw((x)=  (X):

Using the identi cation TM = G p g=pwe have (x) =[u;X + p] for someX 2 g.
In the chosen frameu, we then have

T ([ X +pD=1["(u);X +pl=[ug;X + pl=[u;Adg (X + p)]:
The de nition of a symmetry implies

T ([uX+ph)=[u;, (X+p]

and the two vectors are the same. Comparing the coordinatesiithe frame u gives
us an elementg 2 P such that Ad,( X + p) = X + p and we take its inverse.

In the case ofjlj-graded parabolic geometry, we haveg = goexpZ for some
9o 2 Go and Z 2 g;, becauseg 2 P. We get Ady, ¢, 2 (X)= X forall X 2 g 1.
But the action of the component expZ is trivial while the action of go preserves
the gradation, i.e. Ady, = Ad g,, and so we get Ag,(X)= X.

Suppose that there is such an elemeng. If some element diers from g by a
conjugation by an element fromP, then it has the same property. If g corresponds
to the frame u 2 p 1(x), then the elementh gh; h2 P corresponds to the frame
uh 2 p (x).
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Proposition 2.2.  All symmetries of the homogeneous moddlG ! G=P;!g) at
the origin o are exactly the left multiplications by elementsg 2 P satisfying the
condition in Lemma 2.1. Moreover, if there is a symmetry in the origin o, then
the homogeneous model is symmetric.

Proof. We have seen that all automorphisms ofG=P are exactly left multipli-
cations by elements fromG. We have to look for elements fromG which give
symmetries. Let us denote 4 the left multiplication by element g. Because g
should be symmetry, elementg must be in P. We make the same computation as
in the proof of Lemma 21. Let 2 X(G=P) be a vector eld. In the origin of the
homogeneous model we have(o) =[ e; X + p] for someX + p 2 g=p and we get

T_g [&X+pl =[ge;X+pl=[g;X+ p]=[e;Ad; (X + p)]
and the elementg must satisfy the equation in Lemma 2.1.
If there is a symmetry in the origin, we can use the conjugatio to get symmetry

in each point hP 2 G=P. If 4 is symmetry in the origin for someg 2 P, then
hgh 1 IS Symmetry in the point hP.

Now we present some examples. We start with the a ne geometry This is not
a parabolic geometry but our de nition of the symmetry recovers the classical one
and the latter proposition holds. Finally we show somejlj-graded examples.

Example. Ane geometry. We have G = A(n;R) = (12)jv2R"A2
Gl(n; R) the ane group and the elements from P = Gl(n; R) are of the form
(3R) 2 A(n; R). The Lie algebra of G looks likeaff(n;R) = (2Q)jw2 R";B 2
gl(n;R) andgl(n;R)= (§§)iB24gl(nR) .
We have to look for elements ¢ 2) 2 A(n; R) satisfying (2 2)(29)(:2) *=
00 (1

%9 forall(29)2g ' R". Consequently, } 2)(9)= %9 (LQ)and
thus (2 8)= 9 8 . We can see that there is only one element satisfying this
equality and thisis § % , the conjugation by another element of P gives trivial
change.

This matches well the known facts on the classical symmetricspaces. There
can exist only one symmetry in each point on the a ne (locally) symmetric space.
The symmetry corresponds to the element we found above. The dmogeneous
model is the ane plane R" ' A(n; R)=GlI(n; R)) and this clearly is a symmetric

space and the symmetry in the origin is the left multiplication by 3 %

Example. Projective structures. We can make two reasonable choices of the Lie
group G with the given Lie algebra and grading. We can considefz = SI(m+1;R).
Then the maximal P is the subgroup of all matrices of the form %  such that
% =det D and W 2 R™, but we take the connected component of the unit only.
Clearly with this choice G=P is di eomorphic to the m{dimensional sphere and
P is the stabilizer of the ray spanned by the rst basis vector in R™*1. The
subgroup Go contains exactly elements ofP such that W = 0, and this subgroup
is isomorphic to GI* (m; R).

The second reasonable choice 6 = PGI(m + 1;R), the quotient of GI(m; R)
by the subgroup of all multiples of the identity. Here P is the stabilizer of the
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line generated by the rst basis vector too and the subgroupGg is isomorphic
to GI(m; R), because each class iftsy has exactly one representant of the form
(3 38). We can make the computation simultaneously and then discss both cases
separately.

