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ON THE BEHAVIOR OF THE SOLUTIONS TO AUTONOMOUS
LINEAR DIFFERENCE EQUATIONS WITH CONTINUOUS
VARIABLE

Ch. G. Philos and I. K. Purnaras

Abstract. Autonomous linear neutral delay and, especially, (non-neu tral)
delay di erence equations with continuous variable are con sidered, and some
new results on the behavior of the solutions are established . The results
are obtained by the use of appropriate positive roots of the ¢ orresponding
characteristic equation.

1. Introduction

During the last few years, a number of articles has been appeed in the liter-
ature, which are motivated by the old but very interesting papers by Driver [7,
8] and Driver, Sasser and Slater [10] dealing with the asymputtic behavior and
the stability of the solutions of delay di erential equatio ns. See [2, 4, 5, 12, 13,
17-21, 27-41, 44]. These articles are concerned with the asptotic behavior (and,
more general, the behavior) and the stability for delay di erential equations, neu-
tral delay dierential equations and (neutral or non-neutr al) integrodi erential
equations with unbounded delay as well as for delay di erene equations (with
discrete or continuous variable), neutral delay di erenceequations and (neutral or
non-neutral) Volterra di erence equations with in nite de lay. In the above list of
articles, there are only three of them dealing with di erence equations with con-
tinuous variable; see [31, 44] and the last section of [33].df some related results,
the reader is referred to [3, 9, 14, 15, 26, 42, 43]. In the prest paper, we continue
the study in [17-21, 27-41] to di erence equations with contnuous variable.

In the last two decades, the study of di erence equations hasattracted signif-
icant interest by many researchers. This is due, in a large pd, to the rapidly
increasing number of applications of the theory of di erene equations to various
elds of applied sciences and technology. For the basic thay of di erence equa-
tions, we refer to the books by Agarwal [1], Elaydi [11], Keley and Peterson [16],
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Lakshmikantham and Trigiante [24], Mickens [25], and Sharlovsky, Maistrenko
and Romanenko [45].

Di erence equations with continuous variable are di erence equations in which
the unknown function is a function of a continuous variable. We may also refer to
such equations asdi erence equations with continuous time. Note here that the
term \di erence equation" is usually used for di erence equations with discrete
variable. Di erence equations with continuous variable appear as natural descrip-
tions of observed evolution phenomena in many branches of # natural sciences
(see, for example, the book [45]; see, also, the paper [22]For some results on
the oscillation of di erence equations with continuous variable, we refer to [6, 23,
46-48] (and the references cited therein).

In this paper, we are concerned with the behavior of the solubns of autonomous
linear di erence equations with continuous variable. The general case of neutral
delay di erence equations with continuous variable is conglered in Section 2, while
Section 3 is devoted to the special case of (non-neutral) day di erence equations
with continuous variable. Our results will be obtained via an appropriate positive
root of the corresponding characteristic equation or by theuse of two suitable
distinct roots of the characteristic equation. Note that the main result in [31],
applied to the unforced case, as well as Theorem Il in [33] & essentially included
(as particular cases) in the results of the present paper.

2. Autonomous linear neutral delay difference equations with
continuous variable

Consider the rrl]eutral delay di erence equation with continuous variable
X I X

(2.1) X+ Gx(t ) =ax(+  bx(t j);
i21 j23
wherel and J are initial segments of natural numbers,c; for i 21, aand Iy 6 0
for j 2 J are real numbers, and ; for i 2 | and ; for j 2 J are positive integers
such that ;, 8 ;, for iy, i2 21 with i, 6 i and j, 6 j, for ji, j2 2 J with
j1 6 j2. Note that the dierence operator will be considered to be de ned as
usual, i.e.,
h(t)= h(t+1) h(t) for t to;
for any real-valued function h de ned on an interval [to; 1 ).
Let us de ne the positive integers ; andr by
=max i, =max ; and r=maxf; g:
i21 j23
By a solution of the neutral delay di erence equation (2.1), we mean a corinu-
ous real-valued functionx de ned on the interval [ r; 1 ) which satis es (2.1) for
allt 0.
Along with the neutral delay di erence equation (2.1), we specify an initial
condition of the form

(2.2) x(t)= (t) for r t 1;
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where the initial function  is a given continuous real-valued function on the in-
terval [ r; 1] satisfying the \consistency condition"
X

X
@ O+ o @ ) )=a@+ b ( j):
i21 j23

Equations (2.1) and (2.2) constitute an initial value problem (IVP, for short).
By the use of the method of steps, one can easily see that therexists a unique
solution x of the neutral delay di erence equation (2.1) which satis es the initial
condition (2.2); this unique solution x will be called the solution of the initial value
problem (2.1) and (2.2) or, more brie y, the solution of the IVP (2.1) and (2.2).

