
Acta Math. Univ. Comenianae
Vol. LXXIV, 1(2005), pp. 79{94

79

ERR OR ESTIMA TES FOR FINITE V OLUME SCHEME FOR
PER ONA-MALIK EQUA TION

A. HANDLO VI �COV �A and Z. KRIV �A

Abstra ct. We present Perona-Malik nonlinear image selective smoothing equation
(modi�ed in the senseof Catt �e, Lions, Morel and Coll) which is investigated esspe-
cially from numerical point of wiev. Error estimates in L 2 norms for fully discrete
numerical �nite volume scheme are derived and proved. Some numerical examples
are presented.

1. Intr oduction

1.1. Mathematical mo del of the problem

We are dealing with Perona-Malik type problem discussedin [4] in the following
form

@t u � r :(g(jr G� � uj)r u) = 0 in QT � I � 
 ;(1)

@� u = 0 on I � @
 ;(2)

u(0; �) = u0 in 
 ;(3)

where 
 � IRd is a rectangular domain, I = [0; T ] is a scaling interval, and

g(s) is a Lipschitz continuous decreasingfunction;(4)

with Lipschitz constant L g

g(0) = 1; 0 < g(s) ! 0 for s ! 1 ;(5)

G� 2 C1 (IRd) is a smoothing kernel with compact support K �(6)

with
Z

IR d
G� (x)dx = 1

and G� (x) ! � x for � ! 0; � x { Dirac function at point x;

initial condition u0 is such that regularity below is ful�led :(7)
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We can rewrite the partial di�eren tial equation (1) in the form

(8) @t u � r :(g(jJ (u)(x)j)r u) = 0 in QT � I � 
 ;

where J (u) : L 2(
) ! (C1 (
)) d: In our casewe useJ (u)( t; �) = r G� � u(t; �) for
t �xed, but we can chooseany smoothing operator with theseproperties.
Let us de�ne a weaksolution to the problem (8),(2),(3). Equation (8) is multiplied
by a test function ' 2 	, where 	 is the spaceof smooth test functions

	 = f ' 2 C1;2([0; T ] � 
 ); r ': ~n = 0 on (0; T) � @
 ; ' (T; :) = 0g:

After integrating over [0; T ] and 
 and after applying integration by parts and
properties of a test function, we cometo a de�nition of the weak solution.

De�nition 1.1. The weak solution of the regularized Perona-Malik problem
(1){(3) is a function u 2 L 2(I ; W 1;2(
)) satisfying the identit y

(9)

TZ

0

Z




u
@'
@t

(t; x) dx dt +
Z




u0(x)' (0; x) dx

�

TZ

0

Z




g(jJ (u(t; x)) j)r u(t; x)r ' (t; x) dx dt = 0

for all ' 2 	.

It is well known from the regularity theory of such a solution [10] that, because
of the properties of the operator J (u), the weak solution of our problem is a
function u 2 L 2(I ; W 2;2(
)) for initial condition u0 2 L 1 (
). Moreover from the
embedding theory for dimension d = 2; or d = 3 follows that u 2 C( �QT ).

For our error estimateswe needfuther regularity of the solution, more precise
u 2 L 2(I ; W 2;2(
)) \ L 1 (I ; W 1;2(
)) and utt 2 L 1(I ; L 1(
)).

1.2. Form ulation of the �nite volume scheme

Let � h be a uniform meshof 
 with cellsp of measurem(p) (we assumerectangular
cells here). For every cell p we considera set of neighbours N (p) consisting of all
cells q 2 � h for which the common interface of p and q, denoted by epq, is of non-
zero measurem(epq). We denote the set of all these edgesfor all volumesp 2 � h

by E and by epqI we denotethe edgewhich connectsthe volumesp and q. (Clearly
epq = eqp = epqI ). It is assumedthat for every p, there exists a representativ e
point xp 2 p, such that for every pair p;q; q 2 N (p), the vector x q � x p

j x q � x p j is equal
to a unit vector npq which is normal to epq and oriented from p to q. We denote
dpq := jxp � xqj: In a simple caseof a uniform grid xp is just the center of the
pixel. Then, let xpq be the point of epq intersecting the segment xpxq. We de�ne

(10) Tpq :=
m(epq)

dpq
:

Discreteapproximation of a solution of partial di�eren tial equation is considered
to be piecewiseconstant on control volumes[5].



