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Abstract
We exhibit a numerical technique based on Newton's method for nding

all the roots of Legendre and Chebyshev polynomials, which execute less itera-
tions than the standard Newton's method and whose results can be compared
with those for Chebyshev polynomials roots, for which exist s a well known
analytical formula. Our algorithm guarantees at least nine d ecimal correct
ciphers in the worst case, however, when comparing with Chebyshev roots
given by its formula, even eighteen decimal correct ciphers are achieved in
several roots, in the best case. As a comparison guide the resut are collated
with those gotten by MATLAB.

Keywords: Newton's method, Legendre polynomials, Chebyshev polynomi-
als, multiple root nder algorithm.

1. Introduction

Legendre polynomials (see [1, 2, 3, 4]) as well as Chebysheseg [1, 2, 3, 4,
5]) ones has found countless applications in all branches afngineering and sci-
ence, among which the most representatives include calcuian of quadratures,
electromagnetics and antenna applications, solutions fopotential theory and for
Schrodinger's equation, aerodynamics and mechanics apphtions, etc. This is due
mainly because the use of their roots allows us to solve a spiecproblem with the
best e ciency.

These polynomials are very similar to each other, not only inthe form of their
respective di erential equation, but also in the numerical values of their roots.
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However, sometimes it is better the use of Legendre polynomisiinstead of Cheby-
shev ones because by using their roots, one can reach the magitimized solution.
For instance, when calculating a quadrature, Gauss estaldihed that the best way
for obtaining the minimum error in a numerical integration i s by dividing the inte-

gration domain in agreement with the way Legendre roots are tributed on their

own domain.

So, because of the wide use of Legendre and Chebyshev rootdist paper
presents a multiple root nder algorithm, which is expected to be a useful tool, not
only in engineering work but also in numerical and mathematcal analysis. This
algorithm is based in the classical Newton's method (see [2])however, we have
made some modi cations in order to nd all the roots of an sped ¢ polynomial by
using the improved Newton's method (see [2]).

2. Newton's method

Newton's process is a numerical tool used to nd the zeraxe of a real-valued
function f (x), continuously di erentiable and whose derivative does notvanish at
X = Xe. The method consists in proposing an initial rootxo which must be in the
neighborhood ofxe, as shown in Figure 1. Once made this, we draw a tangent line
to f (x) at x = Xp, and determine its intersection with the x axis. The equation for
the line is:

y = f(xo)+ fAXo)(X  Xo); (2.1)

which means that locally, in the small neighborhood ofxg, f (x) can be considered
as a linear equation, even iff (x) is not linear. We should notice that this equation

corresponds to the truncate Taylor series with center atx = X by neglecting the

remainder term. The intersection, namedxy, is then:

_ f(xo) .
X1 Xo = Fqxo)”

Now, X is closer to the real zeraxe, and it will be used to draw the next tangent
line to f (x) at x = x; which produces the intersectionx,. So, in the ny, iteration,
the intersection of the tangent line with the x axis will be [2]:

f(xn 1) .
f O(Xn 1) '

After a number of iterations x, will be close enough toxe. In this way, once
we have established the allowed error for the zero, we can set the condition for
stopping the method, which is reached when:

2.2)

Xn = Xn 1 n=1;2;3;::: (2.3)

jXn Xn 1)6 (2.4)

Newton's technique will usually converge provided the initial guess is close
enough to true root. Furthermore, for a zero of multiplicity 1, the convergence
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Figure 1: Tangent lines tof (x) at x = Xj.

is at least quadratic in a neighborhood ofxe, which intuitively means that the
number of correct digits roughly at least doubles in every sep.

Newton's method acquire a bigger convergence if in Taylor sés we consider
the quadratic term:

y= 10+ T0)x X0+ SF Qo)(x  xo)% (25)

that is, in the small neighborhood of xq, f (x) can be considered as a quadratic
equation, even iff (x) is not quadratic. The intersection x; between (2.5) and the
X axis can be calculated from:

f (Xo0)
= : 2.6
X7 g+ H %o o) (20)
by substituting (2.2) into (2.6) we get:
2f (xo)f qx
X1 Xo = (2 0) ( 0) o : (27)
2[f Ax0)]”  f (x0)f X{Xo0)
So, in the ny, iteration, we have the next recursive formula (see [2]):
0,
Xn = X 2 X0 )T X0 1) n=1;23;::: (2.8)

2[f (xn OI° f(xn 1)f%Xn 1)’

