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HYBRID FIXED POINT THEORY FOR RIGHT MONOTONE
INCREASING MULTI-VALUED MAPPINGS AND NEUTRAL
FUNCTIONAL DIFFERENTIAL INCLUSIONS

B. C. Dhage

Abstract. In this paper, some hybrid xed point theorems for the right
monotone increasing multi-valued mappings in ordered Bana ch spaces are
proved via measure of noncompactness and they are further ap plied to the
neutral functional nonconvex di erential inclusions invo  lving discontinuous
multi-functions for proving the existence results under mi  xed Lipschitz, com-
pactness and right monotonicity conditions. Our results im  prove the multi-
valued hybrid xed point theorems of Dhage [10] under weaker  convexity
conditions.

1. Introduction

Multi-valued mappings and xed points is an important topic of multi-valued
analysis and has a wide range of applications to the problemsf di erential and
integral inclusions, control theory and optimization. Geometrical xed point the-
ory for multi-valued mappings initiated by Nadler (see Hu and Papageorgiou [20])
has been developed to its peak point, but the xed point theorem of Covitz and
Nadler [5] for multi-valued mappings is the only result usetil for applications to
di erential and integral inclusions. Similarly topologic al xed point theory for
multi-valued mappings has also reached to its culminating pint and much has
been discussed in relation to di erential inclusions (see Adres and Gorniewicz [3]
and the references therein). But the case with the algebraicxed point theory for
multi-valued mappings is quite di erent. This is because ofthe fact that the com-
parison between two sets is not unique. A few results in this @tection are found in
Dhage [7] and Hu and Heikkila [17]. Recently this topic is revisited by the present
author(see Dhage [8, 9, 10]) and established several xed j@t theorems for the
multi-valued mappings in ordered spaces. In this paper, we &ablish some hybrid
xed point theorems for three right monotone increasing multi-valued mappings
satisfying some mixed hypotheses from algebra, geometry drtopology.
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Neutral functional di erential equations is an important t opic of functional
di erential equations and an exhaustive treatment may be found in Hale [15] and
Ntouyas [20]. However, the study of neutral di erential di erential inclusions is
relatively recent, but fast growing topic in the theory of di erential inclusions. As
already mentioned that the multi-valued hybrid xed point t heory nds several
applications to di erential inclusions for proving the exi stence theorems (see Dhage
[7, 8,9, 10, 11, 12], Dhage and Ntouyas [13] and the referersctherein). Almost all
the results so far discussed in the literature, involve the asumption that the multi-
valued functions in question satisfy certain kind of convexty condition. The order
theoretic approach to the operator inclusions or di erential inclusions allows us to
remove this stringent condition in establishing the existence results. In this paper,
we prove the existence results for certain perturbed rst oder neutral functional
di erential inclusion under the mixed Lipschitz, compactn ess and monotonicity
conditions of multi-valued functions. We claim that our results are new to the
theory of multi-valued analysis and include several existace results for operator
and di erential inclusions in the literature as special cases.

2. Preliminaries

Throughout this paper, unless otherwise mentioned, letX denote a Banach
space with normk k and let P,(X) denote the class of all non-empty subsets
of X with property p. Here, p may be p = closed(in short cl) or p = convex(in
short cv) or p = bounded(in short bd) or p = compact(in short cp). Thus P¢(X),
Peov(X), Poa(X) and P¢p(X) denote, respectively, the classes of all closed, convex,
bounded and compact subsets oK . Similarly, P¢j;pq(X) and Pcp;ev(X) denote,
respectively, the classes of closed-bounded and compaatxvex subsets ofX . For
x2 X and Y;Z 2 Ppg:c(X) we denote byD(x;Y) =inffkx ykjy2 Yg, and

(Y;Z)=sup,,v D(a;Z). De ne a function dy : Pg(X) P ¢(X)! R" by

(2.2) dy (Y;2)=maxf (Y;Z); (Z;Y)g:

The function dy is called a Hausdor metric on X . Note that kY ke = dy (Y;f 0g).
A correspondencel : X I P (X)) is called a multi-valued mapping or operator

on X. A point xo 2 X is called a xed point of the multi-valued operator T: X !

Pp(X) if Xo 2 T(Xo). The xed points set of T in X will be denoted by F+.

Denition 2.1. LetT: X ! P ¢(X) be a multi-valued operator. Then T is called
D-Lipschitz if there exists a continuous and nondecreasing function : R* ! R*
such that

(2.2) dy (Tx; Ty) (kx  yk)

forall x;y 2 X, where (0)=0. The function s called aD-function of T on X.
If (r)= kr for somek > 0O, then T is called a multi-valued Lipschitz operator on
X with the Lipschitz constant k. Further if k < 1, then T is called a multi-valued
contraction on X with the contraction constant k. Finally, if (r) <r forr> 0,
then T is called a nonlinearD-contraction on X .
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Let X be a metric space. A multi-valued mappingT: X ! P (X) is called
lower semi-continuous(resp. upper semi-continuoug if G is any open subset oiX
thenfx 2 X j Tx\ G6 ;g (resp.fx 2 X j Tx Gg) is an open subset ofX .
The multi-valued mapping T is calledtotally compact if T(S) is a compact subset
of X forany S X. T is called compactif T(S) is a compact subset ofX for
all bounded subsetsS of X . Again, T is calledtotally boundedif for any bounded
subsetS of X, T(S) is a totally bounded subset of X . A multi-valued mapping
T: X I'P ¢p(X) is called completely continuousif it is upper semi-continuous and
compact on X . Every compact multi-valued mapping is totally bounded but the
converse may not be true. However, these two notions are equilent on bounded
subsets of a complete metric spac« .

