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ON THE FINITE DIMENSION OF ATTRACTORS OF DOUBLY
NONLINEAR PARABOLIC SYSTEMS WITH L-TRAJECTORIES

Hamid El Ouardi

Abstract. This paper is concerned with the asymptotic behaviour of a cl ass
of doubly nonlinear parabolic systems. In particular, we pr ove the existence
of the global attractor which has, in one and two space dimens ions, nite
fractal dimension.

Introduction

We consider the following doubly nonlinear system P) of the form

@%Utl) div al(r Ul) + fl(ul) = 1%’;(1_11;[_12) in R* ;
% div as(r ) + fa(uz) = Zg_:(ul;u2) n R
up=u=0 on@ R :
by (U1 (% 0)ibz(U2(x: 0)) = Bu(* 0(x)); b2 0(X)) in

where is a bounded and open subset inRY, with a smooth boundary @.

Problems of form (P) arise in ow in porous media, nonlinear heat equation
with absorption, chemical isothermic reactions and unidirectional Non-Newtonian
uids, see [4]: Therefore, it is important to obtain information about the e xistence
of the global attractor and its regularity.

In recent years, numbers of works have contributed to the stdy of the single
equation of the type (P). Where a = Id, the elegant work [6 7] plays a critical
role in this area. The method is extensively used in many otheworks; we refer the
readers to [1 2; 3;4;5; 8; 9; 19] and the references therein. The basic tools that have
been used are a priori estimates, degree theory and superi{seplution method.

In [21], Miranville has considered the following single eqgation
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% div (u) +f(u)=g;

with Dirichlet boundary condition and has obtained the existence of the global
attractor which has, in one and two space dimensions, nite factal dimension.

Finally, we remind here that doubly nonlinear parabolic sygems of the type

@i (ui)
@t
have been studied by El Ouardi and El Hachimi [12] who obtainé the global
attractor, the regularity and the estimates of Hausdorf and fractal dimensions.
Our aim in this paper is to extend the results of [12] and [21] b the more general
systems @).

The outline of the paper is as follows: in section 1 we make soeassumptions
and we prove the existence of the global attractor. In sectio 2 we show the
results on the regularity of the global attractor. Section 3 is devoted to the fractal
dimension using the method of I-trajectories.

u = fiGxtugug); (1=1;2)

1. Existence and uniqueness

1.1. Notations and assumptions.

Let be a smooth and bounded domain in R%;d 2 f 1;2;3g. Setfort> 0;Q; :=

(0;1);S; == @ (0;t) and also ((:;2)) ; kik, (3;:);):j be respectively the scalar

product and the norms inV = H}() and H = L?().

Let b, (i =1;2) be continuous functions with b (0) = 0.

We dene for s2 R

Z S
i(s) = . bY( )d ;

dsAi(s) w= a(s) w; forall s;w2RY

(ds denoting the di erential).

In the sequel, the same symbok will be used to indicate some positive con-
stants, possibly di erent from each other, appearing in the various hypotheses and
computations and depending only on data. When we need to x tte precise value
of one constant, we shall use a notation likeM;;i =1;2;:::, instead.

In the sequel, we shall present the following assumptions:

(h 2 C3(R);b(0)=0; (i=1;2);

Al
(A1) i BPs)y forall s2 R;(i=1;2):
8 1 ]
a 2 C'(RMY:;a(0)=0;dsa; ; is bounded ( =1;2);
(A2) cijsi> i Ai(s) dijsi?+e; forall s2 RI(i=1;2);
za(s) s Gojsi’ (i=1;2);

" dsai(s) W W Gizjwj?; forall s;w2 RY (i =1;2):
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8 2
fi 2 CY(R);
(A3) sign(s)fi(s) ci4jsjp‘+l ; forall s2R; pp>0; (i=1;2);
3ifi(9 csis® ™ forall s2R; (i=1;2);
" fYs) Ki: forall s2R; (i=1;2):
8
H2C*R R;
©50,0)=0; (i=1;2);
(A4) Ethere is positive constant M; > 0 such that:
Tmax Gl(s) M (i=1;2):

(A5) d=1;2 or 3whenh = ¢ld;c; > 0; and that d = 1, or 2 otherwise.

(R6)  ('o; 0)2(L*1() °.
The following lemma are useful and used.