This is the improved Newton's method which converges fastertian the original
one. As well as we have to know the rst derivative of f (x) in both methods, in
the improved one, we must know the second derivative of (x) in each point. This
could be a problem iff (x) is not an analytical formula but a set of data points, in
which both derivatives could be calculated from standard nunerical techniques.
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3. Multiple root nder algorithm based on Newton's
process
The application of Newton's method to a polynomial in the queg for all its

roots could be easily implemented if we express it accordingo the fundamental
theorem of Algebra:

f(X)= k(x x)(X x2):::(X Xn); (3.1)
where N is the polynomial order, k is a proportionality constant and
fX1;X2;:::;xn g are all the polynomial roots, which are not necessarily put n

order. In the following, the subindexj in the root x; represents the number of root
and it should not be confused with the number of iterations ugd in the previous
sections which will be omitted from here. By applying Newton's algorithm to the
polynomial (3.1) for searching the rst root x;, we have the next recursive relation:

f(x) .
fox)

Once x; is found, we built the polynomial g(x) of order N 1 which has not
X1 as one of its roots:

X1 = X1 (32)

o0 = 50 =

< x K(x x2)(Xx Xz):i:(X Xn); (3.3)

and by applying Newton's technique to g(x) we determine the next rootx, and so
on. So, in theky, step, we built the following polynomial:

g(x) = Qka; (3.4)

and, according to Newton's method, theky, root is:
g(xk) .
gqxk) '

which implies the calculation for the derivative of g(x) which could not be so evident
because of the need to nd the derivative of the product term. Such derivative is:

Xk = Xk (3.5)

d ! 1 1 1 bt
ot —  (x X)=

|
—
<
X
N—r
I

= (x  xi) ; (3.6)
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therefore the derivative for g(x) is:

K1 o, 0

1 1
)= Qrr,_—— f0) () _ (3.7)
i1 (X Xi) iz XX
By substituting (3.7) and (3.4) into (3.5) we reach the recursive relation for
getting all the roots for the polynomial f (x):

f (xk),
Xk = Xk = ;o k=1;2:00N: (3.8)
Fo)  f o) ot ke

On the basis of (3.8) we express the multiple root nder algoithm with the
following diagram:

i

Propose initialvaloes to

{xux'n'-""-x.nr]

v
—— Cicle from k=12, N » Sort roos |

kL ¥

lemtion for finding A with a given enor £
f[-ﬁs-,)

f'[xx)-ﬂxdiﬁ

I£=Ih-

Figure 2: Multiple root nder algorithm.

In order to sort all the roots given by the multiple root nder process, we can
introduce the well known bubble sort method which by successely interchanging
the N roots can provide us the list of expected results. The bubblesort method is
drawn in the following diagram:

4. Multiple root nder algorithm based on improved
Newton's method

In order to improve the algorithm's convergence, we can intoduce Newton's
technique in the quest for all the polynomial roots. In rst t erm we look at the
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(Begin >

—»| Cicle frem i= N, N =1, 1

—+  Clicle from j=0,1,---1-1

L
L

" T WEd

Swap K Ko

LT

Figure 3: Bubble sort method for putting in order the polynomial's roots.

root x; of the polynomial (3.1) with the recursive relation (2.8). Oncex; is found,
we built the polynomial g(x), (3.3). By applying improved Newton's method to
g(x) we found the next root X, and so on. So, in theky step, we built the
polynomial (3.4), from which the kg, root is:

29(xk)g%xk) : @.1)
2[9%x)1* 9(xk)gOxK)

Iterative formula (4.1) implies the calculation for the second derivative of g(x)
which could a hard task, however, the result is not as di cult as one could expect:

Xk = Xk

#
P 1 P 1 P 1 2
fO((X) 2f O(X) . ﬁ +1(x) . ﬁ + X lXi
0 _ i=1 i=1 i=1 .
g’{x) = o L (4.2)
(X Xi)

i=1

So by substituting (3.4),(3.7) and (4.2) into (4.1) we get:

2f (Xk)B (Xk) 4.3)

Xk = Xk 1

B2(x) + [T 100) 190+ 10 b
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b( 1
B(xk) = foxk) f(x)
i=1
Notice the similarity between (4.1) and (4.3) wheref (Xx) is similar to g(xk),
and gqxy) is analogous toB(xx). Obviously both formulas are not completely
analogous, but the existent similarity is notorious. On the basis of (4.3) we express
the improved multiple root nder algorithm with the followi ng diagram, Figure 4,
again, the bubble sort method could be used in order to sort tle obtained roots:

! k=1;2;:::;N:

Xi’

Begin

Propoge inttial values o
{xnx'n"'axnr]

o] Cicle from k=12, N s Sort zool
! ot

Iteration for findng %, witha goven emmr & W
B(xa):f'(zx}_f{zx)gﬁ ‘
2/ (%) B(x)
=1

XL=Z£:—

B+ @] -7 (m)] £ m)+ F(m) T

i
|

(5%

Figure 4: Improved multiple root nder algorithm.

