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OSCILLATORY AND NONOSCILLATORY SOLUTIONS FOR
FIRST ORDER IMPULSIVE DYNAMIC INCLUSIONS ON TIME
SCALES

Mouffak Benchohra !, Samira Hamani ! and Johnny Henderson 2

Abstract. In this paper we discuss the existence of oscillatory and non oscil-
latory solutions for rst order impulsive dynamic inclusio  ns on time scales.
We shall rely of the nonlinear alternative of Leray-Schaude r type combined
with lower and upper solutions method.

1. Introduction

This paper is concerned with the existence of oscillatory ad nonoscillatory
solutions of rst order impulsive dynamic inclusions on time scales. More precisely,
we consider the following problem,

Q) vy ®2F tyt) ;t231 =[te; 1)\ T; t6tx; k=21;:::;m;:::;
2) y(te) = he y(t ) 5 k=1;:00m;;

3) y(to) = Yo

whereT is time scale which is assumed to be unbounded from above, : Jt1 R'!
CK (R), is a multivalued map, CK (R) denotes the set of honempty, closed, and
convex subsets ofR, 1x 2 C(R;R); Vo2 R; tx 2 T; 0=tog<t; < <tmp <
tmer <10 "1, y(ty) = r!ilmO+ y(tx + h) and y(t, ) = r!ilmw y(tx  h) represent

the right and left limits of y(t) at t = tx and kIlilm y(tk) = 1 in the sense of

the time scales. Impulsive dierential equations have becme important in re-
cent years in mathematical models of real processes and thayse in phenomena
studied in physics, chemical technology, population dynancts, biotechnology and
economics. There have been signi cant developments in imgdae theory also in
recent years, especially in the area of impulsive di erental equations and rst
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order impulsive inclusions, with xed moments; see the mongraphs of Bainov
and Simeonov [6], Benchohra et al [10], Lakshmikantham et a[28], Samoilenko
and Perestyuk [31] and the references therein. In recent yes dynamic equations
on times scales have received much attention. We refer the egler to the books
by Bohner and Peterson [14, 15], Lakshmikantham et al [29] ath the references
therein. The time scales calculus has tremendous potentiafor applications in
mathematical models of real processes, for example, in phigs, chemical technol-
ogy, population dynamics, biotechnology and economics, neal networks, social
sciences, see Aulbach and Hilger [5], Bohner and Peterson4[115], Lakshmikan-
tham et al [29], and the references therein. The existence a&lutions of boundary
value problem on a measure chain (i.e. time scale) was recdntstudied by Bohner
and Tisdell [17], Henderson [24] and Henderson and TisdelPf]. The question of
existence of solutions to some classes of impulsive dynamégjuations and impul-
sive dynamic inclusions on time scales was treated very rendly by Henderson [25]
and Benchohra et al in [1, 11, 12]. Recently (see [9]) we havaitiated the study
of oscillation and nonoscillatory of solutions to impulsive dynamic equations on
time scales. The aim of this paper is to continue this study fo impulsive dynamic
inclusions on time scales. For oscillation and nonoscillabn of impulsive di eren-
tial equations, see for instance the monograph of Bainov an&imeonov [7] and the
papers of Graef and Karsai [21, 22]. The purpose of this papeis to give some
su cient conditions for existence of oscillatory and nonoscillatory solutions of the
rst order dynamic impulsive problem (1){(3) on time scales. There has been, in
fact, a good deal of research already devoted to oscillatioquestions for dynamic
equations on time scales; see, for example [2, 4, 13, 16, 19, 30]. For the purposes
of this paper, we shall rely on the nonlinear alternative of Leray-Schauder type
combined with a lower and upper solutions method. Our resuls can be considered
as contributions to this emerging eld.

2. Preliminaries

We will brie y recall some basic de nitions and facts from ti mes scales calculus
that we will use in the sequel.

