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ON THE NUMBER OF ZEROS OF BOUNDED
NONOSCILLATORY SOLUTIONS TO HIGHER-ORDER
NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS

Manabu Naito

Abstract. The higher-order nonlinear ordinary di erential equation
xM+ pOf(x)=0; t a;

is considered and the problem of counting the number of zeros of bounded
nonoscillatory solutions x(t; ) satisfying lim 11 x(t; ) =1 is studied. The
results can be applied to a singular eigenvalue problem.

1. Introduction
In this paper the higher-order ordinary di erential equati on

(1.1) xXMW+ p)f(x)=0; t a;
is considered under the hypotheses that

1.2) n 2 iseven;

1.3) > 0 is a parameter;

1.4) p%t) is continuouson fa;1 ), a> 0andp(t) > 0fort a;
(1.5) f(x) is locally Lipschitz continuous on R and

xf(x)>0 forx60:

Moreover we assume thaff (x) satis es the additional conditions as follows: there
exists suchthat0< < 1 and
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0< liminf — ) fimsup &)

X1 jXj sgnX  xi1 - jXj sgnx

(1.6) ¢
2 o< liminf &) Iimsup--i<1 ;

X117 jXj sgnX  xi1 - jX] sgnx
and
(1.7) iiminf —% > o:

x! 0 X

Since f (x) is locally Lipschitz continuous on R, it is continuous on R. This
fact, together with the condition xf (x) > 0 (x 6 0), implies f (0) = 0. Further,
the Lipschitz continuity of f (x) near x = O implies that there are xo > 0 and
L > O such thatjf (x)j Ljxjforjxj Xo. Thus we have

(1.8) limsup —= ( )

x! 0
Let

( X; X1
(1.9) f (x)=

jXj sgnx; ixj o 1:

Then, by the conditions (1.6){(1.8) there exist L; > 0 and L, > 0 such that
(1.10) Lixf (x) xf(x) Lyxf (x) forall x2R:

In this sense, the nonlinear termf (x) in (1.1) behaves likec;x nearx = 0 and like
Cjxj sgnx (0< < 1)nearx = 1 , wherec; and c; are positive constants. It
should be noted that the nondecreasing condition of (x) itself is not assumed.
It is known (see, for example, Kiguradze and Chanturia [6, Coollary 8.2]) that
if p(t) satis es the integral condition
z 1
(1.11) t" Ipt)di< 1 ;
a
then, for each > 0, equation (1.1) has a bounded nonoscillatory solutiork(t; )
such that

(1.12) tIIilm x(t; )=1

The main interest of this paper is the problem of counting the number of zeros of
solutions x(t; ) satisfying (1.12).

For the second-order nonlinear equations, the problem of amting the number
of zeros of solutions is studied in the framework of regularigenvalue problems on
compact interval (see, for example, [8, 9] and the papers aid therein). Regular
eigenvalue problems for higher-order linear di erential equations are also consid-
ered in several papers (see [1] and the papers cited in [1]).hBy are summarized
and discussed in the book of Elias [2]. For a class of higheraer nonlinear di er-
ential equations, a regular eigenvalue problem is discusdéeby Elias and Pinkus [4].
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In the recent paper [7], the higher-order linear equation
(1.13) xXM+ p()x=0; t a;

was considered in an in nite interval [a; 1 ) and the following result was obtained:
Suppose that (1.11) holds, and letx(t; ) be solutions of (1.13) satisfying (1.12).
Then there exists a sequencé (k)gi_, of positive parameters with the properties
that () 0= (O0)< (1)< < (k 1)< (k)y<:::i,limgg (k)= 1; (i) if

2 (k 1); (k) ,thenx(t; )hasatmostk 1zerosing@;1); (iii)if = (k),
then x(t; ) has exactly k 1 zeros in @;1 ) and x(a; ) = 0. Very recently, a
more general problem has been considered by Elias [3] and tlabove result in [7]
has been extended vastly.

