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Abstract

We descibe an alternative procedure for solving automatically simultane-
ous Pell equations with relatively small coe cients. The wo rd automatically
means to indicate that the algorithm can be implemented in Ma gma. Nu-
merous famous examples are veri ed and a new theorem is provel by running
simply the corresponding Magma procedure requires only the six coe cients

of the system
aix’+ hy? = o

ax’+ 22 =
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1. Introduction

In this paper an alternative method is presented for solvingthe simultaneous
Pell equations

ax?+ by’ = o (1.1)

ax?+ bz? = o (1.2)

in non-negative integersx, y and z, where the coe cients are given integers satis-
fying the natural conditions

b <0, ap<0 c¢c60; ajco, apc; 60:
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78 L. Szalay

The algorithm depends on the combination of (1.1) and (1.2),which leads to Thue
equations of degree four can be solved, for example, by the mputer package
magma. Further, if (1.2) is replaced by

apx? + bz? = oy (1.3)

then the method still works. Unfortunately, the number and the coe cients of
the Thue equations need to be solved may increase & ;b ;¢ (i =1;2) are getting
larger. Nevertheless, applying the new idea, the classicalxamples have been hand-
led before by di erent methods were veri ed in a short time (see Appendix). One
of the examples gives a new result by showing that there is no wcas balancing
number.

The rst paper concerning simultaneous Pell equations is de to Boutin and
Teilhet [8]. In 1904, they proved the unsolvability (in positive integers ; ; ) of
the system6 2+1= 2, 2 3 2=1. In Appendix there are given some more
papers from the early period. Ljunggren [20] has a remarkala result from the rst
part of the twentieth century. Using the properties of the units of quadratic elds,
he showed that the equationsx? Dy? =1 andy? D3z? =1 with xed D andD;
have only nitely many solutions, and he was able to solve thecaseD =2, D; = 3.
Generally, the niteness of the number of solutions of (1.1) (1.2) (or (1.1), (1.3)
or (1.4), (1.5)) follows from the works of Thue [27] or Siege[26].

In 1969, Baker and Davenport discovered that the theory of Inear forms in
logarithm can be also applied to solve simultaneous Pell ecqtions. Their famous
paper [3] provided the number 120 as a unique extension of thBiophantine triple
f1;3;8g to quadruple. A set of positive integers is called Diophanthe m-tuple if
the product of any two elements increased by one is a perfectgsiare. Following
them, many authors applied the Baker-Davenport method to investigate similar
problems (see Appendix). Takingtio, t13, tog3 2 Z the setS = fay; ay; azgis called
Diophantine triple with ti,;t13;t23 if eacha;a + tj equals a perfect square. Can
S be extended to Diophantine quadruple by some integex = a4 with the new
integerstyy, tog, t3a? This question leads to the equations

ax+ty = x3
WX+t = X3
X+ tag = X5

or, equivalently, to an (1.1), (1.2)-type system of the form
ax? a;x3 = agtis  agtus;
a3X§ a1x§ = asgtiy aitaa:

Clearly, starting from an Diophantine quadruple with xed s ix integerst; (16 i<
j 6 4), one can make e orts to solve the problem of Diophantine quntuple with

Pinch [23] generalized the procedure of Baker and Davenporand his approach
was applied by Gaal, Peth® and Pohst [13]. They reduced the selution of index
form equations to the resolution of certain simultaneous P# equations.
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Although Kedlaya [18] described an elementary method to sale the generaliza-
tion
x2 ay? = b; (1.4)
P(x;y) z? (1.5)

of (1.1), (1.3), where P(x;y) is a polynomial with integer coe cients, it is fact,
that in his examples P is univariate with degree at most two.

Tzanakis [28] suggests the elliptic logarithm method. The pocedure provides
a corresponding elliptic curve and then determines all ratonal points on it. But
his algorithm requires an initial non-trivial rational sol ution, and it may cause
di culties. This idea has been partially described by Katay ama [16] as well.

An other direction is to study the number of solutions of simultaneous Pell
equations. In [5] Bennett proved that if a and b are distinct nonzero integers
then the simultaneous equationsx?> az? =1 = y? bz possess at most three
solutions in positive integers(x;y;z). Further, he also gave an upper bound for
the cardinality of positive triplets (x;y;z) satisfying x> az?=u,y? bz =v.

In the end of this section we quote two preliminary result recquired by our
method. First we recall a criterion due to Legendre for the exstence of a nonzero
integer solution (x;y; z) to the diophantine equation

ax?+ by’ + ¢cz>=0; (1.6)

where a; band c are nonzero integers. (See, for example, in [7].)

