Beitrige zur Algebra und Geometrie
Contributions to Algebra and Geometry
Volume 41 (2000), No. 1, 33-47.

Towards a Classification of Homogeneous
Integral Table Algebras of Degree Five

M. R. Darafsheh A. Rahnamai Barghi

Center for Theoretical Physics and Mathematics, AEOI, Tehran, Iran
Department of Mathematics, University of Tehran, Tehran, Iran

Institute for Advanced Studies in Basic Sciences, Gava Zang, Zanjan, Iran
Institute for Studies in Theoretical Physics and Mathematics, Tehran, Iran

Abstract. In this paper we classify some of the homogeneous integral table alge-
bras of degree 5 containing a faithful element of width 3 such that in a given basis
of the algebra the basis elements are standard. This work is towards classifying
homogeneous integral table algebras of degree 5.

MSC 1991: 20C05, 20C99, 16P10

1. Introduction

The notation of a table algebra in its new formulation is defined in [2]. Most of related notions
and properties of C-algebras and table algebras are defined and proved in [4]. Of particular
importance is the classification of homogeneous integral table algebras of small degrees. The
homogeneous integral table algebras of degree 1 are (CG,G) where G is a finite abelian
group [6]. The homogeneous integral table algebras of degree 2 which contain a faithful
element are classified in [5]. Also the homogeneous integral table algebras of degree 3 which
contain a faithful real element are classified in [7]. In [3] one can also find the classification
of homogeneous integral table algebras of degree 4 which contain a faithful element. In [1]
there exists an open problem asking for the classification of homogeneous standard integral
table algebras of degree 5 with a faithful element.

The main purpose of this paper is to state classification theorems about some of the
homogeneous standard integral table algebras of degree 5. This work solves part of the
stated open problem.
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In what follows we remind some basic definitions from [2] and [4]. Note that throughout this
paper C denotes the field of complex numbers and R* the positive reals.

Definition 1.1. Let B = {by,bs,...,b,} be a ba a te e a a at ea
tat ea eba e te e e C t ettee eth=1 e (,B)
a e atabea eba a B a t beatabeba a te t
(i) a ,, , bb= b t Rt {0}
1
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b=b e aet =
@) o ,, 1=0 a ="
y [I, emma 2.9], there is an algebra homomorphism : C such that (b) =
(b) RT for all and such a map is uni uely determined. The positive real numbers
(b),1 , are called the degrees of ( , B).
In this paper when we refer to a table algebra ( , B) we assume : C is the

uni ue linear character associated to ( , B).

Definition 1. . te a tabe a eb a abb e ate atabea eba( ,B)
tata tet t e ta t ae eat e tee a a te e e (b)ae
at a tee

or example any finite group G yields two examples of ITAs (CG,Cla(G)), the center
of the group algebra of a finite group G with the table algebra basis the set of sums C' of
G-con ugacy classes C of GG, with automorphism extended linearly from inversion in G,
and with degrees (C) = C for all C  Cla(G), and (Ch(G), Irr(G)), the ring of complex
valued class functions on G, with table basis the set of irreducible characters of GG, with

automorphism extended linearly from complex con ugation of characters, and with degrees
()= (1) for all Irr(G).

Definition 1. . [2] Let ( ,B) be atabe a eb a e e e
Supp ()={b = b whereb Band =0}
1
et ( ,B) be a table algebra. A nonempty subset B is called a tabe b et (or a

bet)of Bi Supp (bb) for all b ,b
Any table subset is stable under and contains 1 by [1, Proposition 2.7]. or any B,
the set B defined by

B = Supp( ")

n 1
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is easily seen to be a table subset of B, called the table subset generated by . Any element
of Biscalled at i B =B.

Definition 1. . [5, efinition 1.3] tabe a eba ( ,B) ae e e e ee
B 2a e e R*, (b) = a b B {1}

or any table algebra ( , B), there is a positive definite ermitian form (, ) on  with the
following properties [4, Proposition 2.4]: B is an orthogonal set with respect to (, ) for all
b RB (the real span of B ) and all , ,

(b, )=(,b)
and for allb B, and -, the constants in efinition 1.1,
b,b)= .
It follows that, for all b, B,
Supp ( b) Supp (b ).