In this paper it will be proved that the above result in [7] remains valid for
the nonlinear equation (1.1). As an underlying fact we rst prove the following
theorem.

Theorem 1.1. Consider the nonlinear equation(1.1) under the conditions (1:2)
(1:7). Suppose that(1:11) holds. Then, for each > 0, equation (1:1) has a
solution x(t; ) satisfying (1:12), and x(t; ) is globally de ned and is uniquely
determined on [a;1 ). Furthermore, x(t; ) and its derivatives x((t; ) (i =
1;2;:::;n 1) with respect tot are continuous functions of(t; )2 [a;1) (0;1).

The main result in this paper is the following theorem.

Theorem 1.2. Consider the nonlinear equation(1:1) under the conditions (1:2)
(1:7). Suppose that(1:11) holds, and, for each > 0, let x(t; ) be a solution of
(1:1) satisfying (1:12). Then there exists a sequencé (k)gi., of positive param-
eters with the properties that
o= O< (< < (k < (k)< ; I(Ililm (ky=1;
@y if 2 (k 1); (k) ,k=1;2:::, then x(t; ) has at mostk 1 zeros in
the open interval (a;1 );
@iy if = (k);k =1;2;:::; then x(t; ) has exactlyk 1 zeros in the open
interval (a;1 ) andx(a; )=0.

The proofs of Theorems 1.1 and 1.2 are given in the next sectin
Later, it will be seen that the solution x(t; ) satis es

(1.14) Jim xW(t; y=0 (i=1;2::5;n 1):

Therefore Theorem 1.2 can be applied to the singular eigentae problem
Cxms preo=0; t a;

(1.15) x(@=0; lim xX(y=0 (i=1;2::5;n 1);

and the following corollary is easily veri ed.

Corollary 1.1. Consider the problem(1:15) under the conditions (1:2) (1:7).
If (1:11) holds, then there exists a sequende (k)gi_, such thatO< (1) < <
(k 1)< (k)< , limyg (k)= 1;and for = (k) (k=1;2:::) the
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problem (1:15) has a nontrivial solution x = x t; (k) having exactlyk 1 zeros
in the open interval (a;1 ).

To the author's knowledge, for higher-order nonlinear eigavalue problems in
in nite interval there is no literature showing the existen ce of a sequence of eigen-
functions with the prescribed numbers of zeros.

The author has a great interest in the Emden-Fowler nonlinea di erential equa-
tion
(1.16) xM + p(t)jxj sgnx =0; t a; where > 0; 61:

It is expected that Corollary 1.1 remains true for (1:16). However the problem for
(1:16) is still open.

2. Proofs of Theorems

Let us set about the proof of Theorem 1.1.
Proof of Theorem 1.1.  As stated in the above, the existence ok(t; ) for each
xed > 0 is well known. Here, we show the existence and the uniquerneof

x(t; ) and the continuity of x((t; ) (i =0;1;:::;n 1) simultaneously. Note
rst that a solution x(t; ) of (1:1) satisfying (1.12) is written in the form
x(t: )=1 PN ot s ) ds
s A T T !

for all large t. Let > 0 be an arbitrary number. From the Lipschitz continuity
of f (x) on the interval [1=2; 1], there existsL > 0 such that

(2.2) if(x) f(y)j Ljx vyj forall x;y with 1=2 x;y 1:
Let

(2.2) M=max f(x):1=2 x 1 (> 0):
Then, take T = T() a so that

Z (n 1y
(2.3) L s" Ip(s)ds —=

T 2
and

z 1

I

(2.4) M s" p(s)ds %

T

By (1:11), it is possible to take such aT. Denote byC, [T;1 ) (0;] the Banach
space which consists of all bounded continuous functions(t; )on[T;1) (O; ]
with the norm

kxk=sup jx(t; )j:(t )2[T;1) (0;]

We de ne the subset X of C, [T;1) (0;] and the mapping : X !
Co [T;1) (0;] by
X= x2C[T;1) ;] 5 x(t;) 1 for (t )2[T;1) (0;]