Theorem 1.1. Let a; b; che three squarefree integersa > 0; b < 0; ¢ < 0 which
are pairwise coprime. Then there exists a nonzero integer solion (x;y;z) to the
diophantine equation (1.6) if and only if all three congruences

t? ab (modc) t2 ac (modb  t2 bc (mod a)

are solvable. Furthermore, if a nonzero solution exists, therthere exists a nonzero
solution (Xo; Yo; Zo) of equation (1.6) satisfying the inequality

maxf Xo; Yo; Zog 6 P abc:

By applying the next statement (see [21]), if (1.6) has a nonzero solution, one
can determine all (x;y; z) satisfying (1.6).

Theorem 1.2. Assume that (Xo;Yo; Zo) IS an integer solution of equation (1.6)
with zo 6 0. Then, all integer solutions (x;y;z) with z 6 0 of equation (1.6) are
of the form

axos® 2byprs + bxgr?

o|TUa|0

ayps® 2axors byr? ;
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D
z = g azps® + bzr?

wherer and s > 0 are coprime integers,D is a nonzero integer, andd j 2a?bcz is
a positive integer.

2. The algorithm
Consider the aforesaid system of two diophantine equations

ax?+ by’ = (2.1)
ax’+ z? = oy (2.2)

in non-negative integersx; y and z, where the coe cients are given integers satis-
fying the conditions a;b; < 0, asb, < 0, ;¢ 60 and a;¢c;  axc; 6 0.

After multiplying (2.1) by ¢, and (2.2) by c; and subtracting the second equa-
tion from the rst, we obtain

(a1C2  @xC1)x* + bicey?  bpciz? =0: (2.3)

Note that none of the coe cients in (2.3) is zero. We should adieve that the con-
ditions of Legendre's theorem be ful lled. Therefore we divde (2.3) by gcd(a;c;
axCi; by Co; pcy) and we getasx? + bgy? + c3z? = 0, further if asbzcs < 0 then
even multiply azx? + bgy? + c3z2 =0 by ( 1). Moreover, let this new equation be
multiplied by gcd(as;bs) ged(as;cs) ged(bs; cz) and let assimilate the squarefull
part of the coe cients into the corresponding variables, relabelling them, and we
have

aX?+ bY?+ cz?=0; (2.4)

where X; Y; Z is a permutation of c,X; cyy; C;z with some suitable positive
integers ¢,; ¢, and c;, moreovera > 0; b < 0 and ¢ < O are pairwise coprime,
squarefree integers. Clearly, the choice oX is unique, but the role of Y and Z can
be switched. By the theorem of Legendre, we need a basic solah (Xo; Yo; Zo).

If (2.4) is not solvable then the system (2.1), (2.2) has no swition. Otherwise,
let (Xo; Yo; Zo) With Zo 6 O satisfy (2.4), and possiblyd(2a?bcZ3) 6 d(2a?bcYf),
where d( ) denotes the number of divisors function. Suclgla_triplet can asily be
found by a simply search in the intervals06 Xg;Yo;Zo 6 abc

Now, applying Theorem 1.2,X; Y and Z can be expressed by

D

X = E( 182+ gsr+ 1f2):
D

o= 2S%+ ST+ or?);

D
z = 4l 3S+ ST+ r?);



On the resolution of simultaneous Pell equations 81

wheres > 0 and r are coprime, D is an arbitrary integer, d j hy = 2a%bcZ3 is a
positive integer and 3 = 0. Consequently,

D

X = @( i SP+ sr+ g, r?);
D
y = a( i252+ i Sr+ izrz);
D
z = 1, S7+ ST+ r?);
whereii;ip;iz is a permutation of the subscripts 1, 2, 3 of; and

These results can be applied to return withx; y and z, for instance, to (2.1),
and we obtain

2 2

D D
(i, $%+ qsr+ i r?) 4+ by ol S+ ST+, r?) = e

a P
! cxd

which implies

2
2 2 d
iy P+ st 17 T+ e ,SP+ st 17 T = adq o

Note that the left hand side is a homogenous form of degree 4 is and r, denote it
by Ti(s;r). Simplify the latest equation by the greatest common divisa of ¢;c2
and the coe cients of T;. Hence we obtainT (s;r) = c;(d=D)?. On the right hand
side, let ¢y be the squarefree part ofc,. Thus there exist a positive integercs such
that ¢4 = cocZ. Then the above equation is equivalent to

ced

2 (2.5)

T(s;r)= o
(2.5) means nitely many Thue equations of order 4, becauseT (s;r) is given,
0 < d is a divisor of hy = 2a%bcZ$ and j = ﬁg—d must be integer. To determine
all solutions of equations (2.5) we usemagma system. Suppose that(s;;rj) is
a solution of T(s;r) = cj2 for some eligiblej. We reject (sj;rj) if s; 6 0 or
ged(sj;rj) > 1, otherwise we get

_ Ce 2 2y.