Let X be an ordered metric space with an order relation . Let a;b2 X be
such that a b. Then an order interval [a; 1] is a set in X de ned by

[a;h=fx2 X ja x bg:

When X is an ordered Banach space, the order relation\ "in X is de ned by
the coneK, which is a non-empty closed set inX satisfying (i) K + K K, (i)
K K forall 2 R*,and (i) f Kg K =0, where 0 isthe zero element o .
A coneK in a Banach spaceX is called normal, if the normk k is semi-monotone
on K. It is known that if the cone K is normal, then every order-bounded set is
bounded in norm. Similarly, the coneK in X is called regular if every monotone
increasing (resp. decreasing) order bounded sequenceXnconverges in norm. The
details of cones and their properties appear in Guo and Lakshikantham [14] and
Heikkim and Lakshmikantham [16]. In the following, we de ne an order relation
in P,(X) which is useful in the sequel.

Let A;B 2 Pyp(X). Then we de ne
A B=fa bja2A and b2 Bg;
A =faja2Aand 2Rg;
kAk = fkak:a2 Ag
and kAkp =supfkak:a2 Ag:

Let the Banach spaceX be equipped with an order relation . Then we de ne
the dierent order relations in Pp(X) as follows. Let A;B 2 Pp(X). Then by

I
A B we mean \for everya 2 A there exists ab2 B such thata b" Again,

d
A B means for eackbz_ B there exists aa 2 A such that a b. Furthermore,

id d
we haveAI B ( A I B and A B. Finallyy, A B implies that a bfor
alla2 Aandb2 B. Note thatif A A, then it follows that A is a singleton set.
The details of these order relations inP,(X ) are given in Dhage [8] and references
therein.

De nition 2.2.  An operator Q: X ! P ,(X) is called right monotone increasing

d
(resp. left monotone increasing) ifQx I Qy (resp. Qx  Qy) for all x;y 2 X for
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which x y. Similarly, Q is called monotone increasing if it is left as well as right
monotone increasing onX . Finally, Q is strict monotone increasing if Qx  Qy
for all x;y 2 X for which x y,x6y.

Remark 2.1. Note that every strict monotone increasing multi-valued operator
is left as well as right monotone increasing, but the convers may not be true.

The Kuratowskii measure of noncompactness in a Banach space is a honneg-
ative real number (S) de ned by
n n o]
(2.3) (S)=inf r>0:S Si; and diam(S;) r; 8i
i=1
for all bounded subsetsS of X .
The Hausdor measure of noncompactness of a bounded subs& of X is a
nonnegative real number (S) de ned by
n [ 0
(2.4) (S)=inf r>0:S Bi(xi;r), for somex; 2 X
i=1

whereB;(xi;r) = fx 2 X jd(x;x;) <rg.

The details of the Hausdor measure of noncompactness and & properties
appear in Deimling [6], Zeidler [22] and the references thein. The following
results appear in Akhmerov et. al. [2].

Lemma 2.1 ([2, page 7]) If S is a bounded set in the Banach spacX, then
(8) 2 (S):

Lemma 2.2. If A: X ! X is a single-valuedD-Lipschitz mapping with the D-
function , that is, kAx  Ayk (kx  yk) for all x;y 2 X, then we have
(A(9)) ( (8S)) for any bounded subse§ of X .

De nition 2.3. A multi-valued operator T: X ! P (X)) is called condensing
(resp. countably condensing) if for any bounded (resp. bouded and countable)
subsetS of X, T(S) is bounded and (T(S)) < (S) for (S) > 0.

Note that every condensing multi-valued operator is countdly condensing, but
the converse may not be true. It is known that multi-valued contraction and com-
pletely continuous multi-valued operators are condensingsee Dhage [9], Petrusel
[21] and the references therein). A xed point theorem for rght monotone increas-
ing multi-valued countably condensing operators is

Theorem 2.1. Let [a;b] be a norm-bounded order interval in the ordered normed
linear spaceX and letT: [a;b] ! P ¢ ([a; b]) be a upper semi-continuous and count-
ably condensing. Furthermore, if T is right monotone increasing, thenT has a xed
point in [a; b:

Proof. The proof is obtained by using essentially the same argumestthat given
in Dhage [9] with appropriate modi cations. We omit the deta ils. O
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An improvement upon the multi-valued analogue of Tarski's xed point theorem
proved by Agarwal et al. [1] is embodied in the following xed point theorem for
the right monotone increasing multi-valued mappings in orcered metric spaces.

Theorem 2.2 (Dhage [11]) Let [a; ] be an order interval in a subsetY of an or-
dered Banach spaceX and letQ: [a; b ! P ¢, ([a; b]) be a right monotone increasing
(resp. left monotone increasing multi-valged operator. If every monotone increas-
ing (resp. decreasing sequencefy,g Q([a; b)) dened by y, 2 Qxn, N 2 N
converges inY, wheneverfx,g is a monotone increasing (resp. decreasingy se-
qguence in[a; b], then Q has a xed point.

In the following section, we combine Theorems 2.1, and 2.2 tmbtain some
general hybrid xed point theorems for multi-valued mappin gs on ordered Banach
spaces.

3. Hybrid fixed point theory
Our main multi-valued hybrid xed point theorem of this pape r is

Theorem 3.1. Let [a; b be a norm-bounded order interval in a subseY of an
ordered Banach spaceX and let T: [a;b] [a;b] ! P ¢p([a; b)) be a multi-valued
mapping satisfying the following conditions.
(&) The multi-valued mappingx 7! T(x;y) is upper semi-continuous uniformly
for y 2 [a;h.
(b) The multi-valued mapping x 7! T(x;y) is countably condensing and right
monotone increasing for ally 2 X ..
(c) y 7! T(x;y) is right monotone increasing for all x 2 [a; ], and
(d) every monotone increasing sequencéz,g T([a; [a;b) dened by
Zn 2 T(X;¥n), N 2 N converges for eachx 2 [a;b], wheneverfy,g is a
monotone increasing sequence irfa; bj.