2
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and 7
1 n
G 0" ne)f x(s: ) ds:

t (n 1)
t)2[m1) ©G1;
respectively. Using (21) (2:4), we ndthat ( X) X and

(x)(t; )=1

k x yk %kx yk forall x;y 2 X:

Then the contraction mapping principle ensures the existege and uniqueness of a
xed point x = x(t; ) 2 X of . Itis easy to see that, foreach 2 (0; ], this xed
point x(t; ) is a solution of (1:1) on the interval [T;1 ) and satis es (1:12). It is
immediate to see that this x(t; ) is a unique solution of (1) on [T;1 ) satisfying
(2:12). Further, x(t; ) is a continuous function of (t; ) 2 [T;1) (O; ], and so
the derivatives of x(t; ) with respect to t,

l(S t)nil

xO(t; y=( 1! N R

p(s)f x(s; ) ds;
i=1;2::::n 1;
are also continuous functions of {; )2 [T;1) (O; ].

Since (16) with0 < < 1is assumed to hold, it follows from Wintner's theorem
([5, p-29]) that the maximal interval of existence of solutions of (11) is the entire
interval [a;1 ). Sincef (x) is locally Lipschitz continuous on R, we nd that, for
each 2 (0; ], the solution x(t; ) of (1:1) on [T;1 ) constructed as the above is
uniquely continued to the left of T as a solution of (1) on [a;1 ). This solution
of (1:1) on [a;1 ) is denoted by x(t; ) again, where 2 (0; ].

Recall that the solution x(t; ) and its derivatives x((t; ), i=1;2;::::n 1,
are continuous functions of ¢; ) 2 [T;1 ) (0; ]. Then, by a fundamental theo-
rem concerning the continuity of solutions of initial value problems with parame-
ters (see, for example, [5, p.94]), we see that the solutior(t; ) and its derivatives

x((t; ), i =1;2:::;n 1, are continuous functions of ¢ ) 2 [a;1) (0; ].
Since > 0 is arbitrary, this proves the continuity of x()(t; Jon[a;1) (0;1),
i=0;1,2:::;n 1. The proof of Theorem 1.1 is complete. O

In what follows, x(t; ) denotes the solution of (11) satisfying (1:12). It is worth
noting that, for each > 0,

Zl n 1
(2.5) x(t; )=1 t % p(s)f x(s; ) ds; t a;
and
) ) Z4 (S t)” i1
@) XV )=C O g O X ) dss

i=1;2;:::;n  1:

In particular, we have (1:14).
The following lemma is clear from the proof of Theorem 1.1.
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Lemma 2.1. Let > 0be xed. Then, there existsT = T() a such that, for
2 (0; ], x(t; ) has no zeros in the interval[T;1 ).

It is possible to take > 0 such that

z
L s" Ip(s)ds (n and M s" Ip(s)ds (n_1) ;

a 2 a 2
whereL and M are given by (21) and (2:2), respectively. Then, by the proof of
Theorem 1.1, we see that 22 x(t; ) 1fort2[a;1)and 2 (0; ]. Thus
we have the following.

Lemma 2.2. There exists > 0 such that, for 2 (0; ], x(t; ) has no zeros
in the interval [a;1 ).

Sincef (x) is locally Lipschitz continuous on R, we see that ifx(t) is a solution
of (1:1) such that

x(to) = x%to) = = x" Y(te)=0; where ty a;
then x(t) O forallt a. Therefore, for each > 0, x(t; ) has a nite number
of zeros in any nite subinterval of [a;1 ). This fact, combined with Lemma 2.1,
implies that, for each > 0, x(t; ) has a nite number of zeros in [a;1 ).

The following lemma can be proved exactly as in the linear cass ([7, Proposition
2.4]).

Lemma 2.3. For each > 0, the zeros ofx(t; ) are simple.
The following lemma gives an estimate forx(t; ).