A time scale T is a nonempty closed subset oR. It follows that the jump
operators; :T! T dened by

t)=inffs2T:s>tg and (t)=supfs2T:s<tg

(supplemented by inf; := sup T and sup; :=inf T) are well de ned. The point
t 2 T is left-dense, left-scattered, right-dense, right-scatered if (t) = t, (t) <t,

(t) = t, (t) >t, respectively. If T has a right-scattered minimum m, de ne
Tx = T f mg; otherwise, setTy = T. If T has a left-scattered maximumM ,
dene T := T f Mg; otherwise, setTk = T. The notations [a;d;[a;b); and so
on, will denote time scales intervals

[a;=ft2T:a t bg;
wherea; b2 T with a< (b).
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De nition 2.1.  Let X be a Banach space. The functiorf : T! X will be called
rd-continuous provided it is continuous at each right-dens point and has a left-
sided limit at each point, we write f 2 Crq(T) = Cq(T;X). Let t 2 TX, the
derivative of f at t, denotedf (t), be the number(provided it exists) if for all
"> 0 there exists a neighborhoodJ of t such that

fo@® f(s f @OL® s " (1) s
forall s 2 U, at x t. Let F be a function and it is called antiderivative of
f: T! X provided
F (t)= f(t) foreach t2 Tk:

A function p: T! R is called regressive if
1+ (t)p(t)60 forall t2T;

where (t) = (t) t which called the graininess function. The set of all rd-
continuous function f that satisfy 1 + (t)f (t) > 0 for all t 2 T will be denoted
by R™. The generalized exponential functione, is de ned as the unique solution
y(t) = ep(t;a) of the initial value problem y = p(t)y, y(a) = 1, where p is
a regressive function. An explicit formula for e,(t; a) is given by

nZ o] (Iog(1+hz) i heo
e(t;s) = exp ()(p( ) with  h(2) = h _
s Z if h=0

For more details, see [14]. Clearlyg,(t; s) never vanishes.C([a; b; R) is the Banach
space of all continuous functions from §; b into R where Ja;b T with the norm

kyky =sup jy(t)j:t2[a;b :

Remark 2.1. (i) If f is continuous, thenf rd-continuous.
(i) If f is delta dierentiable at t then f is continuous att.

For a;b2 T and a di erentiable function f, the Cauchy integral off is de ned
by z,
f @) t=f) f(a):
Note that in the case T = Rawe have
M=t ® 0; f (=1
and in the caseT = Z we have
®M=t+1; (@) 1; f (O=Ff@+1) f(t):

Another important time scale is T = fg<: k 2 Ng with q > 1, for which

fa) f(t)
t) = qt; t) = nr;, ()= ;
W=t O=(a D f O= =
and this time scale gives rise to so-called}-di erence equations.
The condition

y y ifandonlyif y(t) y(t) forall t2][a;h;
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de nes a partial ordering in C [a;b;R . If ; 2 C [a;h;R and , we
denote
[; 1= y2C[aB;R @ () y(t) (1)
Let (X;j j) be a Banach space. A multivalued mapG: X !  2X has convex
(closed) values ifG(x) is convex (closed) for allx 2 X . G is bounded on bounded
sets if G(B) is bounded in X for each bounded seB of X (i.e. sup supfjyj:y2
x2B

G(x)g <1).

A map G: X | CK(X) is called upper semicontinuous providedf uxgkz N,
fukOen X with ug ! u,w! v (k!'1 )andwv 2 G(uk) for all k 2 N always
implies v 2 G(u). G is said to be completely continuous ifG(B) is relatively
compact for every bounded subseB  X. G has a xed point if there is x 2 X
such that x 2 G(x). For more details on multivalued maps see the books of
Deimling [18] and Hu and Papageorgiou [27].

Lemma 2.1 (Nonlinear Alternative [23]). Let X be a Banach spaces witlt X
convex. AssumeU is a open subset ofC with 0 2 U and G:U ! P (C) is
a compact multivalued map, u.s.c. with convex closed value3hen either,
() G has a xed point in U; or
(i) there is a pointu 2 @Uand 2 (0;1) with u2 G (u).