X = CXJ( 1S+t St ilrj)’

Ce 2 2y.

y = —(iS+ st i),
Cy)

_ Ce 2 2y.

z = _( i3Sj T oSt i3rj .
Cz)

If all x; y and z are non-negative integers then a solution of the system (2)1
(2.2) is found.
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3. Examples

Example 3.1. A positive integer y is called balancing number with balancer
r2 N if
1+2+  +(y DD=(y+1+ +(y+r): (3.1)

The problem of determining balancing numbers leads to the sations of the Pell
equation z2 8y? = 1, wherey can be described by the recurrencg, =6y, 1
Vn 2, Yo =1, y1 =6 (see Behera and Panda, [4]). Note thaty = yo = 1 is not a
balancing number in the sense of equation (3.1).

In [19], Liptai showed that there are no Fibonacci balancingnumbers, i.e. nei-
ther of balancing numbersy is a term of the Fibonacci sequencd F g de ned by
the initial values Fo = 0, F; =1 and by the recurrence relationF, = F, 1+ F 2,
(n > 2). Liptai used the Baker-Davenport method to have the solution of the
simultaneous Pell equationx? 5y2= 4,72 8y?=1.

Now we show that no Lucas balancing number exists. Lucas seeuace is de ned
by the recurrence relationL, = L, 1+ Ly 2, (n>2)andLo=2,L; =1. ltis
well known that the terms of Lucas and Fibonacci sequences siafy L2 5F2 = 4.

Theorem 3.2. There is no Lucas balancing number.
Proof. We are showing that the system

x? By? = 4 (3.2)
22 8x? = 1: (3.3)

has only the positive integer solution(x;y;z) = (1 ;1; 3), consequently there exists
no Lucas balancing numberx.
Taking the case+4, with the notation X = x, Y := y and Z := 2z, we have

33X? 5Y? Z72=0:

By Theorem 1.1, it has no nonzero solution, becaus& 6 33 (mod( 5)).
The case of 4 with X :=2z,Y =y, Z := x provides

X? 5Y?2 31z%2=0:

The coe cients suggest the solution (X o; Yo; Zo) = (6 ; 1;1). Applying Theorem 1.2,
it follows that

X = Z= %(s2 5r2);

- _ Do 2y.
y = Y= H(S 12sr +5r°);

— X — D 2 2y — D 2 2y.
z > = 2d( 6s” +10sr 30r9) = d( 3s“+5sr 15r9):
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Substitute x and z to (3.3) to have

d 2
( 3s>+5sr 1522 8(s> b5r3))2= —

W)

d

where, by Theorem 1.2 again,0 < d j 310 Obviously, &

have to solve the Thue equations

is integer, therefore we

2
st 30s°r +195s5%r?  150sr3 +25r% = g (3.4)
for some positive integersj = d=D j 310. There are only three values ofj when
the solution (s;;r;) satis es the condition s; > 0 and gcd(s;;rj) = 1, these are
j =1; 3land 155 All the three triplets (j;s;j;rj) =(1;1,0); (31,6;1); (155;5;6)
provide the same solution(x;y;z) = (1;1;3). Hence, we conclude that there are
no Lucas balancing number.

Example 3.3 (Brown [9]). The system

x? 8y? = 1 (3.5)
2 5y2 = 1 (3.6)
leads to the equationX? 3Y? Z2?=0,whereX := x; Y :=vy; Z:= z. The
coe cients of the Legendre equation and the basic solution(X; Yo;Zo) = (1;0; 1)
imply d 6 6. Theorem 2 givesx = X = Z( s 3r?),y=Y = BZ( 2sr),

z=2= 5(s? 3r?), which together with the rst equation of the system leads
to

z

d 2
5 .

Sinced j 6, we have to solve only four Thue equations. Only one of them hae
solution satisfying the conditions, namely if j = (d=D) =1 then (s;;r;) = (1;0).
It gives (x;y;2)=(1;0;1).

st 268%r2+9r% = (3.7)

Example 3.4. To determine all the non-negative solutions of the system
3% 1y = 13 (3.8)
x? 3y? = 7% (3.9)
rst we consider (3.9), which has already been solved in the pevious example.
Applying x = X = Z%( s 3r?),y=Y = 5( 2sr),dj6and (3.8), we obtain

2
3s* 22572 +27r%= 13 g : (3.10)
These Thue equations has eight solutions in coprimes; > 0 and r; providing
(x;y;z) = (7;4;1) and (73; 40; 23).