Lemma 2.4. We have
h z 1 gh 1 i 1=1 )
(2.7) x(t; ) 1+(1 )L 2 . m p(s) ds

forall (t; )2[a;1) (0;1). Here, andL, are the constants appearing in(1:6)
and (1:10), respectively. Note that0O< < 1.

Proof. Let > 0 be xed. From (2:5) it follows that
Z 1 n 1

2.8) G E ﬁ p(s) f(x(s; )) ds

fort a. Denote by y(t) the right-hand side of (2:8). We havey(t) 1( a),
limgr y(t) =1 and

(2.9) x(t; ) yt); t a:
Then,
VD= b ) L p®f ()]
n D ’ D |
n 1 n 1
L, h PO y() = L, h p(t) y(1)
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fort a, wheref (x) is given by (1:9), and the inequality (1:10) has been used.
Thus, for t a,

Z
S0t e L s ees:
Letting !1 in the above, we get
z 1
e U e LG
and so
Z1 o1 =0 )
(2.10) y(t) 1+(1 ) . m p(s) ds ;o toa:
Then, (2:9) and (2:10) yield (2:7). The proof of Lemma 2.4 is complete. O

Lemma 2.5. Let[b;d [a;1) andletf jgbe a sequence such thdéi< ;!1

asj !1 . Suppose that, for eactj, x = ' (t; ;) is a solution of (1:1) with =
on [b;d such that' (t; ;) does not change signs and(t; ;) 6 0 on [b;d. Then,
there exist a constantm > 0 and a subinterval [0% ¢ [b;d and a subsequence
f jog f ;g such that

(2.11) "(t; jo) m j10=(1 ) on [
for all jC

Proof. A part of the proof of this lemma is done along the proof of the esult of
Elias [1, Lemma 4]. Without loss of generality, we may suppos that either

(2.12) "(t; j) 0;60 on [b;d forall j;

or

(2.13) "(t; j) 0;60 on [b;d forall j:

In the case where (213) holds, let f{x) = f( x). Then, x = ' (t; ;) is a
nonnegative and nontrivial solution of the equation

(2.14) xM + p () (x)=0

with = ; on [b;d. Observe that, for the equation (214), all the hypotheses

corresponding to (2) (1:7) are satis ed. Thus it is enough to discuss the case
where (212) holds.

Take by, ¢; and d arbitrarily so that b < b; <d <c; < c, and x these
three numbers. We rst consider the sequencé’ (t; ;)g on the interval [b; d. By
Taylor's formula with remainder, we have

X1 ()(g . Zy n o1
! (t, J): I_O (l(?' l) (t d)l + ) (t(n S)l)| -(n)(s; ])dS
X 1 SO Zy n o1
= =y G e s ) ds;

1=0 t
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where the hypothesis (12) has been used. Then it follows from (212) and Cauchy's
inequality that

z

X 1 ©((d; )
. ' - | v ] |
L D O TN G
ni1i 01=zn9<1hd t|i201=2
0@ )’ e
1=0 1=0
fort 2 [b;d. Set
ni 1 0= ni th 1i504=
D( )= O ) * T and K = T
1=0 1=0 ’
The preceding inequality gives
Zyg
b)" 1
SN ReT (s ) ds KD ();
and so
Zy 1
(s D" . :
i blwp(s)f (s; j) ds KD ( j):
This yields
z
(CH U e .
D, p(s)f " (s j) ds KD ( j);
or
Zy
i p(s)f '(s; j) ds (b b "(n 1IKD():
LetL=(by b "*'(n 1)K (> 0). Then,
Zy
(2.15) i p(s)f "(s; j) ds LD(j); bt d:
t
Integrating this inequality over [t;d] (by t d), we see that
Zy
(2.16) i (s ppEf (s j)ds LD(j)d B); bt d:
t
Repeated integrations of (216) give
Zd i i
e E et e oS b o

t i ! ’

fori=0;1;2;:::;n 1.
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By Taylor's formula with remainder again, we get