Definition 1. . Let ( ,B) be a tabe a ebaa b B e b ae ta a
(b,b) = (b) te e B ae ta a ee ee et B ta a

Any table algebra may be rescaled (replacing each table basis element by a positive scalar
multiple) to one which is homogeneous, and any ITA can be rescaled to a homogeneous
ITA ([6, Theorem 1]). Therefore a classification theorem for all homogeneous integral table
algebras ( ITA) is an impossible mission.

Definition 1. . [5] tabea eba ( ,B)a (C, ae a e e te b
B = teee t a a eba : C tat (B) a e a
a teaeba ae ae eat e te b B= (B) =

B = ea tatBa e teaet t e ta t

. Main resu ts

If ( ,B) is a homogeneous standard integral table algebra degree of 5 which contains a
faithful element of width 2, then [6, Theorem 3] implies the complete classification of ( , B).
The main purpose of this section is to state a classification theorem about homogeneous
standard ITA of degree 5 with the additional hypothesis that the basis B contains a faithful
element of width 3. The notion of width is defined in [6] as follows:

Definition .1. Let ( ,B) beatabea ebaa b B e b e e t be
Supp (bb)

It is easy to check that if B contains an element b of width 3 then one of the following
possibilities hold: ~
If b is a real element, i.e., b = b, then
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(i) =51 3b =,

(ii) =51 3 b, =",

(i) =51 3 , =, =,
iv) =51 2 27,

(V b2 - 51 2 2 , = _’ = ,
(vi) =51 20 2, =,

and if b is a nonreal element, then

(vii) bb=51 2 2, =, = |

(viii) bb=5.1 2b 2,

(ix) =51 2 2,

(x) bb=51 3 , =, =,
for some distinct elements b, , of B.

As far as one can see considering all the above cases is a very di cult task and we classify

the cases (i),(ii),(iii) and (x) in this paper. Therefore in all of our statement we assume that
( ,B)isa ITA of degree 5 where B is standard, i.e., (b) = (b,b)=5foralldb B {1}.

ro osition . . Let( ,B) bea e e ta a te a tabe a eba e ee
B ta a ea at ee etbh t atb* =51 3b te (,B) e te
B={1,b,,}, =51 3 , ?=51 2b 2,
2=51 3 b b =3 2, =3b 2
B={1,b, }, ¥»=51 3 , *=51 4b, b =b 4.
et b B such that b> = 5.1 3b for some Band = , =b. Since

(b )=25and (b ,b) = (b?>, ) =5 we have one of the following cases:

24 2 9, 1= "1, b, 1, o are distinct elements of B,

©

21 29, b, 1, o are distinct real elements of B.

b b 1+ 1T 2 T3, b, 1, o aredistinct elements of B, (1)
b b 3, 2, 1= 1, 2= 3, b, 1, o are distinct elements of B, (2)
b = b 2 27, b, are distinct elements of B, (3)
b = b 4, =7, b, are distinct elements of B, (4)
b b 1 9 , b, 1, o, , are distinct real elements of B, (5)
b =b 1 ~, 1="1, 2= 3, b, 1, 2, are distinct elements of B, (6)
b = b 2, o , b, 1, 2, are distinct real elements of B, (7)
b= b ()
b= b (9)

If (1) holds then by the e uality b(b ) = b*> we obtain

2 4 3, 37 34 33=51 b, b1 by by ()
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Now we claim that ; does not appear in the decomposition of b ;. If (b 1, 1) = 0 then it
is easy that (b 1, 1) = 5,10 or 15. e deal with these cases separately. irst we assume
(b 1, 1) =5 and consider the following cases:

case (i) b= 1 1 9 , where {, o, are distinct real elements of B,
case (ii) b= 12 9, where 1, o are distinct real elements of B,
case (iii) b= 1 3, where is real elements of B.