3. Main result

We will assume for the remainder of the paper that, for eachk = 1;:::; the
points of impulse tx are right dense. In order to de ne the solution of (1){(3) we
shall consider the following space

PC= y:i[to;1)! R:yk2C(J;R); k=0;:::; and there exist

y(t ) and y(te); k=1;::0; with y(t, )= y(ty) ;
which is a Banach space with the norm
kykpc = max Kkykkyg; k=0;:::; ;
whereyy is the restriction of y to Jyx = [tk;tk+1], and kykk = sup jy(t)j, k =0;
Let us start by de ning what we mean by a solution of problem (AX@).

De nition 31. A function y 2 PC\ ct ((tk tk+1); R), k =0;:::, is said to be

and the conditions y(to) = Yo, y(tg) = Ik y(t,) , k=1;
For any y 2 PC we de ne the set
Sry = fv2CU1;R):v(t) 2 F ty(t) forall t2Jrg:

The following concept of lower and upper solutions for (1){@3) was introduced
by Benchohra and Boucherif [8] for initial initial value pro blems for impulsive
di erential inclusions of rst order. These will the basic t ools in the approach that
follows.
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De nition 3.2. A function 2 PC\ C? (tk;tk+1 );R , k =0;::: is said to be
a lower solution of (1){(3) if there exists v 2 C(Jt;R) suchthat vi(t) 2 F t; (1)
onJr, (1) wvi(t)yonJdr, (tg) Ik (t).,k=1;::; and (to) Yo
Similarly a function 2 PC\ C! (tx;tk+1);R , k =0;::: is said to be an upper
solution of (1){(3) if there exists v, 2 C(Jt;R) such that vo(t) 2 F t; (t) onJr;
(t) wvo(t)yondr, (tg) Ik (t) ., k=1;::rand (to) Yo
For the study of this problem we rst list the following hypot heses:

(H1) F:Jy R! CK(R) is such that F(t; ) is upper semicontinuous for all
t2Jrand Sgy 6 ; forally 2 C(J1;R).
(H2) For all r> 0 there exists a nonnegative functionh, 2 C(Jt;R*) with

F(y) he(t) forall t2Jr andall jyj r;

(H3) thereexist and 2 PC (tk;tk+1);R ,k=0;:::, lower and upper solutions
for the problem (1){(3) such that ;
(H4)

(ty) min L (y) max  I(y) (tg); k=1;::::
y2[ (t); ()] y2[ (t); (t )]

Theorem 3.1. Assume that hypothesegH1){(H4) hold. Then the problem (1){
(3) has at least one solutiony such that

(t) y() (t) forall t2Jr:

Proof. The proof will be given in several steps.

Step 1: Consider the following problem:
(4) y )2 F ty(t) ; t2J1:=[to;ta];
(5) y(to) = Yo

Transform the problem (4){(5) into a xed point problem. Con sider the following
modi ed problem

(6) y 2F t(y)t) ; t2Ja;
(7) y(to) = Yo
where : C(J1;R) ! C(J1;R) be the truncation operator de ned by

8

2 (b); y(® < (1

(y)®) = y(); ® y@® O

oMMy > (1)
A solution to (6){(7) is a xed point of the operator N: C [to;t1;R ! CK
C [to;t1; R dened by

n Z, 0

N(y)= h2C [to;ta;R :h(t)=yo+ g(s) s ;

to
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whereg2 St., and
St., = 92SE, 1g(t) vi(t) a.e.on A; and g(t) Vva(t) ae.on Az ;
Sty = 92C'I;R):g(t) 2 F t;(y)(t) forae t2J; ;
A= t23:y(t)< (1) (1) 5 A= t2J10 () ()<y(t)

Remark 3.1. (i) For eachy 2 C [to;t1];R , the set Sé; y is nonempty. In fact,

(H1) implies there exists g 2 S{. , , so we set

g=Vi At V2 A, T V3 Ay,

where

Az= t2J1: (1) y(t) (1)

Then, by decomposability, g 2 St. , .

(ii) By the de nition of it is clear that there exists a nonnegative function
h2 C(J1;R") with

F t; (y)(t) h(t) foreach t2J; andeach y2R:

We shall show that N satis es the assumptions of the nonlinear alternative of
Leray-Schauder type [23]. The proof will be given in a coupleof claims.

Claim 1: A priori bounds on solutions.

