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ON UNIQUE RANGE SETS OF
MEROMORPHIC FUNCTIONS IN cm

Xiao-Tian Bai and Qi Han

Abstract. By considering a question proposed by F. Gross concerning un ique
range sets of entire functions in C, we study the unicity of meromorphic func-
tions in C™ that share three distinct nite sets CM and obtain some resul ts
which reduce 5 c3g(M (C™)) 9to5 c3(M(C™)) 6.

1. Introduction and main results

Let f be a non-constant meromorphic function inC, and let a2 C be a nite
value. De ne E; (a) to be the set of zeros of a =0, each one counted according
toéts multiplicity. For a = 1, we dene Ef (1) := Ey (0). let S Pt .=
C flg be a non-empty set with distinct elements. SetE¢ (S) = _,5 Ef (). If,
for another non-constant meromorphic functiong in C, we haveEs (S) = E4(S),
then we say thatf and g share the setS CM. In particular, when S contains only
one element, it coincides with the usual de nition of CM shared values. We refer
the reader to books [7] or [11] for more details oNevanlinna's value distribution
theory of meromorphic functions with single variable and its applications.

In 1968, it was F. Gross who rst studied the uniqueness probém of meromor-
phic functions in C that share distinct sets instead of values in [5]. From then
on, he, as well as many other mathematicians, has studied andbtained a lot of
results on this topic and its related problems (see, e.g., [[8or [11]).

In 1976, F. Gross asked the following two questions.

Question 1 (see [6] or [12]) Can one nd two distinct nite sets S; and S, such
that any two non-constant entire functionsf and g in C sharing them CM will be
identically equal to each other?

Question 2 (see [6] or [12]) If the answer to Question 1 is a rmative, then it
would be interesting to know how large both sets would have lie?
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Questions 1 and 2 have been answered by H.-X. Yi completely in998. In fact,
he proved the following two theorems.

Theorem A (see [12]) Let f and g be two non-constant entire functions inC,
and letS; = fogand S, = !j!%(! +a) b=0 be two sets, where and b are

two non-zero constants such that% 6 b. If f and g share the setsS; and S,
CM, then f g.

Theorem B (see [12]) If S; and S, are unique range sets of non-constant entire
functions in C, then max {(S1); {(Sz) 3 and min {(S1); {(S2) 1, where
{(S;) denotes the cardinality of the setS; for j =1, 2.

Here, we say thatS;, S, :::, S, are unique range sets of entire or meromor-
phic functions, if the condition that any two non-constant entire or meromorphic
functions f and g sharing S;, S, :::, Sy CM implies that f  g. Also, examples

are given in [12] to show that the conclusions of Theorem B istsarp.

P.-C. Hu and C.-C. Yang generalized the above two theorems tdiolomorphic
functions in C™, and obtained the following result.

Theorem C (see [8, Theorem 3.42]) Let f and g be two non-constant holomorphic
functions in C™, and let S; = fOgand S, = !j!"+alP b=0 be two sets,
where n and p are two relatively prime integers such thatn >p 2 and 2p > n,
and a and b are two non-zero constants such thatbna"p 6 pp((nl);)”n =. If f andg
share the setsS; and S; CM, then f  g. Obviously, min {(S;) =3.

Also, they studied unique range sets of meromorphic functios in C™, and
obtained the following extension of Theorems A-C.

Theorem D (see [8, Theorem 3.43]) Let f and g be two non-constant mero-
morphic functions in C™, and let S; = f0g, S, = !j!"+al?P b=0 and

S; = flg be three sets, wheran and p are two relatively prime integers such that
n>p+1 3and2p>n +2,anda and b are two non-zero constants such that
b;"‘—"p 6 % If f and g share the setsS;, S; and Sz CM, then f 0.

Obviously, min {(Sp) =7.

Remark. Please see Section 2 for the de nition of meromorphic functins of
several variables and that of the corresponding CM shared s$&.

Example. Let f and g be two non-constant distinct meromorphic functions in
C™ with the following expressions

ae (e" 1)
e(n+1) 1

a(e" 1)

and g-= m

Then f=g = e , where is a non-constant entire function in C™. So,f and g
share the values 0,1 CM. Also, f"(f + a) g"(g+ a), which meansf and g
sharing the setS= !j!"(! +a b=0 CMforany n2 N and any a(6 0),
b2 C.
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Hence, the above example shows that the assumptionn\>p + 1" in Theorem
D is sharp. Further, it also shows that, in order to reduce the cardinality of the
set S,, we may have to increase the cardinalities of the set§; or Ss.