In the case (i) we have:
25=(b 1,b1)=(*, 17)=(5.1 3b ,51 b ) 40,

which is a contradiction.
In the case (ii) we have

3B5=(b,b1)=0% 17)=(.1 3 ,51 b ) 40,

again a contradiction.
et case (iii) hold, and ;77=5.1 b for some non-negative integers , . ence

55=(b 1,b1)=(b%, 1 1)=25 15 5 .

Thus 3 = 6. This implies that =1, =3 or =2, =0.
If =1, =3then 7 7=51 3 b So

(1, 1)=0:17,)=15

This shows that | appears thrice in the decomposition of ;. On the other hand, and b
don t appear in the decompositon of 2 by ( ). This implies that ( 2, ;77) = 25. Therefore
by ( 1, 1) 45, we have a contradiction.

If =2and =0,then ;77 =51 2b . ence (b1, 1) = (b, 171) = 10. This
implies that | does appear twice in the decomposition of b |, that is a contradiction. This
proves that ; does not appear once in the decomposition of b ;.

Now if | appears twice in the decomposition of b |, then we have b ;| = 21

ence (b 1,b 1) 45 and

%, 7)=(1 3 ,51 2b ) 55.

Since (b 1,b 1) = (b?, 171), we obtain a contradiction. Now if ; appears thrice in the
decomposition of b 1, then b | = 3, . ence (b 1,b 1) =55 and

%, 77)=(1 3 ,51 3b ) 170.

Since (b 1,b 1) = (b?, 171) we have a contradiction.
Therefore ; does not appear in the decomposition of b ;. Similarly we can prove that -
does not appear in the decomposition of b ».
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Now we can write b ; = 9 S I for some non-negative integers ,
ence
b,b)=0 1 T 2 T2 2 2 1 ) = 5( )-
Also, (%, 1) = (51 3b ,b ) =15 5. Since (b 1,b ) = (b*, 1), we have
=3 . Now we show that every elements ~{, 5 and 75 appear at least once in the

decomposition of b ;.

Otherwise, if b | = 2 5 , then b o = 24 and 71 o = 2b . Since
(b 1,b 2) = ( 2 2 y 2 1 ) 25 and (b2,_1 2) = (51 3b ,2b ) 30,
we have a contradiction, by the e uality (b 1,0 o) = (b?,77 2).

Ifo, = 27 then b7 = 21 and ? =2b . Since

(b 1, b_l) - ( 2_1 ) 2 1 ) 257

and (b*, ) = (5.1 3b ,2b ) 30, by the e uality (b 1,b77) = (b%, ) we have a
contradiction.
Ifbo, = 275 then b5 = 2, ,and | 9 = 2b . Since (b 1,073) =
( 25 . 2 ) 25and (b%, 1 9)=(51 3b ,2b ) 30, by the e uality
(b%, 1 2) = (b 1,b3) we obtain a contradiction.
ence we must have the following possibilities by ( )

b1 12 2,

bo = 11 2

1 = 2 2 1,

2 = 12 1
for some | B {1} such that {,71, 2, 2} and {, 1,71, 2}.- Now by the above
and e uality ( ) we obtain ? = 5.1 - —. Since (b?, ?) = (b ,b ) = 25, we have

Supp (b*) Supp ( 2) = {1}. It follows that =b, . Now, by the e uality b(b ;) = b* | we
have

1 3 1 = o - b b .
If == ,then 2=51 4 and ; 1=b b. enceb =, 5 1 5 and
1=b 7T 3 o where = |, B {1,b, , , 1, 2, 1, 2} Since b* = b(b ), we can
seethat4 b = 3 . It follows that there is a basis element such thatb = 3
and = 4 .If = then (b ,b) 65 (¥, ?)=(51 3b .51 3b ) 70.
Since (b ,b ) = (b?, 2), we get a contradiction. If = ,thenb = 4 and =4 :
et appear timesin 2 Since ( , )= 5, (% 3 =(51 4 ,5.1 ), we get
that =51 3 forsome B. ut ( )=20.1 16 , 2 =5 4 2% sowe
have = 4. ence( , )= 5,(?% %) =25 becauseb= .Since( , )= ( 2),
we obtain a contradiction.
If =—, = ,7,then ; 2 1=250 ~ b. enceb = 1 1
where 2 is an integer number. If = 2, then (b ,b ) = 35 and (b2, ) 55. Slnce

(b ,b ) = (b?, ?), we get a contradiction. If = 3, then (b ,b ) = 55 and (%, ?) 70.
Since (b ,b ) = (b?, ?), we have a contradiction.
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If =, =—, =",then ; 2 1=2" b b impliesthatb = | o ,
where 2. e obtain a contradiction by the e uality (b ,b ) = (b%, ?).