Lemma 1.1 (Ghidaghia lemma, cf.[19]) Let y be a positive absolutely continuous
function on (0; 1 ) which satis es

y0+ y g+l

with g >0, > 0, 0. Then fort> 0

1

q+1

yoy = T+ (@

Lemma 1.2 (Uniform Gronwall's lemma, cf. [27]). Lety and h be locally integrable
functions such that: 9r> 0,a; > 0,a, >0, > 0, 8t
z t+r z t+r

y(s)ds a; jh(s)jds az; y° h:
t t

Then
y(t+r) %+ a; 8t
Lemma 1.3 (Theorem 2.4., cf. [21]) For every' 2 L?() , the problem
div(a(ru))='; u =0 on @ ;
possesses a unique solution such thatu 2 H3() \ H?%() .
1.2. Existence theorem.

Theorem 1. Let (Al) to (A6) be satis ed. Then there exists a solution(uy; uy)
of problem (P) such that fori = (1;2), we have

u 2 LP* O T;LP () \ L2 O T;HG() VLY to;T;LY () 5 8to> O:



292 H. EL OUARDI

Proof. By Theorem 2 in [6]; we can choosal® 2 LP*1 (Qr)\ L2 O;T;HE() \
LY ;T;LY() forany > 0 such that:

%ut?) div ai(r u9) +fy(u)=0 in Qr;
ud=0 on Sr:
br(uf)i=0 = bu(’ o) in
and
@k(gjtg) div ax(r ud) + fo(ud)=0 in Qr;
u3 =0 on Sr;
br(ud)i=o = bu( o) in
We construct two sequences of functionsy?) and (u$), such that:
(1.1) @b(g‘t?) div ay(r uf) + fi(uf)= 1%;(112 Lug b in Qr:
(12) ui=0 on Sr;
(1.3)  bu(ul)i=0 = bu( o) in
(1.4) @ﬁ(g]tg) div ax(r uh) + fo(uh) = 2%'(@ Lug b in Qr;
(15) u3=0 on Sr;
(1.6)  b(uz)i=o = bu(' o in
We need Lemma 1.4 and Lemma 1.5 below to complete the proof ofieorem 1. [
Lemma 1.4.
(1.7) 8 >0,9c >0 suchthat kuik: q.1( C:

Proof. For n=0; (1.7) is proved in [21], so suppose (1.7) forn( 1).
Multiplying (1.1) by jbl(u’l‘)jk bi(u}), k integer, and integrating over to ob-
tain:

Z
D acr (k1) B b an(r u) T e
Z Z
. . H . .
Db E)WDF = DUl ) b ox:

We note that
Z

B(ul)jbr(u])ia(r us) r urdx 0;

Z @H Z
1oyl HU Db jbi(uD)ifdx e by (upiT dx:
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We thus ha%e 7 7

o D dxr o Jo )P dx @ jou(u)i dx:

Setting Yicn (t) = kb (U)K, i+ () and using Holder inequality on both sides, we
have the existence of two constants > 0 and > O such that
d k; t 1+
which implies from Lemma 1.1 that 8 t >0
1 1

Yn (1) (=)Pr + ———
[ ()]
Ask!1l ;we obtain

jui(t)j c 8t > 0:

The same holds also fou5.

Lemmal1l5. 8 > 0,9¢=¢c(;" o, 0)>0:
kulkizormgy

kuPks (romgo e g ©
jr uMj?dx + ¢ juliPrdx %
i=1 O 0
Proof. Multiplying (1.1) by u] and (1.4) by uj, and adding, we get:
g h? R
(1.8) it C b dx + jrulj“dx + c juliP e dx
i=1 i=1 i=1

But 7 7

jl 0j|_2() +j 0j|_2() C) 1 b.l.(I 0) dx + 2 bZ( 0) dx C;

so we deduce that:
v Z1Z w 212
jr uMj?dx+ ¢ juriP*? dx %
i=1 0 i=t O
Whence Lemma 1.5.
From Lemma 1.4 and Lemma 1.5, there is a subsequencd (i = 1;2) with the
following properties:

ure weakly in L2 0;T;Hg() \ L™ O T;LP ()
b(uh) ! weakly in L2 O;T;L%) ;
h(up)' i Strongly in I_2 ,T'H l()

(by the compactness result of Aubin (see [24]). By Lemma 7 in€], we have
i = b(u;). Moreover,
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H H
i%(url] Lug Yy fiGul)! i%(ul;uz) fi(u)
inL" ;T;L"() ,8r 1,8 1. Taking the limit as n goes to +1 , we deduce
that (uy;uy) is a weak solution of (P). O

1.3. Uniqueness.
Let (Al) to (A6) be satis ed. Then ( P) has a unique solution ;Vv) in Q.

Proof. Let u=(ujz;up) and v =(vy;V2) be solutions of (P), we have:

@bl(U]_) b.l.(Vl)) diV(al(r Ul) al(r Vl))+ f]_(Ul) fl(Vl)

@t
(1.9) =, @y 1%‘@);

‘@u

@bz(ul)@tbz(uz)) div(az(r uz) ax(r vo))+ fa(uz) fa(v2)
- ,@H @H .
(1.10) = 2ggW 2@V

The dierence w; = u; Vv; satises

B(udw?  div(ai(r u) ai(r vi))+ fi(u)  fi(vi)
O o0, @H @H
(1.11) =[(vi)  Bu)IVY+ o iga¥

(1.11) becomes

BPudw?  div(ai(r u) a(r vi))+ fi(ui)  fi(v)
vy a0 @R @H .
(1.12) =[B(vi)  B(u)lvi+ |@U(U) '@U(V)'

We multiply (1.12) by gty

x2 x i

%% jWijﬁz() + (@(r u) a(rvi);r (%) L20)
i=1 i I
) )

Wi
+_ fi(ui) fi(Vi)uqo(ui) - qo(ui) i Wi L2()

i=1
X @H @H .. W _
(1.13) + ~ i @U(U) i @(V), P Lo
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With the assumptions and standard arguments, we get

(1.14) X ( ) ar vi): o S
. a Uy a(r Vi), 5—=IWw c jr wij";
i=1 bP(us) -
X2 0o,
b (ui)
a(ru) a(rvi), 5 —~wWry;
i=1 tP(ul)
% . . . .
(1.15) C o Uiliagy IWileq KWikgae
i=1
x Wi X LD
(1.16) . fi(ui) fi(Vi),W Ci:l wijc

i) U)o w
(1.17) Vi, )2
=1 BP(ui) tP(ui)’

X2
¢ jb(vi) lQO(Ui)J'LA() jViOJLZ() kwik s

i=1

@H @H . w X o,
1.18 i — i — X i :
( ) - @u(u) @U(V) QO(U|) Ci:1 JWJ
Since (U;v) 2 (H?()) 2andH() | L)

hxe [ X X X
1de L, e e e 2 e

(1.19) >4t B wijc o+ Ei:l kw.kHé() ci:1 jwijs + Zkizl kw.kHé()

We nally deduce from Gronwall's lemma,

XZ 2 )(2 2
JWij jw; (0)j“ exp(2cT); 8t2 (0;T):
i=1 i=1
Thus, we deduce that u; = v; and u, = vs. O

2. Global attractor

Proposition 1.  Assuming that (A1){(A6) hold, then the solution(uy;u,) of sys-
tem (P) satis es

(2.0) jul(t)le O + juz(t)le O c(r); 8t r;

)@ 2
(2.1) jr uij c(r); 8t totr:
i=1
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Proof. Reasoning as in the proof of Lemma 1.4, we also have (2.0).
Multiplying the rst equation of ( P) by u; and the second byu,, we get

ax
a i(uj) dx + ai(r u);ru + fi(ui);u;
i=1 i=1 i=1
X2 @H
(2.2) i — (u)u; dx:
i @
We note that it follows from (A2) that
(2.3) a(ru)iru  gjr uij’:

We deduce from (A3) that

(2.4) fi(u)iui  cjuij? &
For xed r> O0and > O, integrate (2.2) on Jt;t + r|[

X2 Z iy

jrwjds c(); 8 > 0;

i=1 ¢

X2 z t+r
(2.5) juii? ds  ¢( ):

i=1 !
Multiplying the rst equation of (P) by il(ul)t and the second byiz(ug)t; we get

* g @ ¥ 1 @z  1d”
. —iai(r ui);r ot ;i:l —iqo(ui), @ o Fi(ui) dx
(2.6) =  [H@Uu(T)u(T)) HC( o5 o) dx:
We note that
1., @u?2 @u 2,
@7) e g gy
1 1d
(2.8) Za(uye D= 2 A wox;
z
(2.9) rwji? c Ai(ru)dx  dijr uj?+ ¢
Z

(2.10) cjuijf*? ¢ Fi(u)dx cjuij* +c:

We nally deduce from (2.5){(2.10) and the uniform Gronwall 's lemma that, for
r> 0;

XZ 2
(2.11) jruwijc c();, 8t to+r:

i=1
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Remark 1. By Proposition 1 we deduce that there exist absorbing sets i, ()

L () forany :1 i +1 and absorbing sets in H}() 2; then as-
sumptions (1.1),(1.4) and (1.12) in Theorem 1.1 [27, p. 23]are satis ed with

U= L2() 2, sowe have the following

Theorem 2. Assuming that (A1){(A6) are satis ed, then the semi-group S(t)
associated with the boundary value probleniP) possesses a maximal attractak,

which is bounded in [H3() \ L ()]

2, compact and connected in L?() % lts

domain of attraction is the whole space L?()

Proposition 2.