Dene (S)n = fS1, S, 111, Spg, where fhe non-empty setsS; P! are of
distinct elelﬂ;ents forj =1;2;::5;n,and §  S¢ = ; wheneverj 6 k. Dene
{(Sh = 4{(S)to be the total cardinality of the setsS; for 1;2;:::;n. If
the setsS; (j =1;2;:::;n) are unique range sets of meromorphic functions irC™,
then we dene c, M (C”‘) =min {(S), , where M (C™) denotes the set of
meromorphic functions in C™ and obviously, is a eld.

Apparently, ¢ M (C™) 5, since, under some trivial transformation, any
three non-intersecting sets containing four pairwise disinct elements totally will
assume the formS; = f0g, S; = 'j' (! +a) b=0 andS;= flg for two
constantsa and b(6 0) such that &+ b6 0. If a=0, then f = g will be in our
bene t, while if a & 0, then our aforesald Example will help to this purpose.

In this paper, we shall reduce the upper bound 5 ¢z M (C™) 9to 5
cz M (C™M) 6. For admissible meromorphic functions in the unit disc4  C,
the corresponding result has been obtained by M.-L. Fang in2], where he stated
that the same conclusion holds well for meromorphic functias in C. In this paper,
by employing his main ideas, we shall prove the following twaheorems.

Theorem 1. Letf and g be two non-constant meromorphic functions inC™, and

let S; = f0,¢cg, S, = !'j!"(! +a) b=0 andS;= flg be three sets, whera

is a positive integer such thatn 2, and a, b and c are three non-zero constants
_ ( )"n"a"*? ( D"n"(n+2) a"**

SUCh tha’[C - nnfl y W 6 b 2b and W 6 b If f and g

share the setsS;, S, and S3 CM, then f  g. Obviously, min {(S;) =3.

Theorem 2. Letf and g be two non-constant meromorphic functions inC™, and

letS; =f0g, S;= !'j'(!"+a) b=0 andSz=fl , cg be three sets, whera

is a positive integer such thatn 2, and a, b and c are three non-zero constants
non+ n n+1

such thatc= (Db —n"a'™ g 1 2 gnd A *Da _g 1 |ff andg

na ’ (n+1) n+l pn 2n+1 (n+1) n+l pn

share the setsS;, S; and Sz CM, then f  g. Obviously, min {(S;) =3.

2. Preliminaries and some lemmas

If f is a holomorphic function on an open connected neighborhoodf z 2 C™
andf 6 O, then a series

R
f@= Pz )
j =
converges uniformly on some neighborhood afy and representsf on this neigh-
borhood. Here,P; denotes a homogeneous polynomial of degrgeand P 6 O.
The non-negative integer , uniquely determined by f and z, is called the zero
multiplicity (or order) of f at zy and denoted by D?(z).
Let f be a non-constant meromorphic function inC™. Then, for eachz2 C™,
there exists an open connected neighborhood, of zand two holomorphic functions
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g6 0andh 6 0 on U, coprime at z (i.e., the germs ofg and h have no common
factors in the local ring of germs of holomorphic functions & 2), such that hf g
on U,. Then, in U, and for a 2 P?,

Df(9:= Dg an(d (a20C);
D} (= D(2 (a=1)
is well de ned and called the a-multiplicity of f . The function
pDg:cm1 z*

is called the a-divisor of f , whereZ* denotes the set of non-negative integers. If
is a meromorphic function in C™, then it is considered as a holomorphic map into
the Riemann sphereP? outside its set ofindeterminacy that is usually denoted by
l¢. For a2 P!, we de ne
f (a):=supp(Df);
where suppD#) is the support of D2, de ned as the closed se{D2) ! Z*nf0g .
De ne the di erential form

= ddg?;
whered := @+ @and d°¢ := %(@ @. For a meromorphic function f in C™ and
a2 P!, we de ne the count)i(ng function of the a-divisor of f as
n2(r) := D2(2 for m=1;
iz r

and
Z

nd(r):= r2 2m D2 ™ ! for m> 1:
jzj r
Write n r; /A~ = n2(r) for a2 C, and n(r;f ) = n} (r) for a= 1 . De ne the
valence function of the a-divisor of f to be
Z

N r,f 1a = rctﬁdt; a2C;r rog>0;
N(r;f)::zrwdt; a=1;r rp>0:
o
The compensation function ofzf afor a2 P! is de ned as
m r;f 1a = le(r) Zsm(r)logwl;akd [ a2cC;
m(r;f ) := Tl(r) Srn(r)logpmd r a=1;

wherekf (2); ak is the chordal distance betweerf (2) and a in the Riemann sphere
_ 2 m er 1

Pl fora= 1,itis 91= Vi (r) = W,Sm(r): z2C" jz=r,
) R

1+jf (22 '
and d | is the positive element of volume onSp, (r) such that d = Vn(r).