If =-, =7, =",then ; 2 1=2 b b. encewehaveb =41 5 ,
for some 2. It is easy to check that this case cannot hold.

If isdi erent from —,7, ,then ; 3 1= b b. enceb = | 4
orb = 1 3 JIfb =, 4 ,then ;=7 ~— b .Since b(b ) =b* , we can
seethat =1 o 7T 3 .Also,since (b )=4 1,(b) = (b ), we have

4 11 2 1 2 =b T4y 4, 47 45 4.

Since the intersection parameters of table algebras are non-negative, appears at least 4
times on the left-hand side in the above e uality. ut appears exactly once on the right-

hand side in the above e uality, which is a contradiction. If b = 3 1 , for some
B {b, ,—,7}. This implies that b appears thrice in the decompositoion of ~. Also we
have
b,b)=(1 3 , 1 3 )=55 (»*, 7)=(.1 3b ,51 3b ) 70.

ut since (b, ~) = (b ,b ) we get a contradiction. This proves that case (1) cannot occur.
If (2) holdsthenb =b 3 ; owhere { = 7and o ="5.Since(b, 1)=1( 1,b )=15,b

appears thrice in the decomposition of ;. et 2 = 5.1 b , for some non-
negative integers , . ence (b?, ?) =25 15 5 . 1y thee uality (?, 2) = (b ,b )=
b 31 9,0 31 ) =55 we have 3 = 6. This implies that =2, =0 or
-1, =3
If =2 =0then 2=51 2b . Thus 10 = ( 2,b) = ( ,b ) that is appears
twice in the decomposition of b , a contradiction. If =1, =3then 2=5.1 3 b. Since
5=(2b)=(b, )wehave o = ,ie,b =3, b . ythee ualityb(b )=10*> we have
b,=3 2 | and by the e uality (b ) = b 2 we obtain that | = 3b 2 ;. This shows
that b appears twice in the decomposition of ? and so does . Therefore 2 =5.1 2b 2 |
and B = {1,b, , 1}. Since b is a faithful element we obtain that B = {1 b, , 1}
If (3) holds then b =b 2 2 such that b= . e have (b ,b) =45 et 2=
51 b , for some non-negative integers , . Since (b?, 2) (5.1 3b ,5.1
b y=25 15 5 and (b,b) = (b*, 2), we have 3 = 4. This implies
that =1, =1lor =0, =4If =1, =1then 2=51 b . Thus

(b, )= ( 2,b) =5 which implies that appears once in the decomposition of b which is a

contradiction to the formof b . If =0, =4then 2=51 4 .Thusb ?2=5b 4b and
b) =b 2 2 ~, therefore by the e uality b 2= (b ) we obtain

50 3b =2 2 .
ence by the above e uality there are two cases as follow:
=20 3, T=2b 3 ()
=2 3, ~=2b 3 ()

If ( ) holdsthen ( , )=65and (7, )= ( ~, )= 15 implies that appears thrice
in the decomposition of ~. Since 65=( , )= (2 ~) and

(% )=(1 4,51 3 )= 0,
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we have a contradiction.

If () holds then ( 2, 2) =( , ) =20and (2 )= (", ) = 15 implies that
appears thrice in the decomposition of 2. Since ( %, %) = 60 we have a contradiction. This
proves that case (3) cannot occur.

If (4) holds then b = b 4, such that is a real element. Thus (b ,b ) = 5. On
the other hand, let 2 = 5.1 b , for some non-negative integers , . Then
®, ?) = (51 3b .51 b ) =25 5(3 ). Since ( ?) = 25 and
(b ,b )= (b?, %) we have

3 =12, 4
Therefore =4, =0,ie, 2=5.1 4b. Moreover, (b , )= ( 2,b) =20. ence appears
4 times in the decomposition of b , i.e., b =b 4 . This shows that B = {1,b, }. Since b
is faithful, B = {1,b, }.