Together with the neutral delay di erence equation (2.1), we associate the fol-
lowing equation

X X
(2.3) ( 1) 1+ o o= a+t bh

i21 j23
which will be called the characteristic equation of (2.1). Equation (2.3) is obtained
from (2.1) by seeking solutions of the formx(t) = t for t r, where is a

positive real number.
Our rst result is the following theorem, which establishes a basic asymptotic
property for the solutions of the neutral delay di erence equation (2.1).

Theorem 2.1. Let ¢ be a positive root of the characteristic equation(2.3) such
that

X 1 X ,
(2.4) Gl 1+ 1 — i o'+ — jhjj o’ <L
i21 0 j2J
Set X h 1 i 1 X
(0= ¢l 1 — i o'*+— bj,
i21 0 023
Then the solution x of the IVP (2.1) and (2.2) satis es
t+1 .
. L( o; )
u — .
dmo o x(Wdus e
where
Zl
L( o )= o (u)du
0
X hZ s 1 Zo i
+ G o  (udu 1 — o (u)du
i21 i 0 i
1 X ‘hZO [
+— B o o (u)du :
0423 j

Note. Condition (2.4) guaranteesthat 1+ ( o) > 0.

Corollary 2.2 below follows immediately from the above theoem by an appli-
cation with o =1.
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Corollary 2.2.  Assume that
X X X

(2.5) a+ B=0 and  joj+ jbj;<1:
i23 i21 j23

Then the solution x of the IVP (2.1) and (2.2) satis es

7 Rl P hR 1 | =] hRO i
t+l o (Wdu+ 45 ¢ ' (U)gu + 2B (u)du _

lim x(u)du = f f
t 1+ 6+ jo5b
. P P
Note. The second condition of (2.5) guarantees that 1+ ,, ¢+ ;,,0 j > 0.

Proof of Theorem 2.1.  Let x be the solution of the IVP (2.1) and (2.2), and
de ne

y(t) = o'x(t) fort r.

Then, for everyt 0, we obtain

h X X i
X(t) + cx(t ) ax(t) hx(t )
i2] 23
n h X io X ,
= oYM+ G ooyt ) agy() o b ooyt )
i21 i23
h X i h X
= 0oy Gyt )+ 5 b v+ co vt )
i2>|( i2l
agy() o b o'yt )
24
n h X i
= % o Y(t)*" G o 'Yt i) +( o 1 ay(t)
X i2l X | o
+(o 1) a o'yt i) B o'yt )
i21 j23
n h X i
= E) 0 y(t)+ G o IY(t |)
h i2l X |
+ (o 1) o'+ B o' y()
i21 i23
X | X | 0
+(o 1) a o'yt i) b o'yt )
Lo « i21
= 5 o Y+ G o'yt i) (o 1)
X i2l X o

Go 'y yt )+ B o'y yt )

i2 i23
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Thus, the fact that the solution x satis es (2.1) fort 0 is equivalent to the fact
that y satis es

h X , i 1 X .
(2.6) y(t) + G o'yt ) =1 — G o 'ly(®) vy i)l
i21 0 o)
1 X .
= b o yt) yt ) for t O
023

On the other hand, the initial condition (2.2) is written in t he following equivalent
form

(2.7) y(t)= o' (1) for rot 1:
Next, let us introduce the function Y de ned by
z t+1
Y (t) = y(u)du for t r:

t
We observe that

Yqt)= y(t+1) yt)= y() for t r:

So, we can immediately see that
h X i h X io
yi+ G oo 'yt i) = Y+ 6 'Yt ) for t O
i21 i21
Moreover, for anyi 2 | and everyt 0, we get
X1 X1 X1
yi)y yt )= y(t+s+1) y(t+s)= y(t+s)= Yt+s):

s= i s= i s= i

Consequently,
y(t) y(t i)= Y(t+s) for i21 and t O:

Analogously, we have

h x1 ig
yit) yit )= Y(t+5s) for j2J and t O:

S= j

After the above observations, we see that (2.6) can equivatgly be written as

h X ig n 1 X h x1 i
YO+ G Yt ) = 1 = G, Y(t+s)
i21 0 2 s=
1 X h x1 0 o
— b o' Y(t+s) for t O:

0524 s=
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The last equation is equivalent to

X ‘ 1 X h x1 [
Y+ 6o 'Yt )= 1 = g, Y(t+s)
i2] NPy s=
1 X h x1 i
— b’ Y(t+s) +K for t O;
j23 s=

where the real constantK is given by

X 1 X h x1 i
K= Y(0)+ G o iY( i) 1 — G o i Y(S)
i21 0 21 s=
1 X h x1 [
+ > B o Y(s) :
j23 S= j

By the use of the function Y, the initial condition (2.7) takes the equivalent form

Zt+l
(2.8) Y (1) = 0" (u)du for r t O:
t

Furthermore, by using (2.8) and taking into account the de nition of L( ¢; ), we
obtain

Z, X hZ i
K = o (u)du+ G o' o (u)du
0 i21 i
1 X h x1 Z 511 i
1 = G o 0" (u)du
0 2 s= ;S
1 X h x1 Zsu i
+ = 0! (U)du
OjZJ s= s
Z, X hZ .« i
= o (u)du+ G o' o (u)du
0 i21 i
1 X hZ o i
1 = G o 0" (u)du
0 2 i
1 X hZo i
+— b o (u)du
023 i
Z,
= o (u)du
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X hZ 1 2o i
+ G o o (uydu 1 — o (u)du
i21 i 0 i

1 X hZo i
+— b o (udu =1L(o; ):

02 j

So, we conclude that (2.6) can equivalently be written, in tams of the function
Y, as follows

X 1 X h x1 i
29 Y+ @, 'Yt )= 1 = G, Y(t+s)
i21 0 2 s=
1 X h x1 i
— b o' Y(t+s) +L(o; ) for t O:
023 s=
Now, we de ne
L( o; )
z(t)= Y(t ———= fort r:
O=Y0

By taking into account the de nition of ( (), we can easily verify that (2.9)
reduces to the following equivalent equation

X 1 X h x1 i
(2.10) z(t) + G o'zt )= 1 — C o' z(t+ s)
i21 0 2 s=
1 X h x1 i
— b o' z(t+s) for t O:
OjZJ s=

On the other hand, the initial condition (2.8) becomes

z t+1 L( o; )
2.11 z(t) = Y (uydu ——= for r t O:
@1y 2= " W s
We use the de nitions of the functions y, Y and z to conclude that all we have to
prove is that

(2.12) tlIilm z(t)=0:

In the rest of the proof we will establish (2.12).
Let us consider the real constant ( o) de ned by
X 1 R .
()= j&j 1+ 1 — i o'+— jbjjo';
21 0 0
which, by condition (2.4), satis es

(2.13) 0< (o)< 1:
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Moreover, we put

Z
L( o; )
. — u
M(o; )= max t o (u)du I+ (o)
Then, because of (2.11), we have
(2.14) jz®)j M( o; ) for r t O:

We will show that M ( ¢; ) is a bound of the function z on the whole interval
[ n1),ie., that

(2.15) jz(t)j M( o; ) forall t r:
To this end, let us consider an arbitrary real number > 0. We claim that
(2.16) jz@®)j<M (o; )+ for every t r:

Otherwise, since (2.14) guarantees thajz(t)j <M ( o; )+ for r t O, there
exists a pointty > 0 so that

jz)j<M (o; )+ for r t<to; and jz(te)j=M( o; )+

Then, by taking into account the de nition of ( () and using (2.13), from (2.10)
we obtain

M( o0 )+ = jz(to)j
X h 1 X1t [
= G o' z(to )+ 1 — z(to + )
i21 0 s= i
1 X h x1 i
— b’ Z(to + )
OjZJ s=
X h 1 Xt i
iGj o ' jz(te )i+ 1 — jz(to + 8)j
i21 0 o= |
1 X h xt i
+ = iBj o jz(to + 9)j
023 =
hX 1 1 X |
jgj 1+1 — i o'+ — jbjj o’ M(o )+
i21 0 023

= (o)M(o0 )+ <M(o0; )+

which is a contradiction. This contradiction proves our claim, that is, (2.16) holds
true. Since (2.16) is satis ed for each real number > 0, it follows that (2.15) is
always valid. Furthermore, by using (2.15) and taking into account the de nition
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of ( o), from (2.10) we obtain, for everyt O,