ERR OR ESTIMA TES FOR PER ONA-MALIK EQUA TION 81

Let un
p be the value of the numerical solution in the n-th scalestep on a volume

p. The �nite volume semi-implicit scheme on a uniform grid is then written as
follows:

Let 0 = t0 � t1 � : : : � tn : : : � tN max ; Nmax �k = T denotethe scalediscretization
stepswith t l = t l � 1 + k, where k is the discrete scalestep, l = 1; 2; : : : ; Nmax .
For n = 0; : : : ; Nmax we look for un +1

p , p 2 � h , satisfying the identities

(11)
�
un +1

p � un
p

�
m (p) = k

P

q2 N (p)
g� ;n

pq Tpq
�
un +1

q � un +1
p

�
;

u0
p =

1
m(p)

Z

p
u0(x)dx;

(12) g� ;n
pq := g(jJ (~u (tn ; xpq)) j) ;

where ~u is a periodic extension of the discrete image computed in the n-th scale
step. Its L 2 norm can be estimated with constant B by L 2 norm of function u.
un

p is a value of the numerical solution on the volume p in the n-th scalestep.

2. St ability and conver gence resul ts

Webrie
y mention resultsof Mikula and Ramarosy, see[12], obtained for the semi-
implicit �nite volume schemeconcerningthe stabilit y and convergenceproperties.
Explicit time discretization are discussedalso in [7] and [8]. Stabilit y estimates
are of the following type [12]:

Lemma 2.1 (A priori estimates in L 2(QT )) . It holds, that there exist positive
constants C1; C2 such that

(i) max
0� l � N max

X

p2 � h

�
ul

p

� 2
m(p) � C1,

(ii)
N maxX

l =0

k
X

(p;q)2E

�
ul

p � ul
q

� 2

dpq
m (epq) � C2

and the constants C1; C2 do not depend on the h; k.

Let us denoteby uh;k the �nite volume numerical solution for some�xed space
and scalemeshh and k: This solution is piecewiseconstant on each �nite volume
and in each scale step as it is usual for �nite volume numerical schemes of a
parabolic type. By �ul we denote the function piecewiseconstant on each �nite
volume in the l-th scalestep. Then we have:

Lemma 2.2 (Convergenceof uh;k ). There existsu 2 L 2 (QT ) which is the weak
solution of (9) such that

uh;k ! u in L 2 (QT )

as h; k ! 0. Furthermore, the convergence is pointwise.
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3. Err or estima tes

3.1. L 1 stabilit y for a discrete solution

We rewrite the original discrete equation (11) in the following way:

(13) un +1
p +

k
m (p)

X

q2 N (p)

g� ;n
pq Tpq

�
un +1

p � un +1
q

�
= un

p :

Now let un +1
p be the maximal value for the �xed scalestep n + 1 and p 2 � h . Then

the secondterm on the left hand side of (13) is nonnegative and:

un +1
p � un

p :

Recursively we have

(14) jjun +1 jjL 1 � jun +1
p j � ju0

p j � jju0 jjL 1 � C:

3.2. Error estimates

Let now tn < t � tn +1 . Multiplying PDE (8) by vn +1
p and then integrating over

volume p and using integration by parts, we have:

(15)
Z

p

@t u(t; x) vn +1
p dx �

Z

@p

g(jJ (u)j)r u � np vn +1
p dx = 0;

where@p is the boundary of the volumep and np is the outward unit normal vector
to the boundary of volume p and further analogouslynp q will be the outward unit
normal vector to the edgeepq. We can write

@p =
[

q2 N (p)

epq:

For the discrete schemewe have

(16)

�
un +1

p � un
p

�
vn +1

p m (p)

k
�

X

q2 N (p)

g� ;n
pq Tpq

�
un +1

q � un +1
p

�
vn +1

p = 0:

Now we denote
en

p = u(tn ; xp) � un
p ;

where xp is a representativ e point of a volume p, p 2 � h .
Then posing vn

p = en
p and subtracting (16) from (15) we obtain:

Z

p

�
en +1

p � en
p

�

k
en +1

p +
X

q2 N (p)

Z

epq

 

g� ;n
pq

un +1
q � un +1

p

dpq
� g(jJ (u)j)r u � np q

!

en +1
p

=
Z

p

�
u(tn +1 ; xp) � u(tn ; xp)

k
� @t u

�
en +1

p :
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Now after summation over all volumes p 2 � h and integration over I n =
htn ; tn +1 ) for all n = 0; 1; : : : ; m � 1 and rearranging the equation we obtain:
(17)

Z




jem j2 +
m � 1X

n =0

Z




jen +1 � en j2

+ 2
m � 1X

n =0

Z

I n

X

p2 � h

X

q2 N (p)

Z

epq

 

g� ;n
pq

un +1
q � un +1

p

dpq
� g(jJ (u)j)r u � np q

!