If (5) holds, then by the e uality b(b ) = b* we obtain

5.1 by by b b =5 3. 32 3 3 2,

Since (b?, ?) = (b ,b ) = 25, we have Supp ( ) Supp (b*) = {1}. Now we claim that
does not appear in the decomposition of b ;. If (b 1, 1) = 0, then (b 1, 1) = 5,10,15 or
20. eassume (b1, 1) =D5. ence 5, or may appear in the decomposition of b ;. or

example, let 5 appear timesin b ; for some T . Thusb | = 1 2 Jdf =1,

then 35 (b 1,0 1)= (% %) =(51 3b ,51 b ) 40 which is a contradiction. If
= 2, then b 1= 1 2 2 and 35 (b 1,b 1) = (b2, %) = (51 3b ,51 b )

40 which is a contradiction. If =3, thenb ; = 1 3gandb,= 31 . Thus

35 (b 1,b9) = (V% 12) 45, which is a contradiction. ence, we have (b 1, 1) =5. ¥y
the same way the other cases are proved and so ; cannot occur in the decomposition of b ;.
Similarly, we can prove that cannot occur in the decomposition of b , for = 2,3,4. Now,
it is easy to check that

b 1 = 2 3

b 2 = 1 )

b = 1 2 J

b = 1 2 ;
where 2:51 .Sinceb(b 1):b b2 b b b,b21:51 3b1 1
and b(b ) =b* |, wehave ; 3 1=0> b . The obvious analogue of the proof
of case (1) shows that b = ; 3 and ;=0 where B {1, ., }.

ence 2=5.1 3b which implies that

55=(b ,b)="* ?)=(.1 3b ,51 3b ) 170,

that is contradiction. Therefore the case (5) cannot hold.
If (6) holds, then we can prove that

b1: 2 o ) =

b2: 1 T ) =
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b = T2
b = 1 2 i
where , , are elements (not necessarily distinct) of B {1} and % =5.1 -

Since b(b 1) = b2 1,b(b 1) =b b 1 b 2 b b— b and b2 1 = 5 1 3b 1 1, We
have

13 1= - b
The obvious analogue of the proof of case (1) showsb = ; 3 and ;=0

such that = , . It follows that 55 = (b ,b )= (b*, )= (5.1 3b ,5.1 3b ) 70
which is a contradiction. Therefore the case (6) cannot occur.

Now, we consider the case (7). et b, appear , times in 2 respectively. Since
35=(b,b)=(b* ?),weobtain =0, =2 andso ?=51 2 , for some (not
necessarily distinct) elements B {1, }.Sinceb(b )=b 206, by b , b =

5 3b 2and b(b ) =b*> we obtain
%, by b =6, 35 3 6 . (1)

The obvious analogue of (5) shows that ; does not appear in the decomposition of b ;.
Now, from (I) | appears at least thrice in b 5. In fact, if ; appears 4 times in b 5, then we

have b 4 = 4 1. ence we have (b 1, 2) = (b 9, 1) = 20,(b 1, ) = 10. It follows that
Supp (b 1) 6 which is a contradiction. Thus ; appears thrice in the decomposition of
b 5. It implies that b o = 31 and b = 31 . ence o, both appear

thrice in b ; which is a contradiction. Therefore the case (7) cannot occur.
e can observe exactly in the same way that the cases ( ) and (9) cannot occur. Now
the proof of proposition is complete.

ro osition . . Let ( ,B) be a e e ta a te a tabe a eba e ee
tatB ta a ea at ee etb tatb* =51 3 b e B={lb }

=51 2b 2, b =3 2, ¥*=51 3 b

et b B such that > =51 3 bandb, aretwo real elements. Since (b ,b) =
(b%, ) = 15, b appears thrice in the decomposition of b . Thus b =3b | », for some

1,2 B {1,b}. et 2=51 b , for some non-negative integers , . ence
we have 4 by the e uality ( %) = 25. Moreover,
¥, =51 3 b5.1 b )=25 15 5. (1)