. _ Z .
nx l'(|+I)(d; i) t(t gn i 1

() e ) = I v (N) (e .
(t' ]) =0 I' (t d) + d (n | 1)| (S’ J)ds
nxi 1 LD (d:
= ( 1 7|(.d' g v
1=0 7 ’
d n i1
n i 1 ) (S t) 1 .
OO T PO ) ds
fori =0;2;2;:::;n 1. Then, using (217), we see that
, nnxi 1 ,01=2N "X theq 11201
CO; ) H0D(d; ) ( T )
1=0 1=0

Zd n i1
T LGRS
n r")(i 1 h(d bj_)l i 201-2

(d by 't
D( + LD (
(n e ]
forallt 2 [byh;d]andi =0;1;2;:::;n 1. This implies that the sequences
O )°
D(j) i’
are uniformly bounded on the interval [b;; d]. Therefore, the sequences

"0t )=D( ) ;i i=0;L2nn 2

i=0;1;2:::;n 1;

are uniformly bounded and equicontinuous onlf; d]. From this we can deduce that
there exist aC" 2-class function' o(t) on [b;; d] and a subsequencé jog f ;g
| let us denote the subsequencef jog by f ;g again | such that

O )
(2.18) # v W) uniformly on [by;d] as j!1
i
wherei =0;1;2;:::;n 2. By (2:12), we have' o(t) 0 fort 2 [by;d].
Consider the case where ¢(t) 0 on [bg;d]. In this case it follows from (2:18)
that, for i =0;1;2;:::;n 2,

O .
(2.19) %! 0 uniformlyon [b;;d] as j!1
j
In particular,
PO )

———=1 0 as j!'1 i=0;1;2:::;n 2):
D( ) b :
Since

'Xln-(i)(d; )02

L, B(p ¢
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we have
L O )0
D( )
Then there is a subsequencé jog f jg|we denote the subsequencef jog by
f ;g again | such that either

I'1 as j!1

v(n D(d . v(n (g .
(2.20) D((_d; ) - - (d; ;) o !+l oas i1
: ot O(d; )
or
v (n (4 . v (n )4 .
2.21) D((qi i) - - (d; 1)201:2! 1 as j11
: ot O(d; )

holds. Assume that (220) occurs. Since (" Y (t; ;)=D( ;) is nonincreasing on
[by; d], we see that, for all su ciently large j,

S D I (D .
D(j) D(j) > on bud
and so
A ) T b ) 1 .
D( ) D( ) p(d b

Then, letting j ! 1  and noting (2:19), we get 0 (d Iby)=2, which is a con-
tradiction. Therefore, (2:20) does not occur. Consequently, for the case where
"o(t) 0 on [b;d], we must have (221).

Next consider the case where o(t) 0; 6 0 on [b; d]. In this case there are a

positive number > 0 and an interval [t1;t2]  [by;d] such that 3 "o(t) 4
on [t1;t2]. Therefore, for all su ciently large j,
(2.22) 2D( ;) () 5D(;) on [tits]:

Assume that liminf D( ;) =0asj !1 . Then, for some subsequencé jog
f jg, we have limoys D( jo) =0. By (2:22), limjo; ' (t; jo) =0 uniformly on
[t1;t2]. Then, from (1:10) and (2:22), we may suppose that

f(' (t; jo)) LlI (t; jo) 2L 1D( jo) on [tl;tz]
for all large j ©, whereL ; is a positive constant appearing (110). By (2:15), we get

t2
2L jo p(s)ds L
t1
for all large j °. But this gives a contradiction asj°! 1
Next assume that O< liminf D( ;)< 1 asj!1 . ThereareDo2 (0;1 )and
a subsequencé jog f ;g such thatlimjo; D( jo)= Dg2 (0;1). By (2:22),
wehave Do ' (t; jo) 6D on [ti;to] for all large j °. By (2:15) again, we get
t2
Mo jo p(s)ds 2LDg

ty
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for all large j©, whereMg=min f(x): Dy x 6Dg (> 0). This also gives
a contradiction asj°! 1

