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Abstract. For normed isotropic convex bodies in R* we investigate the behaviour
of the (n — 1)-dimensional volume of intersections with hyperplanes orthogonal to
a fixed direction, considered as a function of the distance of the hyperplane to the
origin. It is a conjecture that for arbitrary normed isotropic convex bodies and
random directions this function — with high probability — is close to a Gaussian
density, for large dimension n. This would be a kind of central limit theorem. e
determine this function explicitly for several families of convex bodies and several
directions and obtain results concerning the asymptotic behaviour supporting the
conjecture.
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ntro uction

The main topic of the present paper is a version of the central limit theorem in the geometric
context of convex bodies.

R™ is a convex compact set of volume 1 whose centre of
inertiais at . normed convex body is if its ellipsoid of inertia is a uclidean ball.
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The radius of this ball will be denoted by (following the notation of 1 ) thus

independently of in the unit sphere ™ of R*. ote that for each convex body  with
nonempty interior there exists an a ne transformation R™  R” such that () isnormed
and isotropic. For a direction " we define

() n ) (R

where ,  denotes the (n — 1)-dimensional volume.

For a number of situations we show that tends to a Gaussian density, for n
It appears to be a known conjecture among specialists that this is a general phenomenon
For large dimensions the function should be close to a Gaussian density for all isotropic
normed convex bodies and for most directions " ore precisely, the density
corresponding to  should be the Gaussian with variance

In ection 1, we define several versions of the central limit property for subsets of the set
of isotropic normed convex bodies. The only result of a general nature we have so far is an
estimate asserting that the mean value of () over ™ is bounded from below by the
value —— of the corresponding Gaussian density at ero, asymptotically for n

(see roposition 1. ).
In ections and we prove versions of the central limit property for cubes and for balls
in R™, respectively.

In ection we show that for the -ball in R", i.e., the cross polytope ,, normed
to volume 1, and —(1 1), the functions tend to the appropriate Gaussian
density.

In ection we derive results for the regular simplex . In this case we show that
converges to the appropriate Gaussian density on a certain discrete set of directions .
e show that the set of exceptional s is small in an appropriate sense. This example may
be of particular interest since it shows that our considerations are not restricted to centrally
symmetric sets.

n

The computational results described above should be considered as evidence supporting
the conjecture that the central limit property holds generally.  oreover, we feel that the
explicit expressions as well as the methods presented in this paper are of independent interest
and importance.

The starting point of this paper was a uestion, addressed to the second-named author
by eter tollmann, concerning the (n — 1)-dimensional volume of cross sections of the cube

1 ™ orthogonal to the direction given above. otivated by the stochastic interpretation of
the resulting explicit expressions and by the explicit computations for the ball the first-named
author formulated conjectures which served as a guide line for our further investigations.

The contents of the present paper are related to results and ideas which developed starting
from ilman s proof  of voret kys theorem. e refer to 11, 1 for references and
further developments.
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fter finishing the first version of the present paper the authors became aware of the
preprint 1 where a central limit property is proved for a certain subclass of isotropic con-
vex bodies. ikewise, the second-named author 1 obtained a version of the central limit
property for a subclass containing the uclidean balls, cubes, cross polytopes and regular
simplices. In these papers, the closeness of the marginal distributions to the corresponding
Gaussian distribution is described by uniform convergence of the distribution functions and
by convergence in law, respectively. In contrast, in the results of the present paper we obtain
closeness of the densities in the -and  -norms.

ote. The numbering of theorems etc. is identical in the present version and in the extended
electronic version of the paper. In the present version some of the proofs are only outlined
whereas the extended electronic version contains more details. In these instances the end of
the proof is marked by the symbol instead of

he central limit ro ert

In this section we define the central limit property . This definition is motivated by the

results which are sketched in the introduction and proved in the subse uent sections. In
order to formulate these properties we first introduce some notation.

The set of all isotropic normed convex bodies in R* will be denoted by

et ". Geometrically, () as defined in the introduction is the (n — 1)-dimen-

sional volume of the intersection of = with the hyperplane R" . ote that

n

the runn- inkowski theorem (c¢f. 1 p. , 1 p. ) states that the function ()
is concave on its support. It is one of the principle objectives of this paper to investigate the
behaviour of () as a function of for large n and typical

e investigate whether for large dimension n the function is close to the Gaussian
density function for all directions with the exception of a small set of vectors (in the sense
of measure). convenient formulation for this is to use the expected value of the norm
( -norm or -norm) of the di erence, for random unit vectors

e denote the Gaussian density by

0 — = = -

where R, . e recall that the volume of the unit ball in R" is

o1

and that the (n — 1)-dimensional volume of the unit sphere ™ is

(*)

, normed to a probability measure.

y n» we denote the surface measure on "
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e nition
(a) sup sup O- 0 - n

(b) sup O- 0O - n

n

ote that roposition . proved below shows that (a) implies (b) provided that
sup :
e conjecture that n " satifies the central limit property in both forms given
above. If this conjecture could be shown to be true, e.g., in the form given in efinition 1.1
(a) then it would follow that

sup sup () » ()= () - for n
The only result we can show in the general context is a one sided bound at for
this convergence. In order to show this we need an expression for the mean of () over

" which will be derived next.

emma . . n n

1 & 1

() () W () — - — -

R

e define the distribution function

()l )

for o R. Fubini s theorem implies

() = () n ()

ow

for —

— cos” for

1 for
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In order to get the average density function we di erentiate the average distribution function
with respect to the variable and thus get

() » () =& - — —

ro osition . . n n

no 1)
e recall that
1 n
() - ")
and
1 n
() — -
older s ine uality, for -, implies
- 1
1 —_ _
1 ~ 1 1 ~ 1
() —=— — = - 2 ()
The convergence ,, 1 (n ) is a conse uence of tirling s formula which we will state

subse uently.