If ;= 3= thenb =3b 2 andso (b,b)=65.Since (b ,b )= (2 %), wehave3 =
and therefore = 2 = . This shows that 2 =15.1 2 2bandso (b, )= (2%b) = 10.
ence appears twice in the decomposition of b . Thus b = 3b 2 . Therefore B = {1,b, }.
Since b is faithful, we obtain B = {1,b, }.
If 1= 2, then by (1)

b,b)=(@1% ?)=(.1 3 b5.1 b ).
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ence 25 15 5 =55, This shows that =1, =3o0or =2, =0.

If =2, =0then 2=5.1 2 forsome , B {1,b, }andb =3b | .
irst we assume that = . Since (b ) =b ? we have
b 1 b 2 — 1 2 2 3 3 . (2)
ence we have

(bl,):(b,1):5and(b2,):(b,2):5. (3)
This implies that appears once in the decomposition of b ; and also b 5. Moreover from (2)
we know that only one of | or 5 appearsinb 5. et 75 = b for some positive

integers , . Thus
(b 1,0 2) = (0% 172) =5(3 )- (4)

Now from (2) we must have one of the following cases:

1= 1 , (D
2 = 2 . (II)

S o

()

——
N—r
S O
N
—
—
—
—
N—r

such that =3.
Moreover, from (4) and the above e alities we have

3 =1 2 . (5)

Assume that { 1, 2}. If the case ( ) holds, then from (5) we have one of the following
cases:

=0, =3and =0, =1, (i)

-1, =2and =1, =2o0r =0, =35 (i)

=2, =land =1, =2o0r =0, =35, (iii)

=3, =0and =0, =1 (iv)

If the case (i) holds, then 175 =15 .So (b2, 1)=1(172,b) =5. ut this shows that

1 appears in the decomposition of b 9, a contradiction .

If the case (ii) holds, then b ; = 1 2 , by = 9 2 and [ 5 =

2b . S0 (b9, 1) = (172,b) = 10. Thus ; appears twice in the decomposition of

b o, a contradiction. Also if (ii) holds for case = 0, = 5 then ;75 = 5b. This shows

that (b o, 1) = (b, 12) = 25, that is, | appears 5 times in the decomposition of b 5, a
contradiction.
If (iii) holds, for case =1, =2 then

1 2= 2b ) b= 1 2 , bao= 2 2.

ence (b 9, 1) = ( 172,b) = 10. This shows that ; appears in the decomposition of b 5, a
contradiction. Also, if (iii) holds for case =~ = 0, = 5, then {75 = 5b. This shows that
(b 2, 1) = (b, 172) =25, that is, ; appears 5 times in b 5, a contradiction.
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If the case (iv) holds, it is easy to check that ; appears in the decomposition of b 5 that
is a contradiction. This proves that the case ( ) cannot occur.

Now we assume that the case () holds. Since ( 172,0) = (b1, 2) = 5, b appears
once in 1 5. Assume that appears times in {5. Thus ;75 = b and so
¥, 12)=(31 3 b )=5 15 . Since

v, 172)=(b1,b2)=5 10

we have 2 =3 . ence one of the following cases hold:
=0, =3 and =0, (v)
=3, =0 ad =0. (vi)

If the case (v) holds then b | = 3 andb o= o 3 by ( ). Sinceb(b ;) =1"0*,
we have

b b =1 1- (6)
Obviously b =3 ;4 and ;| =b 1 for some B {1, i}, by (6) and the
decomposition of b ;. Since (T 1,0) = (b, 1) = 15 b appears thrice in the decomposition
of 7 ;. Therefore ( ;7,0 ) 45. Also (b, 1) = (3 b 2 ) 40. Since
(T 1,b)=1(b, 1) we have a contradiction.
If the case (V1) holds, then b | = 3 and b 4= ; 3 . Since b(b 1) = b? |
we have b b = 1 . ence
b = 3 1, 1 = b 2 1 9
for some B {1, 1}. Thus (b, 1 )= ( 31,0 2, ) 40. On the other