Lety 2 N (y) for some 2 (0;1). Then there existsg 2 Sé; y such that for
some 2 (0;1) we have, for eacht 2 J;
hZ ¢ i
yit)= yo+ g(s) s :

to
This implies by (H2) and Remark 3.1 (ii) that for each t 2 J; we have
z t

y(t) J yoj+ g(s) s j Yoj+ khk 1 := M:

to
Set
U= y2C [to;ta;R 1 kyky <M +1
From the choice ofU there is noy 2 @Usuch thaty 2 N (y) for some 2 (0;1).
We rstshowthat N:U! CK C [tg;t1];R is compact.

Claim 2: N (y) is convex for eachy 2 C([to;t1]; R).

Indeed, if hy, h, belong to N (y), then there exist g1; g 2 Sé; y such that for
eacht 2 J; we have
z t
hi(t)= yo+ g(s) s; i=1;2:

to
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Let0O d 1. Then for eacht 2 J; Wezhave
t

dhy +(1  d)hy (t) = yo+ dai(s)+(1  d)g(s) s:

to
is convex (becausd t; ( y)(t) has convex values) then
dhy +(1 d)hy; 2 N(y):

i 1
Since S, .,

Claim 3: N maps bounded sets into sets i€ [to;t1];R .

Indeed, it is enough to show that for eachq > 0 there exists a positive constant
" such that for eachy 2 Bq= y 2 C [to;t1];R :jyj g one hasjN (y)j
Lety 2 Bq and h 2 N(y) then there exists g 2 Sé; y such that for eacht 2 J;
we have Z,
ht)= yo+  g(s) s:
0

t
By (H2) we have for eacht 2 J;
Z t
h(t) j yoj+ a(s) s j Yoj+ khgkp 1= ":
to
Claim 4: N maps bounded set into equicontinuous sets & [to;t1];R .

Let ui;uz 2 Jg, up <u, and Bq be a bounded set ofC [to;t1]; R as in Claim 3.
Lety 2 Bq and h 2 N (y) then for eacht 2 J; we have
VA usz VA u, usz VA usz
h(uz)  h(u1) = g(s) s g(s) s g(s) s hqe(s) s:
to to Uz ui
As uy ! uj the right-hand side of the above inequality tends to zero. Chims 2
to 4 together with the Arzela-Ascoli theorem implythat N: U! CK C [to;t1];R
is a compact multivalued map.

Claim 5: N is upper semicontinuous maps

We de ne a linear and continuous operator : C [to;t1];R ! C [to;t1];R by
t
( h)(t)= h(s) s; t2J;:

to
Let fukgkan; fwkOken Rsuchthatug ! ug,we! wo(k!1 )andwg 2 N(uk)
for all k 2 N. Thus there exists vx 2 Sé; Uy with wx = v,. Sinceux 2 U for
all K 2 N, (H1) and (H2) imply that there exists a compact set (see [3])
C [to;t1]; R with fvigkan . Therefore there exists a convergent subsequence
fvk g on Of fvkOkan, SaYy Wk ! voas !'1 . Nowvgk ! voandug ! up
as !'1 andvg (t) 2 F t; ug (t) forall t 2 J;. Thus, sinceF(t; ) is upper
semicontinuous for allt 2 J;, we may concludevg(t) 2 F t; ug(t) forallt2 J;
and thereforevo 2 St . Sincevy ! was !'1 and : C [to;t1];R !
C [to;t1]; R is continuous, we say thatwy = v ! vpas !1 ,and hence

Wo = Vo2 N(up):
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Therefore N: U | CK C [to;t1];R is upper semicontinuous. As it is also
compact, we deduce from the nonlinear alternative of Leray Shauder type [23]
that N has a xed point y in U is a solution of the problem (6){(7).