We haveg 1 = f({ 3)j X 2 R™"g and the adjoint action of a= §3 on
V=(L8)isAdaV = b BX. We look for elements §J suchthatBX = bX
for eachX 2 g ;. Itis easy to see thatB is a diagonal matrix and that all
elements on the diagonal are equal to b. Thus we may represent the prospective
solution as § %

Now we discuss the choicés = SI(m + 1;R) with G=P ' S™. The element
has the determinant 1 and the sign depends on the dimension on the geometry.
If m is even, then the element gives a symmetry but ifm is odd, then there is no
symmetry on this model. The reason is obvious | our choice of the groups has
lead to the oriented sphere with the canonical projective stucture (represented e.g.
by the metric connection of the round sphere metric) and the d@vious symmetries
are orientation preserving in the even dimensions only.

In the case ofG = PGI(m+1;R), the above element always represents the class
in Go and thus yields the symmetry. In both cases, all elements ging symmetry
are of the form 3 . forall W 2 R™.

These two choices of the groupG correspond to projective structures on ori-
ented and not oriented manifolds and we get that the projectve space is always a
symmetric homogeneous model. The existence of a symmetry dhe oriented pro-
jective geometry depends on its dimension. Only the even-diensional geometries
can be symmetric.

Example.  Almost quaternionic structures. Now we take almost quaternionic
structures. There are again two interesting choices of the gups. We can choose
G = SI(m +1;H) with the canonical action on H™*! . The parabolic subgroupP
is the stabilizer of the quaternionic line spanned by the rst basis vector in H™*1
Then Go = f(3 ) jjaj*detrA=1g.

Next we can take G = PGI(m; H), the quotient of all invertible quaternionic
linear endomorphisms by the subgroup of real multiples of igntity. Let P be
again the stabilizer of the quaternionic line spanned by the rst basis vector. The
subgroup G consists of all elements of the form § Q) such that 0 6 a2 H and
A 2 Gl(m; H).

We haveg 1 = f({ 3)j X 2 H™g and we look for elements J 0 such that
BX = Xq foreachX 2 g 1. Again, such an element must be diagonal and the
elements on the diagonal oB are equal to q. Suppose, thatg= a+ bi+ cj + dk.
If we chooseX = (h)weget( a bi c dk)i= i(a+ bi+ cj+ dk), thus

ai+b+ck d = ai+b ck+d andsoc= d=0. Then the choice X = {)
gives that g has to be real. We again get the element 3} &

In the case of PGI(m + 1;H), this element clearly represents the class giving
symmetry. In the case of SI(m; H) it should again depend on the dimension of

the manifold. But the real dimension equals to 4n and thus also in this case the
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symmetry is well de ned. All elements giving symmetries lock like § & for all

W2 H™,

Let us point out some observations coming from these exampée The existence
of symmetry on the homogeneous model depends on the choicetbe groups. We
know, that if there is no element satisfying the condition from lemma 2.1, then
the homogeneous model of the corresponding type is not symrtree. In addition,
none of the Cartan geometry of the same type is symmetric. Leus mention the
oriented projective structures in odd dimension. These Catan geometries cannot
be symmetric. If we forget the orientation (i.e. if we cosinder di erent groups)
then we get geometries which can be symmetric.

3. Symmetric jlj-graded geometries
The following theorem plays a cruical role for us.
Theorem 3.1. Symmetric j1j-graded parabolic geometries are torsion free.

Proof. Let us choose an arbitraryx 2 M and let us denote' the symmetry in
X. We have that' xes x and thus ' preserves the ber overx. The curvature
function satises = ' and for appropriate g 2 P we have

(W= (= (ug=g* (u:
The torsion is identi ed with the component  ; and we have the same equation
for this correctly de ned component (we have just to keep in mnd the proper
action of P on the quotient spaceg 1 ' g=p). We compare ; in the framesu
and' (u), whereu;' (u) 2 p *(x). We arrive at
1) GY)= (U gGY)=gt 1(u)(XY)
Adg s 1(u)(AdgX; AdgY)

= () X5 Y)= (U)X Y)
and this should be equal to 1 (u)(X;Y) for all X;Y 2 g 1. Thus, we obtain
1(W(X;Y) = 1(U)(X;Y)andso 1(u)vanishes. This is true for all frames

u 2 G; p(u) = x and so this part of curvature vanishes at the pointx.
If the geometry is symmetric then there is symmetry in allx 2 M. Then ;
vanishes in allx 2 M and the geometry is torsion free.