Sm (r)
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As for the sphereSy, (r), it is considered as a (Zn  1)-dimensional real manifold
that orients to the exterior of the ball B, (r)= z2 C™ jz <r

The Nevanlinna characteristic function of f is de ned as
T(f):=m(f)+ N(rf):
In particular, when m = 1, the di erence between this de nition and that in [7]
or [11] is anO(1), i.e., a bounded quantity.
Nevanlinna's rst main theorem states that for any a2 C,

1.
f a’

1
T(nf) mo;f)=T r;ﬁ m ro;

e, T(nf)=Tr - +0@).

a
For k 2 Z* nfQg, de ne the truncated a-divisor of f as

Dfy (2 :=min D{(2;k ;

and de ne the truncated counting function ni r; 2~ (a 2 C), nc(r;f) (a =

1), and the truncated valence function Ny r; ﬁ (a2 C), N(nf)y(a=1)
generated byD¢, (2) similarly.

Nevanlinna's second main theoremstates that for pairwise distinct values & 2
C(=1;2:::;0),

xa
qg 1T(nf N r; L + N(r; f NRram (1; f
f
i=1
2 AT(R;f)
+ O log T
xd 2m 1 .
Ny T; 1 + Ny(r;f )+ O log . T(Rif)

where Ngam (r; f ) is called the rami cation term andro<r< <R< +1.

Let f and g be two non-constant meromorphic functions inC™, and let a be a
value in PL. If D2(2) Di(9 forall z2 C™ nl¢ [I 4, then we say thatf and g
share the valuea CM. For a non-empty setS P!, de ne

X
Df(9= DiD:
a2s
If DF(2) D3(2 forall z2 C™nl¢ [l g, then we say thatf and g share the set
S CM.

We refer the reader to [1] or [8] for details onNevanlinna's value distribution
theory of meromorphic functions with several variables.

Now, let's introduce several lemmas.

Lemma 1 (see [4] or [8, Theorem 1.26]) Let f be a non-constant meromorphic
function in C™, and let P(z) and Q(z) be two coprime polynomials with constant
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coe cients and of degrees p and g, respectively. Write
P(f) _ afP+ay, +fP 1+ +a

R(F) = Q) Tfd+ by 1f9 I+ + by

apl, 60:

Then, we have
T rnR(f) =maxfp;q@T(r;f)+ O(1):

that 0 < j;j jandf,@'f,@°>f;:::;@"f are linearly independent overC™,
where ZT' denotes them-th Descartes' product of Z* .

Lemma 3 (see [3] or[9]) Let f and g be two non-constant meromorphic functions
in C™, and leta 2 P! (j =1;2;3;4) be four distinct values. Iff and g share a;
(j =1;2;3;4) CM, then f is some Msbius transformation of g.

Remark. Since only Borel's Lemma was involved in [3] and [9] for the poof of
their main results, it's straightforward to get the conclusions of our Lemma 3.

Lemma 4 (see [8, Lemma 3.36]) Let f and g be two non-constant meromorphic
functions in C™ such that they share the valud CM. If there exists a real number
2 [0; 3) such that
k N2 r; fl + N2 é + Na(r;f )+ Na(r;9) +01) T(rf)+ T(r;9) ;
then we have eithef gorfg 1.

Here and in the following, the notation \ k " denotes that an (in)equality holds
asr! +1 outside a possible set of nite linear measure.

3. Proof of Theorem 1

De ne fns .
+ +
U] b 3 and G:= 2979 (gb 3 :
Then, from the assumptions of Theorem 1, we know that= and G share the values
land1l CM. By Lemma 1, we have

T(nF)=(n+1)T(r;f )+ O(1)

F =

and
(3.1) TrG)=(n+1)T(r;g)+ O():
We now distinguish the following two cases for discussions.