hand, (b ,77 )= (b , 1 ) leading to contradiction.
If {= then 2=51 2 1 andb =3b | . Since b(b ) =b? , we have

b1 by=2 41 3 (7)
ence
b= 2 1 and b o = 1 ) ( )
such that =4, = 3, or we must have
b 9 = 2 1 and b 1 = 1 ) (9)
such that =4, = 3.
If () holds, then we have
b1: 31 2 and b2: 1 3. (].)
If (9) holds, then we have
131: 41 and b2: 2 3 . (91)

irst assume that ( .1) holds. Then

(blabl):( 31 2, 31 2):55.
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AISO, (b2, 1_1) = (51 3 b,51 3b ) =40 15 . Since (62, 1_1) = (b 1,b 1),
we must have =1, thatis, ;77 =51 3b . y the e uality b(b ;) = b? ; we have
1 =b 1 2 .Moreover

(2, 7 )=@(G1 2 | ,51 3b )=35,

and that (1, 1 )=25.Since (1, 1 )= (2, 171) we have a contradiction.
Next if the case (9.1) holds then (b 1,b ;) = 5. Moreover, (b, 177) = (5.1 3 b,5.1
4b) = 45. Now by the e uality (b%, 177) = (b 1,b 1) we have a contradiction.

Similary if ; = we will obtain a contradiction and so this cases cannot occure.

Now if { 1, 2} = { , } then without loss of generality we can assume that = ; and
= 5. ence 2=51 2 1 oandb =3b | o ythee uality b(b) =10 we
must have
b 1 b 2 = 2 4 1 4 2.

ence we have one of the following cases:

b 1= 1 3 2 b 2 = 3 1 2 (21)
b 1= b 2 = 2 1 2 29 (22)
b 1 = 3 1 2 b 2 = 3 2 1- (23)

If the case (2.1) holds then by the e uality (b 1,b 2) = (b?, 171), since (b 1,b 2) = 35 and
(0%, s 7)=(5.1 3b ,3b ) 45, we have a contradiction. If the case (2.2) holds, then
buby)=( 21 24 21 25 =45and(®’ 1) =(.1 3b ,51 2b ...) 55
Since (b 1,b 1) = (b*, 171) we have a contradiction.
y similar considerations we see that the case (2.3) cannot hold. Therefore we have
proved that { , } {1, 2} = .
Now we assume that = .Then 2=5.1 2 2 ,b°=51 3 bandb =3b | .
y the e uality b> = b(b ) we have

b1: 2 3 andb2= 1 3 .

ence 15=(bq, )=(b, 1)and 15=(b 3, )= (b , 2). This shows that | and , appear

)
2) = 30, that is a contradiction. Similarly if
he

thriceinb . ut (b)=25and (3; 3
=1, = 3 we will obtain a contradiction. The proposition is proved now.
ro osition . . ee e e ta a te a tabea eba e ee
t at t tabe ba ta a ea at ee et a b ee
¥ =51 3 , =, =, =_.
et b B such that b2 =5.1 3 ,and , be two distinct real elements of B.

Since 15 = (b%, ) = (b ,b) and (b ) = 25, one of the following cases holds:
b =3b 2, B {b}, =7, (1)

b =3 1 9 1,2 B {b}, 1= o (2)
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If the case (1) holds, then b =3b 2, =7. ence
(b,b)=(3b 2,3 2)=065.

et 2 =05.1 for some non-negative integers , . Since ( %) = 25, we have
4. Moreover