Then the inclusion x 2 T(x;x) has a solution in [a; 1.
Proof. De ne a multi-valued operator Q: [a;b] ! P ¢y ([a; ) by

(3.1) Qy= x2[ajx2T(xy)g:

Lety 2 [a;ld be xed and de ne the mapping Ty(x): [a; 0] ! P ¢p([a; b]) by Ty (x) =
T(x;y). Then Ty is a condensing, upper semi-continuous and right monotone
increasing multi-valued mapping which maps the order inteval [a; b of the Banach
spaceX into itself. Therefore, an application of Theorem 2.1 yields that Ty has a
xed point in [ a; b, and consequently the setQy is non-empty for eachy 2 [a;h].
Moreover, Qy is compact for eachy 2 [a; 1.

Firstly, we show that Q is a right monotone increasing multi-valued operator
on [a;b. Let yi;y2 2 [a;b] be such thaty; y,. Then have that

Qyi=fx2[aHjx2T(xyi)= Ty, (X)g

and
Qy2=fx2 [ahjx2T(xy2)= Ty,(X)g:
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Let z 2 Qy; be arbitrary. Take zo = z. From the right monotonicity of T(x;y) in
y, it follows that

i i
22 T(z;y1) = Ty, (2) Ty,(2) T(z;y2):
Therefore, there is an elementzy 2 Ty,(zo) such that zo  z;. Again, the right

monotonicity of T(x;y) in y implies that Ty,(zo) I Ty,(z1). Therefore, there
is an elementz, 2 Ty,(z1) such that zg Z1 Z,: Proceeding in the is way,
by induction, we obtain a monotone increasing sequencéz,g in [a; b] such that
Zn+1 2 Ty, (Zn), Nn=0;1;:::. As Ty, : [a;b ! P ¢p([a; bl) is upper semi-continuous
and condensing, by Theorem 2'1’n|1"m2“ =z existsandz 2 Ty,(z )= Qy..

Thus for every z 2 Qy; there is az 2 Qy,suchthatz z. As a result,

Qy1 I Qy», i.e., Q is a right monotone increasing multi-valued operator on §; 1.
Thus, Q de nes a right monotone increasing operatorQ: [a; b ! P ¢p([a; b)(see
also Dhage [7, 8] and the references therein).

Next, let fy,gbe agnonotone increasing sequence im;b. We will show that
the sequencef z,g Q([a; b)) de ned by z, 2 Qy, for eachn 2 N converges.
By virtue of Q, there is a monotone increasing sequendez, g in [a; b] such that
Zn 2 T(zn;yn), n 2 N. Let$ = fz,9. Then S is a bounded and countable
subset of g; ] such that S nan T(S;¥n): Since the multi-valued x 7! T(x;y)
is condensing for eacty 2 [a; b], one has

(S) T(Siyn) =sup  (T(Siwm)):n2N < (S)
n2N

foreachn 2 N. If (S) 6 0, then we get a contradiction. As aresult, (S)=0and
that S is compact. Hence the sequenckz,g converges to a point, sayz in [a; b.
By upper semi-continuity of T(x;y) in x uniformly for y, there exists anng 2 N
such that z, 2 T(z;y,) for all n ng. Now, by hypothesis (@, every sequence
fzagin fT(z;yn)g converges. As a result, the sequendez, g Q([a; b)) de ned
by z, 2 Qy, for eachn 2 N converges, whenevefy,g is a monotone increasing
sequence ing; b).

Thus, the multi-valued operator Q satis es all the conditions of Theorem 2.2
on [a; bl and hence an application it yields that Q has a xed point. This further
implies that the operator inclusion x 2 T(x;x) has a solution in [a;b. This
completes the proof. O

As a consequence of Theorem 3.1 we obtain

Corollary 3.2.  Let [a; 1 be an order interval in a subsetY of the ordered Banach
spaceX and letT: [a;b [a;!P cp([a;b]) be a mapping satisfying
(@) x 7! T(x;y) is an upper semi-continuous, condensing and right monotone
increasing uniformly for y 2 [a;b], and
(b) y 7! T(x;y) is right monotone increasing for eachx 2 [a; b.

Then the inclusion x 2 T (x;x) has a solution if any one of the following conditions
is satis ed.
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() [a; ] is norm-bounded andT is compact.
(i) The coneK in X is normal andy 7! T(x;y) is compact for eachx 2 [a; .
(i) The coneK is regular.

The study of multi-valued hybrid xed point theorems involv ing the sum of
two multi-valued operators in a Banach space may be found in he works of the
Adrian Petrwsel [21]. See also Dhage [9] and the referencekerein. In this case,
one operator happens to be a multi-valued contraction and anther one happens
to be a completely continuous on the domains of their de nitions. Since every
contraction is Hausdor continuous, both operators in such theorems are upper
semi-continuous continuous on the domain of their de nition. Below we prove a
multi-valued hybrid xed point theorem involving the sum of three multi-valued
operators in Banach spaces and relax the continuity conditbn of one of the oper-
ators in such hybrid xed point theorems, instead we assume he monotonicity to
yield the desired results on ordered Banach spaces.

To prove the main results in this direction, we need the follawing lemma in the
sequel.

Lemma 3.1. Let A;B: X ! P ,(X) be two multi-valued operators satisfying

(a) A is a multi-valued D-contraction, and
(b) B is completely continuous.

Then the multi-valued operatorT: X ! P ¢, (X) de ned by Tx = Ax + Bx is upper
semi-continuous and -condensing onX .

Proof. The proof appears in Dhage [9]. See also Petrusel [21] for thdetails. [

Theorem 3.3. Let [a;b] be an order interval in the ordered Banach spaceX
and let A;B;C : [a;b] ! P ¢p(X) be three right monotone increasing multi-valued
operators satisfying

(&) A is a multi-valued D-contraction,
(b) B is completely continuous, S
(c) every monotone increasing sequencéz,g C([a;d) dened by z, 2
C(yn); n 2 N converges, whenevefy,g is a monotone increasing sequence
in [a; b, and
(d) the elementsa and b satisfya Aa+ Ba+ CaandAb+ Bb+ Cb h.
Furthermore, if the cone K in X is normal, then the operator inclusion x 2 Ax +
Bx + Cx has a solution in[a;b].