X h X1 i

. . ) 1
jZ®i= 6o ozt )+ 1 = 2(t+ 9)
i21 0 &=
1 X h x1 i
— b o z(t+ )
O]ZJ s=
X h 1 Xt i
jcij o "zt )i+ 1 — jz(t + 9)j
i21 0 o= |
1 X h x1 _ _i
+ = jhj o’ jz(t+ s)j
02, s=
hx 1 oaax
jej 1+1 — i o'+ — jbjj o’ M(o5)
i21 0 023
= (oM(o; ):
That is,
(2.17) jz(t)j (o)M( o; ) forall t O:

Having in mind (2.15) and (2.17), we can use (2.10) to conclud, by the induction
principle, that z satis es
(2.18) jz(t)j [ (o) M( o; ) forall t ( D ( =0;1;::0):
But, it follows from (2.13) thatlim 3 [ ( o)] =0. Hence, it is easy to see that
(2.18) implies (2.12).

The proof of the theorem is complete. O

Theorem 2.3 below gives a useful inequality for the solutioa of the neutral
delay di erence equation (2.1).

Theorem 2.3. Let ¢ be a positive root of the characteristic equation(2.3) such
that (2.4) holds. Let ( () be as in Theorem 2.1, and de ne

X 1 X
()= Jaj 1+ 1 — i o'*+— jhjjo’:
i21 0 023
Then the solution x of the IVP (2.1) and (2.2) satis es
Zt+l
o'X(uydu P( o)k k forall t O;
where
h n o] n o]
1+ ( o) n 10 1+ (o) . 1,
P = —max 1, — + ——max 1; +max —,;
(o) 1+ (o) 0 (0)1+(0) ° o' °
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and
k k= sup (t) :

rt 1

The constant P( o) is greater than 1.

By applying Theorem 2.3 with ¢ = 1, we can arrive at the following particular
result:

Corollary 2.4. Assume that (2.5) is satis ed. Then the solution x of the IVP
(2.1) and (2.2) satis es
z t+1
x(u)du pk k forall t O;
t

where b b

.. L. 2
AL LS. IR NI
1+ G+ joyb i21 023 :

p:

and k k is de ned as in Theorem 2.3. The constantp is greater than 1.

In Theorems 2.1 and 2.3, we have used a positive rooty of the characteristic
equation (2.3) such that (2.4) holds. The following lemma die to Kordonis and the
rst author [19] provides su cient conditions (on the coe ¢ ients and the delays
of the neutral delay di erence equation (2.1)) for the characteristic equation (2.3)
to have a positive root o satisfying (2.4).

Lemma 2.5 ([19]). Assume that

h X i X .
1 1 1
+ s 1+ = + a+ + = >
r+1 ! . G 1 r a ) B 1 r 0
i21 j23
and
X h 1] 1 1 X 1
jej 1+ 2+ > 1+ '+ 1+ jhj; 1+ L
i2l r r r j23 r

Then, in the interval (<-;1 ), the characteristic equation (2.3) has a unique

r+l°

(positive) root ; this root is such that (2.4) holds.

Proof of Theorem 2.3.  Consider the constantL( ¢; ) de ned as in Theorem
2.1. Then we get
z 1
JLC 05 )i . 0] (u)jdu
X hZ s 1 %o i
+ icj o o ] (Wjdu+ 1 > o (u) du
i2l i i
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X hZ o i

1 o . . .
+—  jhio’ o j (u)jdu
023 j
th X Z i+1 1 ZO
o dut jcj o o du+ 1 — 0" du
i21 i 0 i
1 X 2o i
+—  bj o o'du Kk k:
023 i
We observe that n o
1
max ,“=max 1, —
u2[0;1] 0
and consequently
Z, n 40
o'du max 1, —
0 0

Moreover, we see that
max " =maxfl; §g

u2[ r,0]
and so we have
z i+l
o"du maxfl;, pg for i21;
Z
o'du  imaxfl; jgg for 21
and
Zyo

o'du jmaxfl; gg for j2J:
i

After the above observations, we nd

n n ,o0 hx 1
L( o) max 1, — + jaj 1+ 1 — i o
0 i21 0
1 X i 0
+— jBj; o' max 1, 5 k k:
j23
Hence, by the de nition of ( o), it holds
h n o0 [
(2.19) L( o; ) max 1,— + (g)max 1; § k k:
0