b, *)=(.1 3 ,5.1 y=25 15 5 .
y the e uality (b?, ) = (b ,b ) we have 3 = and 4. This shows that
=2= . ence 2=51 2 2 .Sincel0=(2% )=( ,), appears twice in the
decomposition of . Now by the e uality b(b ) = b> we must have
2% =2 3 (1.1)
Obviously, from (1.1) must appear in the decomposition of . et appear timesin |,
so =2 .y (1.1) we have b = 2 such that 2 =3 . ence
=1, =2o0r =3, =3.
If =1, =2then =2 2 andb =2 2 for some B {, } by
(1.1). ence
(, )= 2,2 2 ) = 45.
et 2=5.1 , for some non-negative integers . e have
(% %=1 51 2 2)=25 101 ).
Since ( , )=(2 ?),wehave =1landso %=5.1 . Since (b ,b ) = (v?, %) =
45, (b )=25,10=0b, )=(,b )andb5=(b?, )= (b ,b), wehaveb =b 2 2, for
some ; B {1,b, }. ence ?2=5.1 for some B {1, , }. Since
b(b ) =b®> wemust haveb ; =2 2 and 2=5.1 2. et =2b 1
for some non-negative integers , by thee ualitydb =2 2 . ence(b, )=(0b 2
2 1,2b L )=10 10( ).Since(b, )=( ,b)=(2 2 ,2 2 )=40,
we have = 3. Moreover,
40=(%b)=0b, )=Bb 2,2b 1 ).
ence =1and = 2. Therefore we have
== 2b 2 1
On the other hand 45 =( , )= (2 ?) = (5.1 ,5.1 2 2 ).So we must have
2=5.1 . This shows that ? = 2, by the e uality (b )*> = b? 2. urthermore,
(b) =3b 22%and( )b=2b> b  2b ; which imply that 2 =5.1 , by
the e uality (b ) = ( )b. This implies that = . ence
(% %=1 2 ,5.1 2 ) =55.
ut ( , ) 45.Since ( %, ?)=( , ) we have a contradiction.

Now we assume that = =3. enceb = =2 3. ehavelb=( , )=(2 ),
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I —

this implies that appears thrice in the decomposition of 2. Also 15 = (b, ) = (b ,
7

implies that appears thrice in the decomposition of b . ence we have 2 =5.1 3 b
3 b ,forsome |, B {1,b, }. Therefore (b ,b ) =55 and
2 2\ _ 75 lf =
® =061 3 51 3 )= o _

Since (b?, 2) = (b ,b ) we have a contradiction.

If the case (2) holds, thenb =3b | o, 1= 5. et 2=5.1 , for some
non-negative integers , . ehave (b2, 2)= (5.1 3 5.1 ) =25 5(3 ),
and (b ,b ) = 55. Since (b2, 2) = (b ,b ), we have 6 = 3 , such that 4 by

(2)=25. ence, =1, =3o0or =2, =0.
If =1, =3then 2=5.1 3 . This shows that appears thrice in the decomposition

of . Since b* = b(b ), we must have b | b 5 =6 . enceb = and
bo= , where =6.Since5 =(b,, )=(0b, 1)andd =(bs, )=(b, 2),
we have that |, 5 appear and  times in the decomposition of b respectively. ut by
the e ualities (b ) =25and ( 9) = 5( ) = 30 that is a contradiction.

If =2, =0,thenb =3b ;| sand ?=5.1 2 forsome , B {1, , }

y the e uality b(b ) = b* we have
b 1 b 2 3 = 2 3 3 .

y the above e uality we can see that appears times in the decomposition of  such that
3 5

If =3then =3 . ence 2=51 3 . Therefore
- 2 2\ 75 lf = 5
(b,b)_(b: )_ 70 if —
On the other hand (b ,b) = (b*, )=5.5S0b =b . This implies that (b ,b ) cannot be
e ual to 70 or 75, a contradiction.
If =4then =4 , for some B {1, }. ence20=( , )=(?2 ),andso

2=5.1 4 .Therefore ( 2, ) =(5.1 4,5.1 3)=65and( , )=(4
5. Since ( 2, ?)=( , ) we have a contradiction.
If =5then =5. ence25=( ,)=(2 ), ie, appears5 times in the
decomposition of 2. Since ( 2) = 25 we have a contradiction. This completes the proof of
the proposition.

74 ):

ro osition .. ee e e ta a te a tabea eba( ,B) e ee
t at B ta a at ee etb ee

bb=51 3 y =, =

et b B such that bb = 5.1 3 , for some , B {l,bland =", =

Y

ence (bb, bb) = 75. Since (bb, bb) = (b2, b?), we have (b%,b%) = 75. ut this is a contradiction,
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because b? has one of the following cases:

b =

I

This completes the proof of the proposition.
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