Proof. Dene a mapping T on [a;b] [a;b by T(x;y) = Ax + Bx + Cy. From
hypothesis (d), it follows that T de nes a multi-valued mapping T: [a;b] [a;b]!

Pep([a; ). From Lemma 3.1, it follows that the multi-valued x 7! T(x;y) is
condensing, upper semi-continuous and right monotone in@asing uniformly for
y 2 [a; . Now the desired conclusion follows by an application of Tlieorem 3.1. [

When A is a single-valued operator, Theorem 3.3 reduces to
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Corollary 3.4. Let [a; b] be an order interval in the ordered Banach spac& . Let
B;C:[a;b ! P ¢p(X) be two right monotone increasing andA: [a;l ! X be a
nondecreasing operator satisfying

(&) A is a single-valued contraction,

(b) B is completely contingous,

(c) every sequencéz,g C([a;b]) de ned by z, 2 C(yn);n 2 N has a cluster

point, wheneverfy,g is a monotone increasing sequence ifia; b, and

(d) the elementsa and b satisfya Aa+ Ba+ CaandAb+ Bb+ Cb h.
Furthermore, if the cone K in X is normal, then the operator inclusion x 2 Ax +
Bx + Cx has a solution in[a;b].

Proof. Dene a mapping T: [a;ld [a;b!P cp([a;k) by
T(x;y)= Ax + Bx + Cy:
We shall show that the mapping Ty() = T(;y) isa -condensing on ;. Since

the order coneK in X is normal, the order interval [a;b] is a norm-bounded set
in X . Now for any subsetS in [a; ] one has

Ty(S) A(S)+ B(S)+ Cy:
Hence, by sublinearity of , it follows that

(Ty(S)  (A(S)+ (BES)+ (Cy) (AS) ()< (S
for all S [a; b with  (S) > 0. The rest of the proof is similar to Theorem
3.1. O

The hybrid xed point theory involving the product of two mul ti-valued oper-
ators in a Banach algebra is initiated by the present author n [7] and developed
further in the various directions in the due course of time. $me details are given
in Dhage [10] and the references therein. The main feature ahese xed point
theorems in the direction of Dhage [7] is again that the oper#ors in question sat-
isfy certain continuity condition on their domains of de ni tion. Below we remove
the continuity of one of the operators and prove a multi-valued hybrid xed point
theorem involving the product of two operators in a Banach agebra. We need the
following preliminaries in the sequel.

A cone K in a Banach algebraX is called positive, if
(iv) K K K,where\ "isa multiplicative compositionin X.
Let X be an ordered Banach algebra. Then for anyA;B 2 P, we denote

AB =fab2 X ja2 Aandb2 Bg:

We need the following results in the sequel.

Lemma 3.2 (Dhage [8]). Let K be a positive cone in the Banach algebrX . If
Ug;Ugz;Vvy; Ve 2 K are such thatu;  v; andu, vy, thenujuy  vivs.

Lemma 3.3 (Dhage [9]). For any A;B;C 2 P,(X),
dy (AC;BC) du(C;0)dn (A;B) = KCkp dn (A;B):
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Lemma 3.4 (Banas and Lecko [4]) If A;B 2 Ppq(X), then
(AB) k Akp (B)+ kBkp (A):

Lemma 3.5. Let S be a closed convex and bounded subset of a Banach algebra
and let A;B: S!P ¢ (X) be two multi-valued operators such that

(@) A is a D-Lipschitz with the D-function

(b) B is completely continuous, and

(c) M (r)<r for r> 0, whereM = kB (S)kp =supfk Bxkjx 2 Sg.
Then the multi-valued operator T: S! P (X ) de ned by Tx = AxBx is upper
semi-continuous and condensing orX .

Proof. The proof appears in Dhage [7, 9]. O

Theorem 3.5. Let [a;b] be an order interval in the ordered Banach algebrax
and let A;B:[a; ' P p(K) and C: [a;b ! P ,(X) be three right monotone
increasing multi-valued operators satisfying
(a) A is D-Lipschitz with the D-function
(b) B is completely continuous, S
(c) every monotone increasing sequencézng C([a;b]) dened by z, 2
C(yn), n 2 N converges, whenevefy,g is a monotone increasing sequence
in [a;b, and
(d) the elementsa and b satisfya AaBa + Ca and AbBb+ Cb b
Furthermore, if the cone K in X is positive and normal, then the operator inclusion
X 2 AxBx + Cx has a solution in [a;b] wheneverM (r) <r for r > 0, where
M = kB ([a;b)kp = supfk Bxkp : x 2 [a; bg.

Proof. De ne the mapping T on [a;b [a;b by T(x;y) = AxBx + Cy. From
hypothesis (d), it follows that T de nes a multi-valued mapping T: [a;b] [a;b]!
Pep([a; ). We show that the multi-valued x 7! Ty(x) = T(x;y) is upper semi-
continuous, condensing and right monotone increasing unifrmly for y 2 [a;l].
First we show that it is condensing on p;b. Let S be a subset of X; y]. Since
the coneK in X is normal, the order interval [a; ] and consequently the setS is
norm-bounded in X . Then by sublinearity of beta,

(Ty(S))  (A(S)B(S) + (C(y)
k B(S)ke (A(S))+ kB(S)ke (B(S))+ (C(Y))
= kB(S)ke (A(S)+ (C(9))
M ()< (5

for all sets S in [a; 1 for which (S) > 0. This shows that the mapping x 7!
Ty(x) = T(x;y) is condensing uniformly fory 2 [a; .