Now, let x be the solution of the IVP (2.1) and (2.2), and de ne the functionsyy,
Y and z as in the proof of Theorem 2.1. Moreover, consider the constd M ( o; )
de ned as in the proof of Theorem 2.1. As it has been shown in th proof of
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Theorem 2.1, the function z satis es (2.17). By the de nition of the function z, it
follows from (2.17) that

. o JLC o3 )i
(2.20) JY (1) J($)1+ (o)M( o; ) forevery t O:
1+ (o)
Since o
max Y = max 1.
u2[ r1] 0 O, o
we have Zu L o
o"du max —0; o for r t o0
t
Thus, by taking into account the de nition of M ( o; ), we obtain
hZ t+1 i J ( o )J
. u - /]
M( 0 ) I;natxo ; 0 (u) du + 1+ ( 0)
h Zn iL( o )i
. ;
£n§x0 t du k k+ T+ ( N
n o
1. iLCo; )i,
max —; k k+ ———=
o ° 1+ (o)
So, (2.20) gives
. . ( 0) 1. ro .
(2.21) jY(1)j jiLCo; )i+ (o) max —; 5 k k for t O:
1+ ( 0) 0
By combining (2. 19) and (2 21), we obtain, for eacht 0,
N4 1+ (o) ) 10 i n, oo
Y (1) max 1— + (ogmax 1, 5 + (omax —; § kk
1+ (o) 0 0
n 0
1+ (o) 1 1+ (o)
= max 1 + maxfl; ¢
1+ ( %) . ( 0) 1+ ( 0) 09
n 0io
+max —; § k k:

0
Hence, because of the de nition ofP( ), we have

iY()i P( o)k k foral t oO:

By taking into account the de nitions of the functions y and Y, we immediately
see that the last inequality coincides with the inequality in the conclusion of the
theorem. Finally, asj ( o)j ( o), we have

1+ (o)
1+ (o)

n 0
1
max 1, — 1:
0
So, it is easy to conclude thatP ( o) > 1.

The proof of the theorem is now complete. O

1:

Also, it holds
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We proceed with a result (Theorem 2.7 below) concerning the &havior of the
solutions of the neutral delay di erence equation (2.1); this result will be estab-
lished via two distinct positive roots of the characteristic equation (2.3). Before
stating and proving Theorem 2.7, we give a lemma obtained bylie authors in [33],
which provides some useful information about the positive oots of the character-
istic equation (2.3).

Lemma 2.6 ([33]). Suppose that
¢ 0 for i21; and B <O for j2J:
() Let ¢ be a positive root of the characteristic equation(2.3) with o 1,
and let ( o) be de ned as in Theorem 2.1. Then
1+ (o0)>0
if (2.3) has another positive root less than o, and
1+ (o) <0

if (2.3) has another positive root greater than ¢ and less than or equal tal.
(I If a=0,then =1 is not a root of the characteristic equation (2.3).
(1) Assume thata=0 and th)z%t

(c) L1
i21
Then, in the interval (1;1 ), the characteristic equation (2.3) has no roots.
(IV) Assume that X

(2.22) (b) a
j23
and X X
(e)+ (b)) 1L
i21 j23
Then, in the interval (1;1 ), the characteristic equation (2.3) has no roots.
(V) Assume that(2.22) holds, and that

X +1) X +1) 17t
(2.23) ( q)¥+ ( Q)u< 1+a(r+1):
i21 r i23 r
Then: (i) = 7 is not a root of the characteristic equation (2.3). (i) In the

interval (1 ;1], (2.3) has a unique root. (iii) In the interval (0; 1), (2.3) has
a unique root. (Note: Assumption (2.23) guarantees thatl + a(r +1) > 0 and so
a> 1)
Theorem 2.7. Suppose that

¢ O for i21; and B <0 for j2J:

Let o be a positive root of the characteristic equation(2.3) with o 1 and such
that
1+ (0)60;
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where ( o) is de ned as in Theorem 2.1. Let also ; be a positive root of (2.3)
with 16 .
Then the solution x of the IVP (2.1) and (2.2) satis es

hZ oy
oo o ! u L( o; ) oo
U( o5 15 ) ) : o X(u)du 1+ (o) V(o 15 )
forall t O, whereL( o; ) is de ned as in Theorem 2.1 and:
n hZ 41 L( o ) i0
N 0 u (o7 ) ™.
U(o; 15 )= rplrg . ) t o (u)du 1+ (o)
n hZ 41 L( o )0
N 0 u (o ) ™.
V(o 15 )= nr1atxO ) t o (u)du 1+ (o)

Note. By Lemma 2.6 (Part (1)), we always have 1+ ( o) 60if ; 1.