Thus we must have liminfD( ;)= 1 asj!1 ,andhencelimD( ;)= 1 as
i 'l . By(2:22), we may suppose that (t; ;) 1 on [t1;tz] forall j. Then, by
(1:10),

(2.23) fo(t ;) Li' () on [tg;ty];

whereL; > 0 and 0< < 1. Using (2.15), (222) and (2.23), we can compute as

follows:
to Z to

o R9R) A ) 'E‘);")’
t2
() & ROf () ds TD()

t1

ds

which implies that

(2.24) D(;) me ;)
with .
h t iq=
L 2 =1 )
m°= Tl(z ) p(s) ds > 0:
ty

By (2:22) and (224), we obtain

1=1 )

(2.25) () myg on [ti;tz]  [bid ;

wherem =2 m?©

By the above arguments we nd that if the sequence ' (t; ;) is considered
on [b; d, then either (2:21) or (2:25) holds. For the case where (25) holds, the
conclusion of the lemma is proved. For the case where (21) holds, we consider
the sequence ' (t; ;) on the interval [d;c]. Put

(2.26) (G )='@d t j); t2[2d cd:
We have
(2.27) O )= " DEd t§); i=1;2:000;

and, in particular, x = (t; ;) is a solution of the equation
(2.28) xM+ p@d t)f(x)=0 with =

on[2d c;d], where the hypothesis (12) has been used. Observe that (28) is the
same form as the original equation (11). Since (t; ;) 0,6 Oon[d c;d],
exactly as in the previous arguments, we nd that either

(" 9 )

n o
Pn 1 1=2

ot ) °

! 1 as j!1
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or there exist a numberm > 0 and an interval [t1;t5] [2d c;d such that

(t; ;) mjlz(1 ) on [t1;t2]:

By the relations (2:26) and (2:27) these are equivalent to
LY )

”Pn 1.

(2.29)
ot ) ?

o ! *t1 as j!1

and
(2.30) ") m ) on [ tp2d 4] [did

respectively. Of course, (229) contradicts (2:21). Thus, for the case where (21)
holds, we must have (230). This nishes the proof of Lemma 2.5. O

Lemma 2.6. Letf ;g be a sequence such th&d< ; !1 asj!1 . Suppose
that, for each j, x(t; ;) has a zeroz( j) in [a;1 ), and that

(2.31) !|lm z(j)=1":
j!
Then, for all su ciently large j, x(t; ;) has another zero in a;z( ) .

Proof. Assume, contrary to our claim, that there is a subsequencé jog f ;g
such that, for any j x(t; jo) has no zeros in a;z( jo) . Sincez( jo)!1 as

j°r1 | we can take an interval p;d such that [b;d  a;z( jo) forall j° By
Lemma 2.5, there exist a constantm > 0 and a subinterval "¢’ [b;d and a
subsequencd jog f jog|we denote f jwg by f jgagain | such that

(2.32) x(t; ;) m jl:(l ) on .Y

for all j. It follows from (2:5) that

Z2(4) 1

(s B° .
t W p(s)f x(s; j) ds
(S t)n 1

(_)Wp(s)f x(s; ;) ds; t a:

Xt =1
Zl

If t 2 [b°%cY, then
sgnx(t; j)=sgnx(s; ;) forall s2 tz(;) :
Hence we have

ZZ(j)(S t)" 1

X(t; j) =sgnx(t; j) i p(s) f(x(s; j)) ds

2t (n 1!
1 tn 1
psoots ) PR x(s ) ds
for t 2 [B% Y, and so
z 1 (S t)n 1

x(t ) 1+ p(s) f(x(s; j)) ds

25 (0 D!
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for t 2 [B% Y. Then, using (232), (2:7) and (1:10), we nd that
Z