en +1
p

=
Z




je0j2 + 2
m � 1X

n =0

Z

I n

X

p2 � h

Z

p

�
u(tn +1 ; xp) � u(tn ; xp)

k
� @t u

�
en +1

p :

The third term on the left hand side of the last equation can be expressedas it
is usual in the �nite volume theory, see[5]:

"Third" = 2
m � 1X

n =0

Z

I n

X

p2 � h

X

q2 N (p)

Z

epq

 

g� ;n
pq

un +1
q � un +1

p

dpq
� g(jJ (u)j)r u � np q

!

en +1
p

= 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

 

g� ;n
pq

un +1
q � un +1

p

dpq
� g(jJ (u)j)r u � np q

!

(en +1
p � en +1

q ):

After rearranging we get:

"Third\ = 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j)

�
en +1

p � en +1
q

� 2

dpq

+ 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

�
g� ;n

pq � g(jJ (u)j)
� un +1

q � un +1
p

dpq
(en +1

p � en +1
q )

+ 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j)
�

u(tn +1 ; xq) � u(tn +1 ; xp)
dpq

� r u � np q

�
(en +1

p � en +1
q ):

Involving theseterms to the (17) equation we obtain:

Z




jem j2 +
m � 1X

n =0

Z




jen +1 � en j2 + 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j)

�
en +1

p � en +1
q

� 2

dpq
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=
Z




je0j2 + 2
m � 1X

n =0

Z

I n

X

p2 � h

Z

p

�
u(tn +1 ; xp) � u(tn ; xp)

k
� @t u

�
en +1

p

+ 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

�
g� ;n

pq � g(jJ (u)j)
� un +1

q � un +1
p

dpq
(en +1

p � en +1
q )

+ 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j
�

u(tn +1 ; xq) � u(tn +1 ; xp)
dpq

� r u � np q

�
(en +1

p � en +1
q );

or brie
y

Z




jem j2 +
m � 1X

n =0

Z




jen +1 � en j2 + 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j)

�
en +1

p � en +1
q

� 2

dpq

=
Z




je0j2 + I + I I + I I I :

Remark. To obtain an appropriate error estimate we must take into account
the regularity of the solution which plays an important role in error analysis. Error
estimates could be done also better, but further regularity for time derivative is
needed. If we supposeu0 2 L 1 (
) only, no further regularities are available.

Now we must estimate each of the last three terms on the right hand side.

I =2
m � 1X

n =0

Z

I n

X

p2 � h

Z

p

�
u(tn +1 ; xp) � u(tn ; xp)

k
� @t u

�
en +1

p

=2
m � 1X

n =0

X

p2 � h

Z

p

(u(tn +1 ; xp) � u(tn +1 ; x) + u(tn ; x) � u(tn ; xp)) en +1
p

=2
X

p2 � h

Z

p

 
m � 1X

n =0

(u(tn ; xp) � u(tn ; x))
�
en

p � en +1
p

�
!

+ 2
X

p2 � h

Z

p

�
(u(tm ; xp) � u(tm ; x)) em

p � (u(0; xp) � u(0; x)) e0
p

�

�
p

2
m � 1X

n =0

Z




hjr u(tn ; �)jjen +1 � en j +
p

2
Z




hjr u(tm ; �)jjem j

+
p

2
Z




hjr u(0; �)jje0j:
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After using Young's inequality we get

I � h2
m � 1X

n =0

Z




jr u(tn ; �)j2 +
1
2

m � 1X

n =0

Z




jen +1 � en j2 + h2
Z




jr u(tm ; �)j2

+
1
2

Z




jem j2 + h2
Z




jr u(0; �)j2 +
1
2

Z




je0 j2:

Finally

I �
1
2

m � 1X

n =0

Z




jen +1 � en j2 +
1
2

X




jem j2

+
1
2

Z




je0j2 +
�

h2T
k

+ 2h2
�

jjr ujjL 1 ( I ;L 2 (
))

We estimate the secondterm in the following way:

I I = 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

�
g� ;n

pq � g(jJ (u(x)) j)
� un +1

q � un +1
p

dpq
(en +1

p � en +1
q )dx:

First we estimate

jg� ;n
pq � g(jJ (u)j)j = jg(jr G� � ~u(tn ; xpq)j) � g(jr G� � ~u(t; x)j)j

� L g j
Z

IR d
r G� (xpq � � )~uh;k (tn ; � )d� �

Z

IR d
r G� (s � � )~u(t; � )d� j

� L g

Z

IR d
jr G� (xpq � � ) � r G� (s � � )jj ~uh;k (tn ; � )jd�

+ L g

Z

IR d
jr G� (s � � )jj ~uh;k (tn ; � ) � ~u(t; � )jd� :