Claim 6: The solution y of (6){(7) satis es
(t) y(@) (t) forall t2J;:
Let y be a solution to (6){(7). We prove that
(t) y(@) forall t2J;:

Suppose not. Then there existe;; e, 2 J1, €1 < e such that (&) = y(e;) and
(8) y(t)< (t) forall t2[eg;e]:
In view of the de nition of one has
z t
y(t) y(e)2 F s (s) s
€1
Thus there existsg(s) 2 F s; (s) for all s 2 (er;e) with g(s)  vi(s) for all
S2 (e1;€).
z t
©) y(t)= y(er)+  9(s) s:

€1

Using (8){(9) and the factthat is a lower solution to (4){(5) we getfort 2 (e1; e]
0< (1) vy
Z

t

(e)+ wva(s) s y(t)
Z\ Z,
(er) + vi(s) s y(el) + g(s) s

e €1
z t

vi(s) g(s) s

€1

0
which is a contradiction. Analogously, we can prove that
y(t) (t) forall t2[to;t1]:

This shows that the problem (6){(7) has a solution in the interval [ ; ] which is
solution of (4){(5). Denote this solution by yj.

Step 2: Consider the following problem:
(10) y D2F ty(t) ; t2J2:=[ts;t2];
(11) y(t1) = 11 yo(ty) :
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Transform the problem (10){(11) into a xed point problem. C onsider the follow-
ing modi ed problem

(12) y 2Ft (t) ; t2Js;

(13) Y(t1) = 11 yo(ty)

A solution to (12){(13) is a xed point of the operator Ni: C [t1;t2[;R !
CK C [ti;tz];R  dened by

n Z, 0
Ni(y)= h2C([to;ti;R): h(t) = g(s) s+ l1 Yo(t;)

ty

where g 2 Sé; y - Sinceyo(t1) 2 (ty); (ty) , then (H4) implies that
(t1)  lalyo(ty)  (t1);

that is
(t)  yt)  (t):

Claim 1: A priori bounds on solutions.

Lety 2 N ;(y) for some 2 (0;1). Then there existsg 2 Sé; y such that for
some 2 (0;1) we have, for eacht 2 J,
hZ ¢ i
y(t) = g(s) s+ 11 yo(ty)

t1
This implies by (H2) that for each t 2 J, we have
t
y(t) g(s) s+ i yo(ty) Kk hkpi+max j (t7)jsi (t7)i = My:

t1

Set
U= y2C [ty;t2];R 1 kyitky <M +1

From the choice of U; there is noy 2 @V such thaty 2 N ;(y) for some 2
(0; 1): Using the same reasoning as that used for problem (6){(7) wean conclude
that N;: U; ! CK C [ti;tz];R is upper semicontinuous and compact. As
a consequence of the nonlinear alternative of Leray Schaudeéype [23] we deduce
that N; has a xed point y; in U; is a solution of the problem (12){(13).

Claim 2: We show that this solution satis es

(t) y() (t) forall t2J,:
Let y be a solution to (12){(13). We rst show that

(t) y() forall t2J;:

Assume this false, then sincey(t]) (t1), there exist e3;e4 2 J, with e3 < ey
such that (e3) = y(es3) and

(14) y(t)> (t) forall t2 (es; eq]:



246 M. BENCHOHRA, S. HAMANI AND J. HENDERSON

Thus there existsg(s) 2 F(s; (s)) on J, with g(s) vi(s) on (es;ey), and
z t
(15) yi)=y(es)+  g(s) s:

€3

Using (14){(15) and the fact that is a lower solution to (10){(11) we get for
t 2 (es3;€e4]

0< (1) y@
Zt

(e3)+ vi(s) s y(b)
Z zZ,
(es)+ wvi(s) s y(e)+ d(s) s

e3 €3
z t

vi(s) g(s) s

€3

0
which is a contradiction. Analogously, we can prove that
y(t) (t) forall t2]ty;tz]:

This shows that the problem (12){(13) has a solution in the interval [ ; ] which
is solution of (10){(11). Denote this solution by y;.