To show the mappingx 7! T(x;y) is an upper semi-continuous uniformly fory,
let fx,g be a sequence ind; bl converging to a pointx . Let fy,g be a sequence

in Ax,Bx, + Cy suchthaty, ! y . Itsucestoshowthat y 2 Ax Bx + Cy.
Now,

D(y ;Ax Bx + Cy)= rI1||rp D(yn;Ax Bx + Cy)
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limsup dy (Ax,Bx, + Cy;Ax Bx + Cy)

n'l

limsup dy (Ax,Bxpn;Ax Bx,)+limsup dy (Ax Bxp;Ax Bx )

ni1 ni1

limsup dy (Axp;AX )dy (0;Bxp) +limsup dy (0; Ax )dy (Bx,;Bx )
n'l n'l

M limsupkx, x k + kAx kp limsup dy (Bxn;Bx )
n!l

n'l
I 0 as n!'1l

for all y 2 [a;b. This shows thaty 2 Ax Bx + Cy, and therefore, the multi-
valued mapping x 7! AxBx + Cy is an upper semi-continuous uniformly fory 2
[a; b. Now the desired conclusion follows by an application of Tleorem 3.1.

A D-function :R* ! R" is called sumultiplicative if (r) (r) for
2 R*. There do exist the submultiplicative D-functions on R*. Indeed, the
function (r )= r, > O0is a submultiplicative D-function on R* .

Theorem 3.6. Let [a;1] be an order interval in the ordered Banach algebraX .
Let A:[a;h! K, C:[a;h! X be two nondecreasing single-valued operators and
B:[a;b!P (K) be aright increasing multi-valued operator satisfying

(a) A is a D-Lipschitz with the submultiplicative D-function

(b) B is completely continuous,

(c) C is compact, and

(d) the elementsa and b satisfya AaBa + Caand AbBb+ Cb b

Furthermore, if the cone K in X is positive and normal, then the operator inclusion
X 2 AxBx + Cx has a solution in [a; b whenever2M (r) < r, where M =
kB ([a; b)kp = supfk Bxkp : x 2 [a; blo.
Proof. Dene amapping T:[a;b [a;b!P (& b]) by

T(x;y)= AxBx + Cy:
We shall show that the mapping Ty() = T(;y) is a -condensing on §;b. Since

the order coneK in X is normal, the order interval [a;b] is a norm-bounded set
in X . Now for any subsetS in [a; b one has

Ty(S) A(S)B(S)+ Cy:
Hence from Lemmas 3.1 and 3.2, it follows that
(Ty(S)) k B(S)ke (A(S))+ kA(S)ke (B(S))+ (Cy)
k B(S)ke (A(S))
2M ((S) < (9
forall S  [a;b with (S) > 0. The rest of the proof is similar to Theorem
3.3. O

Theorem 3.7. Let [a; b be an order interval in the ordered Banach algebraX . Let
AB:[a;b!P (K) andC: [a;b! P (X) be three right monotone increasing
multi-valued operators satisfying
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() A is D-Lipschitz with the D-function S

(b) B is bounded and every monotone increasing sequenée,g B ([a; b))
dened by z, 2 B(yn), n 2 N converges, wheneveffy,g is a monotone
increasing sequence in[a; b,

(c) C is completely continuous, and

(d) the elementsa and b satisfya AaBa + Ca and AbBb+ Cb b

Furthermore, if the cone K in X is positive and normal, then the operator in-
clusion x 2 AxBx + Cx has a solution in [a;b] wheneverM (r) < r, where
M = kB([a;b)kp = supfk Bxkp : X 2 [a; blo.

Proof. Dene a operator T on [a;b] P (X) by T(x;y) = AxBy + Cx. From
hypothesis (d), it follows that T de nes a multi-valued mapping T: [a;b] [a;b]!
Pep([a; ). 1t can be shown as in the proof of Theorem 2.3 with approprate
modi cations that the multi-valued mapping x 7! T(x;y) is condensing and upper
semi-continuous uniformly fory 2 [a; . Now the desired conclusion follows by an
application of Theorem 3.1. O

Theorem 3.8. Let [a;b] be an order interval in the ordered Banach algebraX
with a coneK . Let A;B: [a;B ! P p(K) and C: [a;b! P ¢, (X) be three right
monotone increasing multi-valued operators satisfyin

(&) every monotone increasing sequencéz,g A([a;b]) dened by z, 2
A(Yn), n 2 N converges, whenevefy,g is a monotone increasing sequence
in [a;h,

(b) B is completely continuous,

(c) C is multi-valued contraction, and

(d) the elementsa and b satisfya AaBa + Ca and AbBb+ Cb b
Furthermore, if the cone K in X is positive and normal, then the operator inclusion
x 2 AxBx + Cx has a solution in [a; b].

Proof. Dene a mapping T on [a;b [a;b by T(x;y) = AyBx + Cx. From

hypothesis (d), it follows that T de nes a multi-valued mapping T: [a;b] [a; ]!

Pcp([a; b). Now the desired conclusion follows by an application of heorem 3.1.
O

Note that Theorems 3.3, 3.5, 3.6, 3.7 and 3.8 include the muitvalued hybrid
xed point theorems proved in Dhage [7, 8] for a pair of multi-valued operators
in ordered Banach spaces and algebras as special cases. e tiollowing section
we prove an existence theorem for the perturbed discontinuaes neutral functional
di erential inclusions under some mixed Lipschitz, compadness and monotonic
conditions.

4. Neutral discontinuous functional differential inclusions

The method of upper and lower solutions has been successfulapplied to the
problems of nonlinear di erential equations and inclusions. For the rst direction,
we refer to Heikkilm and Lakshmikantham [16] and for the seond direction we
refer to Dhage [9, 10, 11]. In this section, we apply the restd of the previous sec-
tions to the rst order initial value problems of ordinary di scontinuous di erential
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inclusions for proving the existence of solutions betweenhe given upper and lower
solutions under certain monotonicity conditions.