We immediately observe that the double inequality in the corclusion of Theorem
2.7 can equivalently be written in the following form
Z
t t+1 L( . )
U( o} 1) — Ux(uydu —2% 2
( 0 1 ) 0 . 0 ( ) 1+ ( O)

1 t
V(o; 1, ) — for t 0
0
Consequently, we have

VA t+1

: u _ LCo ) .
tllllm t o X(u)du= 14_70(0),

provided that 3 < .

Proof of Theorem 2.7.  Consider the solutionx of the IVP (2.1) and (2.2), and
let y, Y and z be de ned as in the proof of Theorem 2.1. As it has been proved
in the proof of Theorem 2.1, the fact that x satises (2.1) fort 0 is equivalent
to the fact that z satis es (2.10). Also, the initial condition (2.2) can equivalently
be written in the form (2.11). Furthermore, let us de ne

t
w(t) = 0 z(t) for t r:
1

Then we can see that (2.10) reduces to the following equivalé equation

X } 1 X hxt s I
w(t) + G 1 'wt )= 1 — G o' —  Ww(t+s)
i21 0 2 s= ; !
1 X “hx1 o S i
(2.24) — b o' — w(t+s) for t O:
0 j2J S= j 1
On the other hand, the initial condition (2.11) becomes
0 thz t+1 L( 0. ) |
2.25 w(t)= — “ (uWdu ———= for r t O:
@25) wi= — " W
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By taking into account the de nitions of y, Y, z and w, we have

hZ 1 N

o ! u L( 01) .

w(t)= — x(uWydu ———=— for t r:
(t) ) t o X(u) 1+ (o)

Moreover, it follows from (2.25) that
U( o; 1; )= min w(t) and V( o; 1; )= max w(t):
rto r to
So, what we have to prove is thatw satis es

min w(s) w(t) max w(s) forall t O:
r s o0 r s o0

We will con ne our discussion only to proving the inequality
(2.26) w(t) rrnlsn ow(s) forevery t O:
The inequality
w(t) [na;x 0w(s) forevery t O
can be shown by an analogous procedure. In the rest of the préowe will establish
(2.26).

The proof that (2.26) holds can be accomplished, by showinghat, for any real
number D with D < min Ow(s), it holds
r s

(2.27) w(t)>D forall t O:

For this purpose, let us consider an arbitrary real numberD with D < min 0W(s).
r s

Then we obviously have
(2.28) w(t) >D for r t O:

Assume, for the sake of contradiction, that (2.27) fails to fold. Then, because of
(2.28), there exists a pointty > 0 so that

w(t) >D for r t<tgo; and w(tg)= D:

Hence, by using the hypothesis that;, O fori 21 andly < Oforj 2 J and

taking into account the assumption that o 1, i.e., thatl io 0, from (2.24)
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we obtain
X , 1 X hxt s i
D = w(to) = G 1 ‘Wt )+ 1 — G o — w(t+s)
i21 0 2 s= ; !
1 X h x1 s [
— B = w(t+s)
0j2.] s=
n X 1 X h x1 0 sl
>D CI 1 |+ 1 _ CI 0 i _-
i21 0 2 s= ; 1
iX h ,-h X1 0 sl0
0
j23 s= ; 1
n X 1 X hxi i
=D G . '+ 1 — G o' 0
i21 0 2 - 1
1 X “hxi 0 0
=" b, Y
j23 =1 1
p N X , X h o
= ( 0 l) G 1 '+( 0 1) Gi 0 I _O 1
o 1 H i21 i2] 1
. io
Tho 2
i23 1
D N X X
= (o 1) (1 1) G, ' +t(o 1) o ' o
OX 1 o i21 i21
B, 0
i23
D nh X X i
= (o 1) G o'+ B o
0 1 i21 j2d
h X X o
(2 1) o'+ B,
i21 i23
D
= (o 1 @& (1 1 & =D:
0o 1

We have thus arrived at a contradiction, which shows that (2.27) is always satis ed.
The proof of the theorem has been completed. O
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3. Autonomous linear delay difference equations with continuo us
variable