Step 3: We continue this process and into account thatym := Yj, 1,1 IS @ SO-
lution the problem

(16) y ()2F ty(t) ; t2Jn =[tn 1;tm];
(17) Y(t%): Im Yym 1t 1) :

Consider the following modi ed problem

(18) y )2Fty(t) ; t23m;
(19) Y(th) = Im Ym 1ty 1) -

A solution to (18){(19) is a xed point of the operator N :C [tn 1;tm];R !
pC[tm 1;tm];R dened by
n Z, 0
Nm()(t)= h2C [tm ;;tm;R :h(t)=  g(s) s+ Im ym alty, 1)
tm
whereg 2 Sé; y - Using the same reasoning as that used for problem (4){(5) ad

(10){(11) we can conclude to the existence of at least one salion y to (16){(17).
Denote this solution by y,, 1. The solution y of the problem (1){(3) is then de ned
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by
y2(t); t 2 (to;t4],

yity= _ :
§ym(t); £2 (tm:tmet ],

8
% y1(t); t 2 [to;ta],

The following theorem gives su cient conditions to ensure the nonoscillatory of
the solutions of problem (1){(3).
Theorem 3.2. Let and be lower and upper solutions respectively of1){(3)
and assume that
(H5) s eventually positive nondecreasing or is eventually negative nonincreas-
ing
Then every solutiony of (1){(3) such thaty 2 [; ] is nonoscillatory.
Proof. Assume be eventually positive. Thus there existT >t such that
(t)>0 forall t>T
Hencey(t) > Oforallt>T ,andt 6 tx;k=1;::: Forsomek2 N andt >t
we havey(ty) = Ik y(tk) . From (H4) we get y(t;) > (t;). Since for each
h> 0; (tx+ h) (tx) > 0, then Iy y(tx) > Oforallty >T ;k=1;::: which
means thaty is nonoscillatory. Analogously, if eventually negative, then there
exists T >t g such that
y(t)< 0 forall t>T ;

which means thaty is nonoscillatory. O

The following theorem discusses the oscillatory of the solions of problem (1){
3).
Theorem 3.3. Let and be lower and upper solutions respectively of1){(3)
and assume that the sequenceqtx) and (tx);k =1;::: are oscillatory then every
solution y of (1){(3) such thaty 2 [; ] is oscillatory.

Proof. Suppose on the contrary thaty is nonoscillatory solution of (1){(3). Then
there exists Ty > O such thaty(t) > Oforallt>Ty ory(t)< Oforallt>Ty. In
the casey(t) > O for all t> Ty we have (tx)> Oforallty >Ty;k=1;::: which
is a contradiction since (ty) is an oscillatory upper solution. Analogously in the

casey(t) < Oforallt> Ty we have (tx) < Oforallty >Ty;k=1;::: which is
also a contradiction since (tx) is an oscillatory lower solution. O
4. Example

As an application of our results, we consider the following mpulsive dynamic
inclusion

(20) y () 2 [f2(Gy®);f2(ty()]; t2JIr =[to;1)\ T;
t6 ty; k=1;:::;m;:::;
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(22) y(te) =l y(t,) 5 k=1;0mp0r;

wheret ! fi(t;y)is lower semicontinuous andt ! f(t;y) is upper semicontinuous
for eachy 2 R. From [18] the multivalued F(t;y) := fa(t;y);f2(t;y) is upper

semicontinuous with respect to its second variable and withclosed, convex values.
Assume that

Zt Zt
fi(siy) s Ik fi(s;y) s ; k2 N;
0 0
Z, Z,
fa(siy) s Ik fa(s;y) s ; k2 N:
0 0
Consider the functions 2
t
(t):= fi(s;y) s;
0
and
Zt

(t) := fa(s;y) s:
0

Clearly, and are lower abd upper solutions for the problem (20){(21), repec-
tively; that is,

() fat; (t) ; t2J37;t6 t; k=21;:::;m;:::;
() fot; () ; t2J3r;t6t; k=21;:::;m;::::

Since all conditions of Theorem 3.1 are satis ed, then prokm (20){(21) has at
leat one solutiony satisfying

(1)  y@) (t) foreach t2 Jr:

If f1(t;y) > O for eachy 2 R, then s positive and nondecreasing, thus the
solution y is nonoscillatory. If f,(t;y) < 0 for eachy 2 R, then is negative and
nonincreasing, thus the solutiony is nonoscillatory. If the sequences (tx), (tk)
are both oscillatory, then y is oscillatory.
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