We assume that(' o; o) 2 A. Then, for everyt> 0; @u-% 2

2 2 ov
H3() “andA2 H?() °.
Proof. Di erentiating equation
U . H
R givtar )+ fiw) = s orusiua):
Setting | = & we get
S H(u
(2.12) Bui) P+ BRui)( ) div(dsai(r ui)ir i)+ Flu) i = . igu@;; i
Now multiplying (2.12) by i, and integrating over , we obtain, thanks to (A2),
x g 0 0 x g 0 3 x : 2
b(ui) i dx+ BQui)( i)Pdx+c  jroij
i=1 i=1 i=1
z Z oz
@13) 2T U o JCLIC R
i=1 i=1j=1 Quay
the L' estimate and hypothesis imply successively
Z z
d . 1
(2.14) g i o= g Pidcs 5 oRu)( )% dx;
A X
@215) U N
i:]_j:]_ p i=1
)@ Z o) . .2 )@ . .2
(2.16) f(u)jij~dx ¢ jij:
i=1 i=1
We deduce from (Al) that
z
PRu(uddx o ijts ok Ky

(2.17)

cj i i Mijr P+ MOt
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By (2.13){(2.17) becomes
he £

d . i . o
(2.18) 9t )i Fax ¢ jait+ g
i=1 i=1 i=1

R R
Setting y = B(ui)j 9° dx; we obtain

i=
(2.19) % cy? +
We have, owing to estimates (2.9) and (2.10)

Z .,
(2.20) ydt c¢ ; forany to:
The uniform Gronwall's lemma gives
v Z

(2.21) y(t) = B(ui)j §%dx  c(r); forany t r:

i=1
Now, by (2.21) and hypothesis (A2), we get
2 Z
2dx  c(to); forany t to:
i=1
2
Then, for everyt> 0, @1 @e 2 | 2() °
But we have

(E) cﬁv a(ru) = i in |
ui =0 on @ ;
where (x;t)= fi(ui) B(ui) i+ &P (uisuz) 2 L2(), for every t> 0.
It follows from Lemma 1.3 that the problem (E) possesses a unique solution
(u;v) such that (u;v) 2 HE() \ H2() 2. O
3. Dimension of the global attractor A

Proposition 3.  Let (" o; 0) 2A; u=(u;z;up) andv = (vy;Vv2) be two solutions
of (P). Then,

ghe ? . o] x ”

P BP(u)jui - vijfdx + My rjoui v
i=1 i=1
2 Z

(3.1) M, B(ui)jui  vij®dx:
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Proof. Wet setw; = u; v , we have

W) b)) dv aru) alw) *fiw) i)
@H, @H

3.2 i— (V) :
(3.2) @u() @U(V)
Multiplying (3.2) by w; and integrating over to obtain
1d
o Budw?dx +(a(r u) a(r v);r wi)+(f ) fi(vi);w)
@H @H 1
= =) (VW + tf”(u)—w dx
Z@u @u 2
(3.3) B(u;) QO(V.) W, dx:
By the assumption above, we have
X2 x 5
(3.4) a(ru) a(rvi);rwi ¢ jrwj;
i=1 i=1
xe £ x Z
% QOQU)@U 7 d I:\O(Ui) t1O(V| W| dx
i=1 i=1
Z
@u @v . .
EC TG TR
¥ @y @v . .
‘. et et ™
x @u _ @v 2
C.=1 @t + “at kwiki 4,
X2 X2
35) c jwiirwi S rwitec jwi;
i=1 i=1 i=1
XZ. . XZ .2
(3.6) jEiu)  fivisw)j ¢ jwijt;
i=1 i=1
X @H @H X
(3.7) ~ @u( ) i@u(V),Wi Ci:l jwij
We nally deduce from (3.4){(3.7) that
(3.8) o tqo(ui)wi dx + ¢ jr wij C juijc:

i=1 i=1 i=1
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Set!; = [h(ui)]% w;, we deduce from (3.1) and Gronwall's lemma that,

X2
Nt expMa(tz  tr) jli(ty)i?