In this section, we will concentrate on the special case of th di erence equation
(2.1), wherethe coe cients ¢ for i 2 | are equal to zerg and the initial segment
of natural numbers | and the delays ; for i 2 | are chosen arbitrarily so that

maxiz| i maxj23 j. (For example, it can be considered thatl = J,
and ; = ; fori 2 1.) Inthis particular case, the di erence equation (2.1) reduces
to the (non-neutral) delay di erence equation with continuous variable

X
(3.1) X(t)= ax()+  Bx(t ):

j23

As it concerns the delay di erence equation (3.1), we have tle integer maxj2y |
in place of the integerr (which is used in the general case of the neutral delay
di erence equation (2.1)). A solution of the delay di erence equation (3.1) is a
continuous real-valued function x de ned on the interval [ ; 1 ), which satis es
(3.1) forallt O.

We will consider the initial value problem (IVP, for short) consisting of the
delay di erence equation (3.1) and aninitial condition of the form

(3.2) x(t)= (t) for t 1
where the initial function is a given continuous real-valued function on the
interval [ ; 1] satisfying the \consistency condition"
X
O ©O=a@+ b ( j):
i2J

The initial value problem (3.1) and (3.2) (more brie y, the | VP (3.1) and (3.2)) has
a unigue solution x; that is, there exists a unique solutionx of the delay di erence
equation (3.1) which satis es the initial condition (3.2).
The characteristic equation of the delay di erence equation (3.1) is
X
(3.3) l=a+ h
i23
In the special case of the (non-neutral) delay di erence egation (3.1), Theorem
2.1, Corollary 2.2, Theorem 2.3 and Corollary 2.4 are formwudted as follows:

Theorem 3.1. Let ¢ be a positive root of the characteristic equation(3.3) such
that
1 X v
(3.4) — ibij o' <1
023
Then the solution x of the IVP (3.1) and (3.2) satis es
Z t+1
. L ;
lim o 'x(u)du = r-Q( o )
ti1 ¢ 1 b
0 j23 ] 0

o
J
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where
Z, 1 X , hZ o i
Lo( o; )= o (Wdu+ = B 4! o (u)du :
0 023 j
P .
Note. Condition (3.4) guarantees that 1 + io 200 o' >0
Corollary 3.2. Assume t)f(1at

X
(3.5) a+ b =0 and jbjj<1:
j23 j23
Then the solution x of the IVP (3.1) and (3.2) satis es )
R P hR i
7 1 0
_ t+1 o (u)du+ 02 b i (u)du
lim x(u) du = I
ey 1+ 5, b j

Note. The second condition of (3.5) guarantees that 1+ ;,;§ ; > 0.

Theorem 3.3. Let obe a positive root of the characteristic equation(3.3) such
that (3.4) holds. Then the solutionx of the IVP (3.1) and (3.2) satis es

t+1
o'X(u)ydu  Po( o)k k forall t O;

where
1+ 17 b0l N 101X
Po( o) = ——2p2 —max L= + = jhj; o
1+ = ;F%th 0 0 027
1+ L ihi . i n (0]
2 p'ZJJhJJ Oj maxf 1, g+ max i; A
1+ 9B o 0
and

k k= sup j (t)j:
t 1

The constant Po( o) is greater than 1.

Corollary 3.4. Assume that (3.5) is satis ed. Then the solution x of the IVP
(3.1) and (3.2) satis es

t+1
x(uydu pok k forall t O;

where

P L2
1+ 525080 +X b
1+ b (23 ]

and k k is de ned as in Theorem 3.3. The constantpp is greater than 1.

Po =

Lemma 3.5 below gives su cient conditions (on the coe cient s and the delays
of the delay di erence equation (3.1)) for the characteristic equation (3.3) to have
a positive root ¢ such that (3.4) holds. This lemma has been established by
Kordonis and the authors [20]; it is also a consequence of Lema 2.5.



DIFFERENCE EQUATIONS WITH CONTINUOUS VARIABLE 151

Lemma 3.5 ([20]). Assume that

X lq( +1)»j+1

; > 1 a( +1)
i23
and
X i (D

j23

]
Then, in the interval (—;1 ), the characteristic equation (3.3) has a unique

(positive) root ; this root is such that (3.4) holds.

The following lemma due to the authors [33] is concerned wittthe positive roots
of the characteristic equation (3.3).