4.1. Neutral functional di erential inclusions. Let R denote the real line.
Letlo=[ ;0], > Oandl =][0;T] be two closed and bounded intervals inR.
Let C= C(lo;R) denote the Banach space of all continuoufR-valued functions on
I o with the usual supremum normk k¢ given by

k ke =supfj ()j: 0g:
For any conginuous R-valued function x de ned on the interval J, where J =
[ ;T]=1p |I,andforanyt 2|, we denote byx; the element of C de ned by
Xe()= x(t+ ) 0:

Given a function 2 C; consider the perturbed neutral functional rst order
di erential inclusion (in short NFDI)

(4.1) < %[X(t) FEX)] 2 Gtx)+ H(tx) ae t2J;

Xo=
wheref:1 C! R,GH:I CIP ,(R):

By a solution of the NFDI (4.1) we mean a function x 2 C(J; R)\ AC(l; R) such
that

(i) the mapping t 7! [x(t) f(t;x¢)] is absolutely continuous onl, and
(ii) there exists a v 2 L1(I; R) such that v(t) 2 G(t;x¢) + H(t;x;) a.e.t 2 I;

satisfying %[x(t) f(t;xe)]= v(t); forallt21 andxo= 2C,
whereAC (I; R) is the space of all absolutely continuous real-valued funtions on | .

The special cases of NFDI (4.1) have been discussed in theditature very exten-
sively for di erent aspects of the solutions under di erent continuity conditions.
See Dhage and Ntouyas [13], Deimling [6], Hale [15], Ntouya0] and the refer-
ences therein. But the study of NFDI (4.1) or its special case with discontinuous
multi-valued mappings have not been made so far in the liter&ure for the ex-
istence results. In this section, we will prove the existene theorems for NFDI
(4.1) via functional theoretic approach embodied in Corollary 3.4 under the mixed
Lipschitz, compactness and right monotonic conditions.

We shall seek the solution of NFDI (4.1) in the spaceC(J; R) of continuous and

real-valued functions onJ. De ne a norm k k and an order relation \ "in
C(J;R) by
4.2) kxk = sup jx(t)j
t2J
and

4.3) X y0 x(t) y@) forall t2J:
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Here, the coneK in C(J;R) is de ned by
K=fx2C(J;R)jx(t) Oforallt2Jg;

which is obviously positive and normal. See Guo and Lakshm#ntham [14] and
Heikkila and Lakshmikantham [16].

For any multi-valued mapping :1 C!P (R), we denote
Stx)= fv2 LY(I; R)jv(t) 2 F(t;x;) ae. t21g

for somex 2 C(J; R). The integral of the multi-valued mapping is de ned as
Z nZt 0
(s;Xs)ds = v(s)ds: v 2 St(x)
0 0
De nition 4.1. A multi-valued function : 1 P ¢,(R) is said to be measurable if
foreveryy 2 X; the function t! d(y; (t))=inf ffy xj:x 2 (t)gis measurable.

De nition 4.2. A measurable multi-valued function :1 ! P ¢ (R) is said to
be integrably bounded if there exists a functionh 2 L1(I; R) such that jvj
h(t) ae.t2 1 forall v2 (t).

Remark 4.1. Itis known thatif :1!P ¢(R) is an integrably bounded multi-
valued function , then the set S* of all Lebesgue integrable selections of is closed
and non-empty. See Hu and Papageorgiou [18].

De nition 4.3. A multi-valued mapping :1 C!P (R) is said to be L!-
Caratteodory if

(i) t7! (t;x) is measurable for eachx 2 C,
(i) x 7! (t;x) is upper semi-continuous almost everywhere fot 2 |; and
(iii) for each real number k > 0O; there exists a functionhy 2 L*(l; R) such that

k (t;x)kp =supfjuj:u2 (t;x)g hg(t); ae: t21
for all x 2 C with kxkc k.
Then, we have the following lemmas due to Lasota and Opial [19

Lemma 4.1. Let E be a Banach space. Idim(E)< 1 and :J E!P (E)
is L1-Caratteodory, then St(x) 6 ; for eachx 2 E.

Lemma 4.2. Let E be a Banach space, : J E !P (E) an L!-Caratreodory
multi-valued mapping withS* 6 ; and letK: L*(I; R)! C(I;E) be a linear con-
tinuous mapping. Then the composition operatork S': C(I;E) !P ¢, (C(I;E))
is a closed graph operator inC(I;E) C(I;E).

Remark 4.2. Itis known that a compact multi-valued mapping T: E ! P ¢, (E)
is upper semi-continuous if and only if it has aclosed graphin E, that is, if fx,g
and fy,g are sequences irE such thaty, 2 Tx, forn=0;1;::;; and x, ! x,
Yan! y,theny 2 Tx .

We need the following de nitions in the sequel.



278 B. C. DHAGE

De nition 4.4. A multi-valued mapping (t; x) is called right monotone increas-

ing in x almost everywhere fort 2 | if (t;x) I (t,y) ae.t2 1, forall x;y 2 C,
for which x .

De nition 4.5.  Amulti-valued mapping :1 C!P ¢ (R)is calledL!-Chandrabhan
if

(i) t7! (t;x;)is Lebesgue measurable for eack 2 C(J; R),

(i) x 7! (t;x) is right monotone increasing almost everywhere fot 2 |, and

(iii) for each real number r > 0 there exists a functionh, 2 L(I; R) such that

k (t;x)kp =supfjuj: u2 (t;x)g hi(t)ae.t21
for all x 2 C with kxkc .