5. Legendre and Chebyshev polynomials roots cal-
culation

In this section we present the results reached by both algothms applied to
Legendre and Chebyshev polynomials; also, it is shown the maber of performed
iteration. Such results are compared with those gotten by MATLAB. In the case
of Chebyshev's roots, we provide the analytical results gdaen by the formula [2]:

2k 1
2N

where N is the polynomial degree. Legendre polynomial®, (x) are the solution of
the Legendre di erential equation:

Xk = COS

k=1;2;:::;N; (5.1)

d?Pn (x) 2XdPn (x)

2 - 0N- — 1D -
1 x99 X2 dx +n(n+1)Py(x)=0; n=0;1;2;:::; (5.2)
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while Chebyshev polynomialsT, (x) are the solution for its respective di erential
equation:

d’Th(x)  dTa(x)
2 n n
(@ x dx2 X dx

Both P,(x) and T,(x) can be de ned by mean of recursive relations, which is an
important issue in the numerical point of view. For Legendre polynomials, the
recursive relations are:

+n?Ta(x)=0; n=0;1;2:::: (5.3)

2n+3 n+1
szer.]_ mpn, n —0,1,2,... y (54)

while for Chebyshev polynomials the recursive relations aa:

Po(X)=1; Pi(X) = X; Ppsz =

To(X)=1; Ti(X)= X; Thez =2XTnsr Tn; n=0;12:100 (5.5)

Such polynomials are plotted in Figure 5. It is notable how the roots are
clustered in the ends of the domain[ 1;1]in both polynomials.

Tix) Tx)  Taxd
' Pt 4 \ g Tiix) -]

Pyley)

=1
Tan
Logendse Polghosdals Chebrshes Palirnomisls

Figure 5: Legendre and Chebyshev polynomials.

In Table 1 are shown the results forP;9(x) roots reached by both algorithms,
with a permissible error of =1 10 *? for each of them.

In Table 2 the roots for P;g(x) obtained using MATLAB are presented for
comparison. In Table 3 are shown the results forT;9(x) roots reached by both
algorithms, with a permissible error of =1 10 2 for each of them.

In Table 4 the roots for T19(x) obtained using (5.1) and MATLAB are presented
for comparison.

6. Conclusions

Both algorithms have shown to be e ective in nding all the ro ots for a specic
polynomial. Such polynomial must have all its roots real andwith simple mul-
tiplicity. These conditions are satis ed by Legendre and Chebyshev polynomials.
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Multiple root nder Number of Improved multiple root Number of
k algorithm, xy iterations nder algorithm, xy iterations
1 | -0.99240684384358435P 2 -0.992406843843584350 3
2 | -0.960208152134830018 12 -0.960208152134830020 4
3 | -0.9031559036148179001 15 -0.903155903614817900 7
4 | -0.822714656537142819 6 -0.822714656537142820 4
5 | 0.720966177335229386 6 -0.720966177335229390 4
6 | -0.600545304661680990 6 -0.600545304661680990D 5
7 | -0.464570741375960938 7 -0.464570741375960940 5
8 | -0.316564099963629830 8 -0.316564099963629830D 6
9 | -0.16035864564022536]7 9 -0.160358645640225390 6
10 | 0.000000000000000000 10 0.000000000000000000 6
11 | 0.160358645640225367 10 0.160358645640225390 7
12 | 0.316564099963629830 11 0.316564099963629830 7
13 | 0.464570741375960938 11 0.464570741375960940 7
14 | 0.600545304661680990 12 0.600545304661680990 8
15 | 0.720966177335229386 11 0.720966177335229390 8
16 | 0.822714656537142819 11 0.822714656537142820 8
17 | 0.903155903614817901 10 0.903155903614817900 7
18 | 0.960208152134830018 8 0.960208152134830020 7
19 | 0.992406843843584352 8 0.992406843843584460 5

Table 1: Roots for P19(x) with both algorithms.

However, for other type of polynomials, another process is beg developed in order
to get not only their real roots but also their complex ones, tking into account
their own multiplicity.