Casel. F 1landG 1 are linearly dependent. Then, there exists a non-zero
constant k 2 C such that

F 1 k(G 1);
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which implies that
(3.2) f"f+a b kg'(g+ra b:
SetE(f;g)= Z either f(7=9g(2=0or f(d=9g(@=c C"nl¢ [l 4.

Subcase 1.1.E(f;g) 6 ;.
By (3.2), noting b6 0 and b6 222" \we havek = 1. Thus,

(n+1) n+t
(3.3) f'(f+a) d"(g+a);

which means thatf and g share the values 0, a and c CM, since we assume that
f and g share the setS; CM. Also, by assumption, f and g share the valuel
CM. By the conclusions of Lemma 3,f is some Mebius transformation of g, say,

_Ag+B
"~ Cg+D
Substituting (3.4) into (3.3) yields
(Ag+ B)" (A+aC)g+(B + aD)

(Cg + D)n+1
Obviously, C = 0 and thus AD 6 0. Noting a6 0 and n 2, a routine calculation
on the like terms of g leads toB =0 and A = D. Hence,f g.
Subcase 1.2.E(f;g) = ;.

Sincef and g share the setS; CM, then D?(2) D§(2) and Df(2) D3(2.

(3.4) AD BC60:

gn +1 + agn

Subcase 1.2.1.Both f (0)= g (c)=; andf ()= g %(0)= ;.
Sincef and g share the valuel CM, we know that

f— and u
f c g

are non-vanishing holomorphic functions and share the vala 1 CM. According to
the conclusions of Lemma 4, we have eithetrf;C gg—c or ff—c% 1, which
implies that either f + g corf g. However, iff + g ¢, then by (3.2) and

( l)nnnan+1

the fact that a6 c, R 6 2b, it is self-contradicted. So,f g.

Subcase 1.2.2 Either f %(0)=g ()6 ; orf (c)=g %(0)6 ;.
Without loss of generality, we may assume thatf %(0) = g (c) 6 ; while
f 1(c)= g (0)= ;. Hence, from (3.2), we getk = p—>—=.

Obviously, cis the only double root of the equationz"** + az" "*' ac" =0
while the remainingn 1 roots, say,a; (j =1;2;:::;n 1), are all simple.
Let by (k=1;2;:::;n+1) be the n +1 roots of the following equation

b ac® ¢ (b ac® c"*1)?

3.5 " +az" b= =
By our hypothesis that a6 c, % 6 band % 6 2b, equation

(3.5) has no multiple roots at all, since neither O norc is a root of it. Hence, b
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(k=1;2;:::;n+1) are pairwise distinct such that Q'k';'i b« 6 0. By (3.2), noting

P
. Dg;l(z).

Pl

that f 1(c)=;, we have D (2
=1

Applying Nevanlinna's second main theoremto g, and noting that f *(c) =

g %0)= ;,andf and g share the valuel CM, we conclude that
1 Xt 1
k (n+1)T(r;9) Na(r;g)+ Ny r, = + Ny +0T(r;9)
g k=1 g
1 X1
Na(r;f)+ Ny r;f + Ny r; +0T(r;Q)

j=1
(3.6) nT(r;f)+ oT(r;g9) :

However, by (3.2), we haveT(r;f ) = T(r;g) + O(1). Combining it with (3.6)
yields k T(r;g) = o T(r;g) , a contradiction.

Iff (0)=g *(¢)=; andf *(c)= g *(0) 6 ;, interchanging the positions
of f and g yields a contradiction, too. Hence, Subcase 1.2.2 can be led out.

Subcase 1.2.3.Neither f 1(0)= g (c)=; norf (=g *0)= ;.

. . _ b _ b acn Cn +1 .
By a similar V\iay as above, we havk = = and k = >-*-=—, which
yields % =2bsince we assume thah 6 c, and a contradiction against

our hypothesis follows immediately.

Case 2. F 1andG 1 are linearly independent. In this case, we havé 6 G.

From the conclusions of Lemma 2, there exists an integejo 2 f1;2;:::;mg
suchthat (F ;G 1)and (@,F; @ G) are linearly independent, i.e.,
F 1 G 1
W = 6 0:
@jo F @io G
De ne
G . F
(3.7) H = w - @, @.F.