1= ) 1 gn 1
m 1+L, B(; ——p(s) ds;
j 2] (]) Z(j)(n 1)|p()
where h Z, o 1 i o
B(j)= 1+ ) L2 ] mp(s)ds
This gives
h Z,4 1 i -
1 1 sn =@
0<m ﬁ+l‘2 —j+(1 )L> ] mp(s)ds
j
z 1 gn 1
——p(s)ds:
(5 (N 1)
However, by the condition (2:31), the right-hand side of the above tends to O as
j '1 . Thisis a contradiction. The proof of Lemma 2.6 is complete. O
Lemma 2.7. Letf jgbe a sequence with< ; !'1 asj!1 . Suppose that

zp( j) and zy( j) are successive zeros ok(t; ;) such thata < zy( ;) < z1( ;)
and

jllllm zi(j)=1:
Then we have
jllllm z()=1":

Proof. Assume to the contrary that liminf ;i1 zx( j) < 1 . There are a subse-
quencef jog f jgandaninterval [b;dsuchthat[b;d  z2( jo);z1( jo) forall
j % Then, analogously to the proof of Lemma 2.6, we are lead to aantradiction.
The proof of Lemma 2.7 is complete. O

Lemma 2.8. Letf ;gbe asequence witth< ; !'1 asj!1 , and letk be
an arbitrary positive integer. Then, for all su ciently lar gej, x(t; ;) has at least
k zeros in the interval (a;1 ).

Proof. Assume that there is a subsequencé jog f g such that, for all j©
X(t; jo) has no zeros in &;1 ). Then,

(2.33) 0<x(t; joy<1l on (1) forall j°:
From Lemma 2.5 there exist a constantm > 0 and an interval [l% ¢ (a;1 ) and
a subsequencé jwg of f jog such that

X(t; jo) m 11;)(1 ) on B forall jO

and consequently limo;  X(t; joo) = 1 for eacht 2 [b°%cY. This is a contradic-
tion to (2:33). Therefore, for all su ciently large j, x(t; j) has at least one zero
in (a;1).
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For all suciently large j, let z;( ;) be the largest zero ofx(t; ;). Assume
that liminf ju  z3( ;) < 1 . There are a subsequenceé jog f jgandanumber
b such that b >z;( 1) for all j% We have

0<x(t; jo)<1 on (p1) forall O

Then, exactly as in the above, we obtain a contradiction. Thus we must have
limji1  zi( j)= 1. Itis concluded by Lemma 2.6 that, for all su ciently large
i, X(t; j) has another zeroz,( j) <z1( ;) ,and, by Lemma 2.7, we have

jI!ilm z()=1":
We repeat this procedure by using Lemmas 2.6 and 2.7. Then weaa get the
desired conclusion. The proof of Lemma 2.8 is complete. O
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. Fork=1;2;:::, we put
v =f 2(0;1):x(t; ) has at leastk zeros in the open interval @;1 )g:

By Lemma 2.8, | is nonempty. Lemma 2.2 implies that there is > 0 such
that forall 2 . Let

(ky=inf [ ; k=1;2:::
Then we have (k) >0 (k=1;2:::). Since k+1+ We also have

(k) (k+1)(k=1;2;:::).
For eachk =1;2;:::, we can take a sequencé (K); gj1:1 such that (k)j 2 ¢
(G =1;2::)and lim (k); = (k)asj !'1 . The solution x(t; (k);) has at
leastk zeros in @;1 ). Let

(@<)z( (k)j) <zk 1( (K)j) < <z2( (K)j) <z1( (k)j) (< 1)
be k zeros ofx(t; (k);). It follows from Lemma 2.1 that all the zeros z1( (K);),