Lemma 3.6 ([33]). Suppose that
b <0 for j2J:

() Let o be a positive root of the characteristic equation(3.3). Then
1 X v
1+— Bjo'>0
023
if (3.3) has another positive root less that o, and
1 X ,
1+ — Bbj,'<0
023
if (3.3) has another positive root greater than .
(I a> 1is a necessary condition for the characteristic equation(3.3) to have
at least one positive root.
(I1) The characteristic equation (3.3) has no positive roots greater than or equal
toa+1.
(IV) Assume that
X (+1) "
(B ———

j23

<l+a( +1):

[This condition implies that 1+a( +1) > Oand soa+1 > —:] Then: (i) = —r
is not a root of the characteristic equation (3.3). (i) In the interval (—;a+1),
(3.3) has a unique root. (iii) In the interval (0; —), (3.3) has a unique root.

The need in assuming, in Theorem 2.7, that the root  of the characteristic
equation (2.3) is such that ¢ 1 is due only to the existence of the term
h x1 o S i
G o' —  Ww(t+ys)
i2l s= i 1

1 X
1 —
0
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in (2.24). This term does not exist in the special case of ther{on-neutral) delay
di erence equation (3.1). More precisely, in this particular case, (2.24) becomes

1 X h xt o S [
wit)= — b o' —  w(t+s) for t O:
023 s= ; !

So, following the lines of the proof of Theorem 2.7 and takingnto consideration
the above observation, we can prove the following theorem.

Theorem 3.7. Suppose that
b <0 for j2J;

and let o and 1, o 6 1, be two positive roots of the characteristic equation
(3.3). Then the solution x of the IVP (3.1) and (3.2) satis es

hZ t+1 . |
t L ,
Uo( 0; 1; ) 0 0 "x(u) du . FQ( 0, ) ,-
! ! 1+ o j23 Q i o
Vo( 0; 15 ) forall t O;
whereLo( o; ) is de ned as in Theorem 3.1 and:
n hZ 41 L _ io
Uo( 0; 1, )= min o 9 o (u)du - ,.'_Q( 0 ) ; ’
t ! ! o jZJh i o
n thz t+1 L . |O
Vo( 0; 1; )= max 0 oY (u)du . FQ( 0, ) ,-
e ! ! 1+ o0 jzjq i o

P .
Note. By Lemma 3.6 (Part (1)), we always have 1 + io 200 o' 60
Now, let us consider the delay di erence equation with contnuous variable

X
(3.6) wit) wt )=awt )+  Bwt ),
j23

where is a positive real number, and ; for j 2 J are real numbers such that:

j > forj2J,and j, 6 j, forji;j2 2 J with j1 6 j». Let us assume that
there exist integersm; > 1 forj 2 J sothat ;j = m; forj 2 J. Consider
the positive real number dened by =maxj,; ;. By a solution of the delay
di erence equation (3.6), we mean a continuous real-valuedunction w de ned on
the interval [ ; 1 ) which satises (3.6) forall t 0.

Set j =m; 1lforj 2 J. Clearly, ; forj 2 J are positive integers such
that ;, 6 ;, forji;j2 2 J with j, 6 jo. Moreover, we put = maxjz; j. We
immediately see that =( +1) .

Let w be a solution of the delay di erence equation (3.6), and de re

x(t)=w (t 1) for t
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Then, for everyt 0, we obtain
X

x(t) ax(t) bx( )

j23
X
=w(t) w(t ) aw(t )  Bw(t (;+1))
'5(2.]
=w(t) w(t ) aw(t ) bw(t m; )
'5(23
=w(t) w(t ) aw(t ) bw(t j)=0:
j23

Consequently,x is a solution of the delay di erence equation (3.1). Conversly, if
X is a solution of (3.1), then the function w de ned by

w(t) = x E+1 for t

is a solution of (3.6).

Delay di erence equations with continuous variable of the form (3.6) have been
studied by the authors in [31] as well as in the last section 0f33]. Note that, in
[31], more general forced delay di erence equations with aatinuous variable of the
form X
wt) w )=awt )+ Bw )+ f(D)

j23
are considered, wherd is a continuous real-valued function on the interval [Q 1 ).

After the above analysis on the connection between the delagi erence equa-
tions (3.1) and (3.6), it is not di cult to see that the main re sultin [31], applied to
the unforced case, coincides with Theorem 3.1, while Theore Il in [33] is essen-
tially the same result with Theorem 3.7. We notice here that Pituk [44] established
an important result on Cesaro summability to a linear auton omous di erence equa-
tion with continuous variable. A detailed comparison between Pituk's result and
the authors' main result in [31] is contained in [44].
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