i=1 i=1
X2 5 2
(3.9 exp(2) jli(ty)j°; for 0O ty tg M—:
i=1 2
We x s2 0O;l = M% and integrate (3.1) overt 2 (s;I) to obtain, owing to (4.5)
X x Z 2 x Z 2 X
i+ e jr tijfdt jriifdes jti(s)f®
i=1 i=1 S i=1 S i=1
2 XZ 2
(3.10) i)t @ jui(s)it
i=1 i=1
which yields
x £ G
(3.11) jir Lijfdt @ jwi(9)j?:
i=1 ! i=1
Integrating (3.11) over s 2 (0;1),
e Z 2 2 Z 2
(3.12) jrur vij2 dt c¢ ju vij2 dt:
i=1 | i=1 O

O

Proposition 4. Let (" o; o) 2 A; (uz;uz) and (vi;Vv2) be two solutions of (P).
Then,

X d X2
(3.13) g V) Ly © KU ViKeeamo)
i=1 el i=1
Proof. We have .
@w 2o @w
b(u) —— =su <b (u)=—;';>dt ;
( I) @t L2( 210 1()) P | ( I) @t I

where' ; 2 L2(l; 2I;V)); k' iK 221y = 1.
Noting that

b"(ui)%Z:div arw) arw)  fiu) fiv)

@H @H 0 0 @v .
fige e B B T
Furthermore,
xe £ 2l X2
(3.14) | jai(rui) a(rvijjr "ijdt ¢ kwik 2y

i=1 i=1



FINITE DIMENSIONAL ATTRACTOR 301

xe Z 2 G
fi(u) fi(v) "idt c
i=1 | i=1
X
(3.15) c kwikizgyy
i=1

Wi L2q21H)

@H @H . . . X

i—(u) i—(v) Jijdt c kWikL2|;z|;H

@u @u - (2
X2

(3.16) c kwik 2.5y

i=1

Qv
@t
3.17 c — kwik; 2. . ¢ kwik; 2001y
(3.17) @t e gy G © WKy
We thus deduce from (3.14){(3.17) that

Z
@w o
@t o on 1) i=1 |

e Z 2 2 Z 2 @H
+ fi(u) fi(vi) J"ijdt+ i ——(U)
i=1 | i=1 @u
X2 Zy Z 0 0 @y . . X2
+ dt b(ui) b(wvi) @t jrildx c kwikp (g s
i=1 ! i=1
and by (3.12), we obtain
)(2 o @W )(2
(3.18) b (uj)— ¢ kwik 2.4y
- V@t o 10 - PL2(051H)

@v

dt bui)  B(wi) at

J'ijdx ¢ dat  jwij J'ijdx

b(u;) jai(r up) a(r vi)jjr " ij dt

@H
.@U(V) jr " ijdt

O

Theorem 3. The global attractor A associated with(P) has nite fractal dimen-
sion.

Proof. It follows from Proposition 1 and Proposition 2 that the semigroup as-
sociated with (P) possesses a bounded and positively invariant absorbing 5@,
in HE() \ H%() ?. More precisely, we will take B, = [ ,S(1)B2, where
B, is a bounded absorbing set in H?() 2 and s such that t implies
S(t)B, B , and where the closure is taken in the topology of H?() 2 We
use the I-trajectories method introduced by Malek and Prazk in [20]. Let | be
xed as de ned above, we introduce the space of trajectoriesX; = w = (u;Vv):
(0;1) ! H?2;w is the solution of (P) on (0;1) . We endowX, with the topology of
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L2(0;1;H) ?. We then setB; = fw2 X;;w(0)=("o; o) 2B2g. By construction
B, is weakly closed in H?() 2. This yields that B, is a complete metric space,
and we de ne the operatorsL: X; I X |;t  0;by (Li(W))(s)= w(t+s);s2 [0;],
wherew is the unique solution of (P) such that wjjo,; = W. We nally set L =L,.

Finally if we express (3.12) in terms of I-trajectories, we gt for all wy;w, 2 B

(3.19) kLw; L Wszz(O;l;V) ckw, ngxl;
and it follows from (3.13) that

d
3.20 — (L L kw Ky :
(3.20) gt (b b ve) oan 1y o

Furthermore, L is Lipschitz from B; onto X;, 8t 0, and the mappingt ! Liw
is Lipschitz, 8w 2 X,. Thanks to (3.19) and (3.20), it can be proved (see [20] for
the details of the proof) that the semigroup L; possesses an exponential attractor
M | on By, that M | is compact for the topology of X;; is positively invariant and
has nite fractal dimension. O
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