Zo( (K)j);::t5ze( (k);) are in a certain compact interval of the form [a; Ty]. Here,
Tk does not depend onj while it depends onk. There is a subsequencg® of |

asj%!'1 , respectively. Then,
a zc (k) zc1 (k) z; (k) z1 (k) Tk;
and the continuity of x(t; ) impliesthat zy( (k));:::;z¢( (K)) are zeros ofx(t; (k)).
Assume that thereism 2 f 1;2;:::;k 1gsuch that z, ( (kK)) = zm+1 ( (K)). Since
we havex(zm( (K)jo); (K)jo) = X(zms1 ( (K)jo); (K)jo) =0 and xY ; (k)jo) =0
for some 2 zm+1 ( (K)jo);zm( (K)jo) , the continuity of x(t; ) and xXt; ) im-
pliesx(zm( (K)); (k) =0and x%zm( (k)); (k)) =0. This means that z,,( (k))
is a multiple zero of x(t; (k)), giving a contradiction to Lemma 2.3. Thus we get
a zx (k) <zgx 1 (k) < <z, (k) <z; (k) <1:

Assume thata < zx (k) . Then x t; (k) has at leastk zerosz; (k) , :::,
zx (k) inthe openinterval (a;1 ). The continuity of x(t; ) implies that, for all
which are su ciently close to (k), x(t; ) has at leastk zeros in the interval
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(a;1). This is a contradiction to the property of the inmum (k) of ;. Thus
we must havea = z, (k) , and so

a=2z (k) <zx 1 (k) < <zy (k) <z; (k) <1:

Note that x t; (k) has atleastk 1 zerosz; (k) ,:::,z¢ 1 (k) inthe open
interval (a;1 ). If x t; (k) hask or more zeros in @;1 ), then an argument
similar to the above yields a contradiction to the property of the in mum (k) of
« - Thus we conclude thatx t; (k) has exactlyk 1 zeros in the open interval
(a;1 ). From this fact it follows that the equality (k) = (k +1) does not hold,
and consequently,
0< < (< < (k)<
We claim that im (k)= 1 ask!1 . Assume to the contrary that f (k)g has
a nite limit 4, ask!1 . ThenthereisT > 0 such that, for all which are
su ciently closeto 1, X(t; ) has no zeros in the interval [T; 1 ) (see Lemma 2.1).
Let N be an arbitrary positive integer. Itis clear that, for all la rgek, x(t; (k)) has
at least N zeros on the compact interval f; T]. Then, in the limiting procedure as
the above, we nd that x(t; 1 ) has at leastN zeros in the interval [a; T]. Since
N is arbitrary, this means that x(t; 1 ) has an in nite humber of zeros in the
compact interval [a; T]. This is a contradiction. Thus we have Iim (k) = 1 as
k!l
By the above discussions it is easily found that the sequence (k) satises
the properties (i){(iii) in Theorem 1.2. The proof is complete. O

References

[1] Elias, U., Eigenvalue problems for the equation Ly + p (x)y = 0, J. Di erential Equations
29 (1978), 28{57.

[2] Elias, U., Oscillation Theory of Two-Term Di erential Equations , Kluwer, 1997.

[3] Elias, U., Singular eigenvalue problems for the equation y(™) + p (x)y = 0, Monatsh. Math.
142 (2004), 205{225.

[4] Elias, U. and Pinkus, A., Nonlinear eigenvalue problems for a class of ordinary dier ential
equations, Proc. Roy. Soc. Edinburgh Sect. A 132 (2002), 1333{1359.

[5] Hartman, P., Ordinary Di erential Equations , Wiley, 1964.

[6] Kiguradze, I. T. and Chanturia, T. A.,  Asymptotic Properties of Solutions of Nonautonomous
Ordinary Di erential Equations , Kluwer, 1993.

[7] Naito, M., On the number of zeros of nonoscillatory solutions to higher -order linear ordinary
di erential equations , Monatsh. Math. 136 (2002), 237{242.

[8] Naito, M. and Naito, Y., Solutions with prescribed numbers of zeros for nonlinear se cond
order di erential equations , Funkcial. Ekvac. 37 (1994), 505{520.

[9] Naito, Y. and Tanaka, S., On the existence of multiple solutions of the boundary value problem
for nonlinear second-order di erential equations , Nonlinear Anal. 56 (2004), 919{935.

Department of Mathematics

Faculty of Science, Ehime University
Matsuyama 790-8577, Japan

E-mail : mnaito@math.sci.ehime-u.ac.jp