The rst algorithm is faster than the second one, because it grforms fewer
operations than the improved one, which must calculate the scond derivative and
several sums, among other operations. However, the secondyatithm executes less
iteration than the rst one, and this fact could be useful in nding the roots for
polynomials of big order. Both algorithms provide us severacorrect ciphers when
comparing with the results gotten by MATLAB, however, both ar e faster than the
routines used by MATLAB in doing the same action.

It is expected that these algorithms can be employed as a parfor several
programs which must involve quadratures or interpolations(among other numerical
issues) while looking for engineering or science solutionbecause of its speed and
ease for programming. We the authors recommend an error of =1 10 12 for
each root, which has shown to provide correct results for althe possible polynomial
degrees. However, for an error of =1 10 *® in some degrees, both algorithms
perform a great number of iterations in which the loop becoms endless.
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MATLAB, X
-0.99240684384358435
-0.96020815213483002
-0.90315590361481790
-0.82271465653714282
-0.72096617733522939
-0.60054530466168099
-0.46457074137596094
-0.31656409996362983
9 | -0.16035864564022537
10 | 0.00000000000000000¢
11 | 0.16035864564022537(
12 | 0.31656409996362983(
13 | 0.46457074137596094(
14 | 0.60054530466168099(
15 | 0.72096617733522939(
16 | 0.82271465653714282(
17 | 0.90315590361481790(
18 | 0.96020815213483002(
19 | 0.99240684384358435(

Table 2: Roots for P1g(x) with MATLAB.

ON OO B WN PR

SO OO0 OO0 OO O oc o oo OO O OO

S

Multiple root nder Number of Improved multiple root Number of
k algorithm, xy iterations nder algorithm, Xy iterations
1 | -0.99658449300666984 2 -0.996584493006669850D 3
2 | -0.969400265939330374 12 -0.969400265939330370 5
3 | -0.915773326655057396 15 -0.915773326655057400 7
4 | -0.837166478262528546 4 -0.837166478262528550 4
5 | -0.73572391067313158[ 5 -0.735723910673131590 4
6 | -0.61421271268966781 6 -0.614212712689667820 4
7 | -0.4759473930370735683 7 -0.475947393037073560 5
8 | -0.324699469204683511 8 -0.324699469204683510 5
9 | -0.164594590280733893 9 -0.164594590280733890 6
10 | 0.000000000000000000 10 0.000000000000000000 6
11 | 0.164594590280733893 10 0.164594590280733890 7
12 | 0.324699469204683511 11 0.324699469204683460 7
13 | 0.475947393037073563 11 0.475947393037073560 7
14 | 0.614212712689667817 12 0.614212712689667820 8
15| 0.735723910673131587 12 0.735723910673131590 8
16 | 0.837166478262528546 11 0.837166478262528550 8
17 | 0.915773326655057396 10 0.915773326655057400 7
18 | 0.969400265939330374 8 0.969400265939330370 7
19 | 0.996584493006669847 8 0.996584493006669850 5

Table 3: Roots for T19(x) with both algorithms.




Multiple root nder algorithm for

13

Analytical formula:

X =cos 1

MATLAB, Xy

-0.99658449300666984

7-0.99658449300666985

0.96940026593933048¢

5 -0.96940026593933037

-0.91577332665505750

7-0.91577332665505751

-0.83716647826252854

6-0.83716647826252855

-0.73572391067313158

7-0.73572391067313159

-0.61421271268966781

7-0.61421271268966782

-0.47594739303707356

3-0.47594739303707356

O N[O W N PX

-0.32469946920468345

©

-0.16459459028073383

8-0.16459459028073406

[E=Y
o

0.000000000000000061 0.00000000000000006

[N
[N

0.164594590280733977 0.16459459028073398(

=
N

0.324699469204683566

0.32469946920468357(

[N
w

0.47594739303707361§

0.47594739303707362(

14

0.614212712689667811

0.61421271268966782(

15

0.73572391067313169¢

0.73572391067313159(

16

0.837166478262528651

~T OO 1O O

0.83716647826252855(

17

0.91577332665505739¢

5 0.91577332665505740(

18

0.969400265939330374

1 0.96940026593933037(

19

0.996584493006669841

0
0
0
0
0
0
0
5-0.324699469204683460
0
|
)
)
)
)
)
)
)
)
D

[ 0.99658449300666985(

Table 4: Roots for T1g(x) with analytical formula and MATLAB.
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