We obtain

jg� ;n
pq � g(jJ (u)j)j

�
L gB
p

2
� hjjD 2G� jjL 1 (
) jjuh;k jjL 1 (QT ) m(K � ) + L gB jjr G� jjL 1 (
)

�

0

B
@

0

@
Z




jen j2dx

1

A

1
2

+
Z




t nZ

t

j@t u(s; x)jdsdx +
X

p2 � h

Z

p

xZ

x p

j
@u(t; y)

@n
jdydx

1

C
A ;

wherem(K � ) is measureof the compactsupport K � , � is �xed, B is the estimation
for mirror re
exion function. We denote

C3 = 2L gB jjD 2G� jjL 1 (
) jjuh;k jjL 1 (QT ) m(K � );

C4 = 2L gB jjr G� jjL 1 (
) ;

Cg is such that g(jJ (u)j) � Cg:
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The last estimate can be establisheddue to the properties of the solution u. Hence
the whole term II can be estimated as follows:

I I � C3h �

0

B
@

m � 1X

n =0

k
X

E

Z

epq I

jun +1
q � un +1

p j2

dpq

1

C
A

1
2

0

B
@

m � 1X

n =0

k
X

E

Z

epq I

jen +1
p � en +1

q j2

dpq

1

C
A

1
2

+ C4 �
m � 1X

n =0

k

0

B
@

X

E

Z

epq I

jun +1
q � un +1

p j2

dpq

1

C
A

1
2
0

B
@

X

E

Z

epq I

jen +1
p � en +1

q j2

dpq

1

C
A

1
20

@
Z




jen j2

1

A

1
2

+ C4 �
m � 1X

n =0

Z

I n

0

B
@

X

E

Z

epq I

jun +1
q � un +1

p j2

dpq

1

C
A

1
2

0

B
@

X

E

Z

epq I

jen +1
p � en +1

q j2

dpq

1

C
A

1
2

�

0

B
@

Z




t nZ

t

j@t u(s; x)jdsdx +

0

B
@

X

p2 � h

Z

p

xZ

x p

j
@u(t; y)

@n
jdydx

1

C
A

1

C
A

II �
4C2C2

3 h2

C2
g

+
1
2

m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j)

�
en +1

p � en +1
q

� 2

dpq

+
4C2

4

C2
g

�
m � 1X

n =0

k
X

E

Z

epq I

jun +1
q � un +1

p j2

dpq

Z




jen j2

+
4C2

4

C2
g

�
m � 1X

n =0

Z

I n

X

E

Z

epq I

jun +1
q � un +1

p j2

dpq

�

0

B
@

Z




t nZ

t

jr � (g(jJ (u)jr u) jdsdx +
X

p2 � h

Z

p

xZ

x p

j
@u(t; y)

@n
jdydx

1

C
A

=
4C2C2

3 h2

C2
g

+ I I1 + I I2 + I I3;

where the inequalities (14), (ii) and the equation (1) hasbeenused. The last term
can be estimated using the properties of the exact solution:

I I3 �
�

8C2
4 L gC2

C2
g

jjD 2G� jjL 1 (
) jjr ujjL 1 ( I ;L 2 (
)) +
4C2

4 C2

C2
g

jj � ujjL 2 ( I ;L 2 (
))

�
� k

+
�

8C2
4 L gC2

C2
g

jjDG� jjL 1 (
) jjr ujjL 1 ( I ;L 2 (
))

�
� h:
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Finally the third term can be estimated:

I I I = 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j)
�

u(tn +1 ; xq) � u(tn +1 ; xp)
dpq

� r u � np q

�

� (en +1
p � en +1

q )

We denote

Rpq =
1

m(epq)

0

B
@�

Z

13454568epq I

r u � np q +
u(tn +1 ; xq) � u(tn +1 ; xp)

dpq
m(epq)

1

C
A :

Applying the properties of function g, this term can be estimated as

jI I I j � 2
m � 1X

n =0

Z

I n

X

E

Z

epq I

jRpq jjen +1
p � en +1

q j:

Now using the regularity of a weak solution and the estimates well known in the
�nite volume method see,[5, Chapter 3.1.6], we get

jI I I j �
C
Cg

h2
m � 1X

n =0

Z

I n

Z




(H (u)(z))2

+
1
4

m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j)

�
en +1

p � en +1
q

� 2

dpq
:

Here jH (u)(z)j2 =
dP

i;j =1
jD i D j u(z)j2 and D i denote the weak derivatives with

respect to the component zi . Sinceu 2 L 2(I ; W 2;2(
)) we can denote

C5 =
C
Cg

jjH (u)jj2
L 2 (QT )

and we have

I I I � C5h2 +
1
4

m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j)

�
en +1

p � en +1
q

� 2

dpq
:
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Putting all theseestimates together, we obtain:
Z




jem j2 +
m � 1X

n =0

Z




jen +1 � en j2 +
m � 1X

n =0

Z

I n

X

E

Z

epq I

g(jJ (u)j)

�
en +1

p � en +1
q

� 2

dpq

� 4
Z




je0j2 + 2(
h2T

k
+ 2h2)jjr ujjL 1 ( I ;L 2 (
)) +

�
4C2C3

Cg
+ 2C5

�
h2

+
�

8C2
4 L g

C2
g

jjD 2G� jjL 1 (
) jjr ujjL 1 ( I ;L 2 (
)) +
4C2

4 C2

C2
g

jj � ujjL 2 ( I ;l 2 (
))

�
k

+
�

8C2
4 L gC2

C2
g

jjDG� jjL 1 (
) jjr ujjL 1 ( I ;L 2 (
))

�
� h

+
4C4

Cg
�

0

B
@

m � 1X

n =0

k
X

E

Z

epq I

jun +1
q � un +1

p j2

dpq

Z




jen j2

1

C
A :

If we realize, that the �rst term on the right hand side with e0 is less than Ch
becauseof the properties of the exact solution and the de�nition of u0

p, we are
prepared to useGronwall's lemma in the form:

Lemma 3.1. If u(t) and v(t) are non-negative measurable functions for t � 0

and u0 is a non-negative constant, then the inequality u(t) � u0 +
tR

0
v(s) u(s)ds

implies that u(t) � u0 exp
�

tR

0
v(s)ds

�
.

To estimate the last term of the previous inequality let us denote for t 2 I n =
htn � 1; tn )

v(t) =
X

E

Z

epq I

jun +1
q � un +1

p j2

dpq
; u(t) =

Z




jen j2dx:

If we usethe properties of function v then we can obtain
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+ k) � exp(
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� C � exp(C2)(h2 + k + h +
h2

k
);

where C is a generic constant depending only on domain 
, time T and some
norms of the exact solution. To obtain convenient error estimate result we can
choose

(18) k = Ch;
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Theorem 3.1. Let the relation between scale and space discretization be chosen
as in (18). Then for the error estimates for Perona-Malik weak solution and
numerical solution obtained via �nite volume method it holds

N maxX
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I n

Z




ju(tn +1 ; x) � uh;k (tn +1 ; x)j2 � Ch
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Proof. It is easyto seethat
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and the �rst inequality is proved. Now
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wherewe have again usedthe estimate of the �nite volume method for the second
term. �

4. Numerical experiments

In this section we present experiments with somearti�cial imagesperturb ed by
various typesof noise. We want to con�rm the relation betweenscalestep, mesh
sizeand the data coe�cien ts obtained in the previous theorem. In simulations, we
usethe function

g(s) =
1

1 + K s2
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Figure 1. The �rst column shows the work for parameter K = 10 for di�eren t scale steps
k = 0:1; 0:5; 1; 2:5:, the second column shows the work for parameter K = 100 for scale steps

k = 0:5; 1; 4; 10: for Example 1.
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Figure 2. Pictures shows the work for parameter K = 10 for di�eren t scalesteps k = 0:2; 1; 5; 10
(from the top to bottom, from left to righ t) for Example 2.
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Figure 3. Pictures shows the work for parameter K = 100 (top) for di�eren t scale steps k =
1; 2; 5; 10, and for parameter K = 1000 for scale parameter k = 10; 20 for Example 2.
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and the convolution is realized with the kernel

G� (x) =
1
Z

e
j x j 2

j x j 2 � � 2 ;

where the constant Z is chosenso that G� has unit mass.

Example 1. To every position of the initial image we apply a 10% salt and
pepper noise.

Example 2. We have chosenanother type of picture with a noise function f
de�ned as follows: if  (x) is a functiongenerating random values in [0; 2C], then
for every position x

f (u0(x)) = MIN(255; MAX (0; u0(x) � C +  ):

C = 100and the di�erence in intensity betweenthe two valuesof the initial image
is 200.

In both examplesthe size of one �nite volume corresponds to the size of one
pixel. We computed the sameexamplefor di�eren t scalesteps. In both �gures we
choosethe best visual result for every parameter K in function g which plays an
important role in smoothing e�ect. For the best casesit seemsthat the relation
betweengrid mesh,scalestep and parameter K remains is constant.
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