In the next section we enumerate chronologically several stems of Pell equa-
tions in order to illustrate experiences and statistical daa regarding the MAGMA
program on my average home computer. The last coloumn showdé running time
of the algorithm. Then we notify four more examples.
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4. Appendix
Year Cit. Author(s) System(s) (X;y;2) hqg d(hg) Time
x2 ey’=1
1904 [8] Boutin, Teilhet 72 3y2=1 (1;0;1) 6 4 1 sec
. x2 2z2=1 L
1918 [25] Rignaux y2 3z2=1 (1,10 2 2 1 sec
x2 2y?=1
1922 [2] Arwin y2 3722=1 (3;2,1) 6 4 2 sec
. oxZo2y?=1
1941 [20] Liunggren (see Arwin) y2 372 =1 (3;2,1) 6 4 2 sec
) 2x2+1=y?
1949 [12] Gloden (see Rignaux) 3x2+1= 72 0;1;1) 2 2 1 sec
Baker, Davenport 3x2 y?2=2 (1;1;1)
1969 [3] (details below 8x2 z2=7 (11;19; 31) 980 18 20 sec
Kanagasabapathy y2 3x2= 2 1;1;1)
1975 [15] Ponnudurai z2 82= 7 (11;19;31) 980 18 20 sec
x2 8y?=1
1978 [14] Grinstead 322 2y?2=1 (3;11) 36 9 5 sec
. 22 3y?= 2 (L]
1980 [29] Vellupilai 72 6x2= 5  (29;41,71) 50 6 2 sec
Mohanty x2 By2= 20 o
1984 [22] Ramasamy 22 2y2=1 (0;2;3) 10 4 3 sec
x2 gy’=1
1985 [9] Brown z2 5y2=1 (1;0;1) 6 4 1 sec
y2 2x%=1 L
1987 [30] Zheng 72 Bx2=4 (0;1,2) 6 4 2 sec
y2 Bx2=4
1987 [30] Zheng 72 10x2=9 0;2;3) 80 10  3sec
) x2 2y2= 1 (1;1;1)
1988 [23] Pinch (example) x2 10z2= 9 (41;29;13) 10 4 1 sec
(0;1;2)
Gaal, Peth® % y2= 1 (L;11) 6, 2704
1995 [13] Pohst (example) 5x2 z2= 4  (5;7;11) 2704, 6 4; 15 16 sec
) ) 2x2 y2=1 (1;1;0)
1996 [24] Riele (details below) 2 372=1 (5:7;4) 9 12 1sec
) 5x2  3y?=2
1996 [10] Chen (details below) 1gy2 572 =11 (1;11) 7436 18 135 min
) x2 11y’ =1 (1;0;1)
1996 [1] Anglin (example) z2 5ey2 =1 (199; 60; 449) 10 4 26 sec
x2 7y2=2 (3;1:3)
1997 [11] Chen z2 32y2= 23 (717;271;1533) 92 6 40 sec
x2 2y2= 1
1998 [18] Kedlaya (example) 322 2= 1 (LY 36 9 2 sec
Katayama, Levesque x> 3y2=1
1995 [17] Nakahara (examp?e) y2 2z22= 1 (LL1) 8 4 2 sec
x2 2y2=1
2004 [6] Bennett (example) 922 3y2= 3 (321 54 8 1 sec
o ) x2 5y2= 4 (2,0;1)
2004 [19] Liptai (details below) 72 gy2 =1 (3;1;3) (1:1;3) 6, 2738 4; 6 40 sec
x2 bBy2= 4
2005 Szalay 72 8x2=1 (1;13) ,310 8 4 sec
3x2 10y = 13(7;4;1)
2005 Szalay x2  3y?= 22 (73; 40; 23) 6 4
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1. Baker and Davenport , [3].

X2 y?=2,8x%2 z?=7=) 7X? 5Y? 272=0,
X =y, Y =x,2Z:=12 (Xo;Yo;Z0)=(1;1;1),

dj 980

49s* 22453 +314s%r?  160sr® + 25r% = (d=D)?.

2. Riele . [24]

2x2 y2=1,y2 3z22=1=) X2 Y2 622=0,
X :=2y,Y =2%x,Z :=2,(X0;Y0;Z0)=(5;1,2),
dj 96,

23s* +20s°r  1508%r2 +20sr® +23r* = (2d=D)2.

3. Chen, [10].

5x2 3y?=2,16y? 5z2=11=) 13X? 2Y? 11Z?=0,
X =y, Y =x,2Z:=12 (Xo;Yo;Zo)=(1;1;1),

dj 7436

16%s*  1534°% +1718s%r2  236sr3 + 4r4 = (d=D)2.

4. Liptai , [19].

x? By?= 4,7z> 8z°=1=) X? 3Y2 Z?=0and37X? Y2 Z2
X :=2z,Y :=3y,Z =X, (Xo0;Y0;Z0)=(1;0;1) and

X =y, Y:i=x,2Z:=22 (Xo;Y0;Z0)=(1,6;1)

dj6anddj 2738

9s*  74s’r? +81r* = (6d=D)? and

4243%* 28416% +7050s’r? 768r3+31r4 = (2d=D)2.
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