De nition 4.6. A function a2 C(J; R)\ AC(l; R) is called a strict lower solution
of NFDI (4.1) if t 7! [a(t) f(t;a;)] is absolutely continuous onl and for all
vi 2 S§(a) and v, 2 S} (a) we have that S[a(t) f(ta)] vi(t)+ va(t) for all
t2 1 and ag . Similarly, a function b2 C(J; R)\ AC(l; R) is called a strict
upper solution of NFDI (4.1) if t 7! [b(t) f(t;b;)] is absolutely continuous onl
and for all v; 2 S§(b) and v, 2 S}, (b) we have that S[b(t) f(t;b)]  va(t)+ va(t)
forallt2 1 and by

We now introduce the following hypotheses in the sequel.
(fo) f(0;x) =0 for each x 2 C.
(f1) The mapping f is continuous onl C and there exists a real-valued bounded
function ~ on| such that

iftx) fty) “(Okx  yke;
forall (t;x);(ty)21 C.
(f2) The mapping f (t; x) is nondecreasing inx for almost everywheret 2 1.
(G1) Gf(t;x) is compact subset ofR for eacht 2 1 and x 2 C.
(Gz2) G is L-Caratteodory.
(G3) The multi-valued mapping G(t; x) is right monotone increasing in x for al-
most everywheret 2 1.
(G4) The multi-valued x 7! S{(x) is right monotone increasing in C(J; R).
(H1) H(t;x) is compact subset ofR for eacht 2 | and x 2 C.
(H2) H is L'-Chandrabhan.
(H3) The multi-valued x 7! S} (x) is right monotone increasing in C(J; R).
(H4) NFDI (4.1) has a strict lower solution a and a strict upper solution b with
a b

Remark 4.3. Note that if the multi-function H (t; x) is L*-Chandrabhan and (H)
holds, then it is measurable int and integrably bounded onl [a;b]. It follows
from a selection theorem (see Deimling [6]) thatS}, is non-empty and has closed
values on p; b, i.e.,

SL(x)= v2LYI;R)jv(t) 2 H(t;x,) ae. t21 6 ;
forall x 2 [a;] C(J;R).
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Theorem 4.1. Assume that the hypothese§f o) (f2), (G1) (G4) and(H1) (Hya)
hold. Furthermore, if k’k < 1, then the NFDI (4.1) has a solution in [a; ] de ned
onJ.

Proof. Let X = C(J;R) and de ne an order interval [a; b in C(J; R) which does
exist in view of hypothesis H4). Note that the cone K is normal in X, and
therefore, the order interval [a; b is norm bounded in X. As a result, there is a
constantr > 0 such that kxk r for all x 2 [a;b].

Now NFDI (4.1) is equivalent to the integral inclusion

Z, Z,
(4.4) x(t)2 (0) f(O; )+ f(t;x)+ G(t;xs)ds+  H(t;xg)ds; if t21;
0 0

satisfying

(4.5) x(t)y= (t); ;if t2lo:

De ne three multi-valued operators A;B;C : [a;b ! P (X)) by
E fO;, Y+ f(txy); if t21;

(4.6) Ax(t) =
© 0; if t21g;
2 e
0) + G(s;xs)ds; if t21;
4.7) BX(t) = _ Q)+, Glsixs)ds: |
(Y); if t21p;
and
82z,
2 H(s;xs)ds; if t21;
(4.8) Cx(®)=_ o
" 0; if t21g:

Clearly, the multi-valued operators A, B and C are well de ned in view of hy-
potheses (52) and (H2) and map [a; b into X . Now the NFDI (4.1) is transformed
into an operator inclusion as

x(t) 2 Ax(t) + Bx(t) + Cx(t); t2J:
We shall show that A, B and C satisfy all the conditions of Corollary 3.4 on fa; b.

Step |. Firstly, we show that A is monotone increasing andB and C are right
monotone increasing on §; b. Let x;y 2 [a;b] be such thatx y. Then, by (f),

AX(t)_ f(or )+f(t;X[); if t21;
0; if t2lo;
fO; )+ f(ty); if t21;
0; if t21g;

= Ay(t)
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forall t 2 J. Hence,Ax Ay, and so, the operatorA is monotone increasing on
[a; . Since G4) and (H3), we have that S (x) I S&(y) and S} (x) I St (y). As

a result, we obtain Bx I By and Cx I Cy. Thus B and C are right monotone
increasing on f; . By (H4), a Aa+ Ba+ CaandAb+ Bb+ Cb b

Step Il. Next, we show that A is a contraction operator on fa; . Let x;y 2 [a; 1]
be arbitrary. Then by hypothesis (f1),

kAx Ayk supjf (t;x¢) f(ty)] sup (t)kx; vyike k "kkx yk:
t2J t2]

This shows that A is contraction on [a; b with the contraction constant k'k < 1.

Step Ill. Secondly, we show that the multi-valued operatorB satis es all the condi-
tions of Theorem 2.2. It can be proved as in the Step | thatB is a right monotone
increasing mapping on §; . We only prove that it is completely continuous on
[a;b. First we show B maps bounded sets into bounded sets irX. If Sis a
bounded set in X, then there existsr > 0 such that kxk r for all x 2 S. Now
for eachu 2 Bx, there exis%s av 2 S{ (x) such that
z t
2 0+ w(s)ds; if t21;
u(t) = S 0
(), if t21p:
Then, for eacht 2 J,
z t z t
ju)j k kc+ jv(s)jds k Kkc+ h;(s)ds k kc+ khykg1:
0 0

his further implies that kuk k k¢ + khik_: for all u 2 Bx S B(S). Hence,
B (S) is bounded.
Next we show that B maps bounded sets into equicontinuous sets. Le§ be,
as above, a bounded set andi 2 Bx for somex 2 S. Then there existsv 2 SL(x)
such that 8 Z,

2 0+ v(s)ds; if t21;
0

ut) = |
(), if t21p:
Then for any t1;t, 2 1 with t;  t,, we have
Z,, Z,, z,, Z,,
ju(ty)  u(tz)j v(s) ds v(s)ds = jv(s)j ds h(s)ds:
0 0 ty ty

If t1;t2 2 1o, then ju(ty) u(t2)j =] (t) (t2)j. For the case whent; 0 ty,

we have that
Z,, Z,,

jutty) u(t2)j j (t) O+ . jv(s)jds j (t1) (0)j+ , hr(s) ds:
Hence, in all three cases, we have

ju(ty) u(tr)j! O asty! t:
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S
As aresult, B(Q) is an equicontinuous set inX: Now an application of Arzeh-
Ascoli theorem vyields that the multi B is totally bounded on X: Consequently,
B:[a;b!P (X)is a compact multi-valued operator.