(F 1)G 1) G 1 F 1°
By the lemma of the logarithmic derivative (see [8, Lemma 1.34] or [10]),
k m(rH)=oT(r;f)+ T(r;9) :

Dene | ¢ 1 to be the set ofindeterminacy of F 1. For eachz2 C™, there
exists an open connected neighborhoodl, of z and two holomorphic functions
F16 OandF, 6 0 on U, coprime atz, such that Fy(F 1) Fj,

\
dim,F, *0) F,'©0) m 2

and \ \
e 1 U, F Y0 F,Y0):
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Dene E := supp(D? ;) ; to be the set ofsingular points of the analytic set
supp(D? ;). Then, E is of co-dimension at least 2. De neE, := supp(Di ) o
le 155 = SS,UQQ(D%5 1) g and B = supp(Dg ;)  similarly. Write E :=
||: 1 IG 1 El E2 E3 E4 Then, dImZE m 2.

Take zp 2 C™nE to be a point such that D2 ,(z) = p 2 Z"nfOg. Hence,
DY ,(z0) = p by our hypothesis that F and G share the value 1 CM. By a result of
Bernstein-Chang-Li [1, Lemma 2.3], there exists a holomorhic coordinate system
u=(ug;Uz;:::;Um) of\zo onU, C™nE such that

Us,  suppY ;)= 22Uy jui(2) =0

and

G(2 1=uG (ug;uz;:ii;um);
where Fand G are holpmorphic functions around0 2 C™ and do not vanish
along the analytic setU,,  supp(D? ;). A routine calculation leads to

@joF — p@lll + 1)(“ @F @U

3.8 =r-=7 = Er =Y

(38) F 1, wu@g, F _ @Qu@g,

and

(3.9) @G _p@u , 1% @GQu .
' 1, w@, G  Qu@z,

Hence,Hjz, = O(1), i.e., D}, () = 0.
Take z 2 C™nE to be a point such that Dt ,(z) = q2 Z*nfOg. Similarly,
DY ()= gandD}, (z ) =0. Hence, H is holomorphic onC™ and

Kk NnrH)=0oT(r;f)+ T(r;9) :
Therefore, we obtain
(3.10) k T(nH)= 0o T(rf)+ T(rg) :
It is not di cult to show that

k N r;fE N r;Hi +o0T(rf)+ T(r;g)

T(nH)+ o T(r;f)+ T(r;9) oT(r,f)+ T(rg) :

Analogically, kN r; & o T(rf)+T(r9) ,kN 1z o T(rf)+T(r9)

andkN r, gt;  oT(rf)+ T(rg) .
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Combining the method used in Subcase 1.2.1, the estimate thaN(r; )
N (r; ) + O(1) on valence functions, and the conclusions of Lemma 4 vyidt ei-
ther f + g corf g The former case implies thatf (0) = g %(c) and
f (c) = g (0). Sincef and g share the setS, CM, and 0 and c are the only

two Picard values of both f and g, and % 6 b (then, all the zeros, say,

Fy;1 2,000 he1, Oof the equation! "(! + @) b=0 are simple and distinct from 0,

¢) and % 6 b(then, !; 6 5 forj =1;2;:::;n+1), so, without loss

of generality, we might assume that! 1+ !, = ¢, !+ 13=¢ :::, 1+ h40 = ¢
Ihe1 + 173 = c Noting n 2, we derive that! , = ! 141, a contradiction. On
the other hand, the latter case yieldsF G, a contradiction, too. The proof of
Theorem 1 nishes here completely. O

4. Proof of Theorem 2

Dene f :=1=f and g := 1=g By the assumptions of Theorem 2 and the
conclusions of Theorem 1, we havé g . Hence,f g. O

Final Note. From a recent discussion with M. Shirosaki in a conference aHi-
roshima University, the second author was informed that anythree non-intersecting
sets of the form S; = fag; a9, S, = fhy;bpg and S; = feg are necessarily not
unique range sets, see also H.-X. Yi's paper [12, Examples 3@ 4] with Sz = flg .
On the other hand, our aforementioned several examples shothat, under some
trivial transformation, the only possible triple unique ra nge sets of ve elements
might be S; = f0g, S, = !j!3+al?2+ bl +c=0 andS; = flg such that
the polynomial in S, has no multiple zeros andbc 6 0. Further, we think new
method, say, that of algebraic curve, might be involved to canpletely solve this
problem. Also see related works of A. Boutabaa and A. Escasswn p-adic elds.

Acknowledgement.  The authors are indebted to Professors P.-C. Hu, M. Shi-
rosaki and the anonymous referee for valuable comments andiggestions.
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