Corollary 3.2.  Let (G;! ) be a normaljlj-graded parabolic geometry on a manifold
M such that its homogeneous components of the harmonic curvae are only of
degreel. If there is a local symmetry at a pointx 2 M, then the whole curvature
vanishes in this point. In particular, if the geometry is symmetric, than it is locally
isomorphic with the homogeneous model.

Proof. The existence of a symmetry forces 1 to vanish. If all harmonic curva-
ture is concentrated to this homogeneity, then the whole cuvature has to vanish,
see Theorem 1.4. Of course, then the geometry is locally atsee Theorem 1.2.

It is not di cult to name all geometries satisfying the condi tion on the curva-
ture in the latter Corollary browsing through the descripti on after Theorem 1.5.
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In particular, the following symmetric normal jlj-graded geometries have always
to be locally at: almost Grassmannian geometries such thatp > 2 and g > 2,
geometries modeled on quaternionic Grassmannians (but nothe almost quater-
nionic ones), geometries for the algebrap(p; p) wherep > 2, all geometries coming
from the algebras of typesC-, spinorial geometries in theD- types with = > 4,
and all exotic geometries.

The crucial point in the above considerations was the odd horageneity degree
of the components in harmonic cuvatures. Thus, a similar argment applies for
all geometries where the only available homogeneity is thre:

Proposition 3.3.  Symmetric conformal geometries of dimensior8 and symmetric
projective geometries of dimension2 are locally at.

Proof. We prove that ; is zero. Suppose that there is a symmetry in x 2 M:
In arbitrary frame u over x we have

1) Y)Y quogXY)=g b (u)XY)
=Ady 1 1(U)(AdgX; AdyY)

=Ad, . 1(u)( X5 Y) =Adg 2 2(U)(XY)

and this should be equal to 1(u)(X;Y).

The action of gon g ; is id from the de nition. It holds that g; is dual to
g 1 with respect to the Killing form. The adjoint action of P on g; is the dual
action of the adjoint action on g ;. The action of the elementg on g; is then the
dual action of id and it is again id. We have (u)(X;Y )= 1(U)(X;Y) for
all u over x and therefore ; vanish in x. If we have a symmetry in each point
then ; vanishes.

By Theorem 1.4 and our list of the features of alljlj{graded geometries, the
geometries in question have no homogeneous parts of curvael of degree 1 and
2. They have only one homogeneous harmonic part of degree 3.his component
belongs to ; and therefore has to vanish. But then the harmonic part of cuwvature

n vanishes and so the curvature vanishes and the geometries are locally at.

The curvature of a symmetric j1j-graded geometry looks like = © and its
lowestpart ¢:G! g g gois a correctly de ned (quotient) object. Unfor-
tunately, comparing o(u) with (" (u)) does not give us any new information.
Indeed,

o' (U) (X;Y)= o(u g)(X;Y)=gt o(uXY)
=Adg s(o(W( Xi Y)=Adg . o(U)(XY)

is equal to o(u)(X;Y ) forall X;Y 29 1. Sincegp gl(g 1)' 9 ; ¢ 1,and
the actionong ; andg ; is id, the action of g on the tensor is obviously trivial.
Again, we can easy nd all remaining j1lj{graded normal parabolic geometries
allowing some homogeneous component of curvature of degr@e These are just
four lines of examples: projective geometries, conformal Bmannian geometries,
almost quaternionic geometries and almost Grassmannian sfictures such that
p=2or q=2. We should like to remark that all the other geometries allowing
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curvature in our list above are in fact isomorphic with some d these four types.
We have commented on that already.

The best known example of such geometries are the conformali@mannian
ones and the rich theory of Riemannian symmetric spaces indates that there will
indeed be examples of symmetric geometries which will not béocally at. The
study of all these most interesting geometries has to rely ormore of the general
theory of parabolic geometries and we shall treat this elsetere.
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