Step IV. Next, we prove that B has aclosed graphin X. Let fx,g X be a
sequence such thatx, ! x and let fy,g be a sequence de ned by, 2 Bx, for
eachn 2 N such thaty, ! y . We will show that y 2 Bx . Sincey, 2 Bxy;
there exists avn 2 SL(Xn) SSUCh that
t

2 0)+ va(s)ds; if t21;
yn(t) = S 0

T(); if t21:

Consider the linear and continuous operatork : L1(I; R) ! C(I; R) de ned by
Y4

Kv(t) = t v(s)ds:
0

Now, whenn!1 ,we obtain

jyn(®) (0 (y () ©O)j jya(®) y®j kya yk! O:
Therefore, from Lemma 4.2 it follows that (K S%) is a closed graph operator and
from the de nition of K one has

ya(®)  (0) 2 (K SE(xn)):
Asx, ! x andyp! y,tgere isav 2 S{(x ) such that
Zt
2 )+ v (s)ds; if t21;
y®=_ 0
(), if t21g:

Hence,B is an upper semi-continuous multi-valued operator on §; bj:

Step V. Finally, we show that the multi-valued operator C satis es all the condi-
tions of Theorem 2.2. First, we show thatC has compact values ond; bj. Observe
rst that the operator C is e%uivalent to

<L ShH)); if t21;
(4.9) Cx(t) =
" 0; if t215;

whereL: L1(l; R) ! X is the continuous operator de ned by

t
Lv(t) = v(s)ds; if t21:
0

To show C has compact values, it then suces to prove that the composition
operator L S}, has compact values ond; . Let x 2 [a; b be arbitrary and let
fv,g be a sequence irS} (x). Then, by the de nition of S}, va(t) 2 H(tXy)
a.e. fort 2 I. Since H(t;x{) is compact, there is a convergent subsequence of
vy () (for simplicity call it v, (t) itself) that converges in measure to somev(t),
where v(t) 2 H(t;x;) a.e. fort 2 |. From the continuity of L, it follows that
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Lvy(t) 'L v(t) pointwise onl asn!1 . In order to show that the convergence
is uniform, we rst show that fL v,g is an equi-continuous sequence. Let, 2 1;
then
Z, z Z,
(4.10)  jLwva(t) L va()j Vn(S) ds Vn(S) ds jVn(s)jds :
0 0

Now, v, 2 L1(I; R), so the right hand side of (4.10) tendsto 0 as ! . Hence,
fL vng is equi-continuous, and an application of the Ascoli theoren implies that it

has a uniformly convergent subsequence. We then hadev,, 'L v 2 (L SE)(X)
asj 'l ,andso (L S})(x)is compact. Therefore, C is a compact-valued
multi-valued operator on [a; 4.

S
Let fy,g be a sequence in C([a;h]) dened by y, 2 Cxn, n 2 N, wherefxng
is a monotone increasing sequence imfl]. Then there is a sequence, 2 S} (Xn)

such that
87 ¢

Vo(s)ds; if t21;
Yn(t):> 0
©0; if t21g:

We show that fy, g has a cluster point. Since (H) holds, we have
z t z t
Jyn (1)] jv(s)jds hr(s)ds k hrki:
0 0

forall t 2 J. This implies that ky,k k h;k_: and so,fy,g is uniformly bounded.
Next we show that f y, g equicontinuous. Now for anyts;t, 2 | with t;  t, we
have
Z,, Z,, Z,,
jyn (tl) Yn (tz)j Vn (3) ds Vn (S) ds hr (3) ds:
0 0 t1
If t1;t2 2 1o then jyn(t1) Vyn(t2)j = O: For the case, wheret; 0 t, we have
that
. . Z 12 . .
jyn(t)  yn(t2)j , (s)ds j p(tz2) p(O)j;

z t
where p(t) = h; (s)ds: Hence, in all three cases, we have
0

ju(ty) u(tr)j! O asty! ty:

As aresultfy,gis an equicontinuous set inX: Now an application of Arzeh-Ascoli
theorem yields that the sequencd y, g has a cluster point. Thus all the conditions
of Corollary 3.4 are satis ed and hence the operator inclugn x 2 Ax + Bx + Cx
has a solution in [; b. This further implies that the NFDI (4.1) has a solution in

[a; b de ned on J. O
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5. Remarks and conclusion

In this paper, we have established the multi-valued hybrid xed point theorems
only for right monotone increasing operators, however, siitar results can also
be obtained for left monotone increasing multi-valued opeators with appropriate
modi cations. As mentioned earlier, we do not need the multivalued operators
to be continuous and to have convex values in any of the hybridxed point theo-
rems of section 3. Therefore, the results of this paper are # improvement upon
the hybrid xed point theorems for multi-valued operators o btained in Dhage [10]
under weaker conditions. Thus, our hybrid xed point theorems of this paper are
useful in the study of nonconvex di erential inclusions involving the discontinuous
multi-valued functions for existence of the solutions. In this paper, we have dealt
with some quite general forms of the neutral functional di erential inclusions and
so the results of section 4 include some known results in thetérature as special
cases under weaker continuity and convexness conditions. gain, we remark that
the hypotheses (G) and (H3) are somewhat new to the literature in the existence
theory for di erential inclusions and the su cient conditi on guaranteeing these
conditions, so far we know, are that the multi-valued functions G and H should
be strictly monotone increasing in the state variable (see Ayarwal et al. [1]). Fi-
nally, we mention that the study of such su cient conditions for the validity of
the assumptions (G;) and (H3) is again a problem and the further study in this
direction forms a scope for the future research work and whé concluding, we
conjecture that the possible answers to this question are th hypotheses (G) and
(H2) under suitable conditions.
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