The version of tirling s formula used in the present article is the ine uality

- (1 - _

valid for all , Where () 1. The left hand side ine uality is a conse uence of an
e uality of inet (see  sec.l. , () ), whereas the right hand side ine uality follows from
tirling s series (see  sec.1. , ( )).



. Bre m, . Voigt Asym toti s or Con e Bodies

n

emar s . . (a) In 1 , a subclass of is introduced for which the asymptotic

formula lim —— 1 is shown.
(byIn , , atwo-sided estimate for () in terms of  is given, namely
1 1
which holds independently of n , " " . esides boundedness, no asymptotic
properties, for n , can be derived from these bounds.
esults or the cube

e consider the cube " —- - "in R*. The main result of this section is the fact that
the set of cubes satisfies the central limit property either sense as stated in efinition 1.1.

heorem . . (1 | )

O () (1)

- C ) ()
- n () ! ,,,:Llnn ()

heorem . . (1
() (@@-In)) ()

The proof of these theorems will re uire some preparations.

et n be independent random variables which are uniformly distributed on
—— -. et "™ . Then is the density of the distribution of n n
, where —1 , and the Fourier transform ()
() satisfies

with () —sin—.
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ro osition . . ( - ( )

hoose -, and let o . sing the ine ualities
1 1 . _
1—— —sin
for R, , and
sin 1
1 —
for all R, one obtains ( . ) with the function
JR— 1 -
- b B
() — ()

plitting the first term of () suitably one can show () ().

emma . . 1

ote that

sin” — n L
-
sin” — "
(In order to prove the ine uality note that ™ and that —— is monotone increasing

on (1) invert the fraction and subdivide the integral .)
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. Bre m,
has shown the remarkable e uality

.1. First we note that all

sup ()
n
efining — on( -)and - - on (- 1 we obtain ( .1) and ( . ) from
roposition . .
In order to show ( . ) we use emma . and obtain
n " - ()
n n nl—
This implies
I n ( ) ( ) - - 1- o
for 1. For ™ we obtain
_ 1 - 1
n 1-— n 1- 2" n =
n—1 n
() Inn - 1 Inn
- " n—1 n n
ext we show that smallness of — implies smallness of - _
ro osition . . ( ) (
1
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It is su cient to treat the case 1 we let . et be as just described,
— —. Then
- (-0 () 1= ()

The last expression attains its minimum for (— In( ))~, which shows that ( .11) is
satisfied with

() —In —

The first term in the function  is bounded by
(= I —InC ) ((=In))

The second term is bounded by

for —_—

y Theorem .1 and roposition . there exist constants
such that
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hoosing (— )on ( and as on( 1 oneobtains ( . )and ( . ).

s in the proof of Theorem . we now use emma . ,

This implies

for 1. For —" we now find, observing ( . ),
() Inn B (1 Inn)"
- " n—1 n n

o er imensional olumes or wucli ean balls

In this section we show results which are similar to those of ection but stronger.
et , R" bethe uclidean ball of volume 1, i.e., of radius

_ o1
n n —
ecall that for n and, more strongly, that
noo1 " no- [ n
. _ _ —
(from tirling s formula) for n
For n we denote by (n ) the set of all -dimensional subspaces on R". For

(n ) we define

oreover, we shall use the notation

for R™, ,
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efore stating the main result we note that

1
n

SHES

s
I3

—_
|3
B

—_

for n
e define
heorem . . 1 n— (n )
O- O -

The ebesgue measure on , can be decomposed as ™ n " , where
denotes the normed surface measure on " . et 1l n— , (n ) without
restriction R (R ). Then  Theorem ( ) implies

n n
- — _ (.1
" n— -

The remaining steps for obtaining the assertion consist in showing that the integral in ( .1)
is close to , and that the latter is close to . The first of these statements is due to

the fact that the volume of ,, is concentrated near the surface, for large n, and the latter

one is obtained by showing that — is close to ,.

e note that Theorem .1 implies that smallness of — implies closeness of the marginal

densities to the corresponding Gaussian density with respect to the -norm. For the

-norm the statement turns out to be weaker, as stated in the following theorem. In this
case, we aim for closeness of to

heorem
sup () -

n 1 w (n )

First we calculate (). ince ( ) nisan (n— )-dimensional ball of
radius (,, — )  we obtain

LN |
() w - —— 1- -
21

for n, and ero otherwise.

The assertion is then obtained by using tirling s formula.
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orollar .. n

Sup  sup ()— — () -

n

sup ()-— () =

n

emar . . corresponding statement, for n—1, for the se uence of spheres n "

is well-established in  this observation is attributed to oincare 1 . (It was pointed out to
the authors that this was noticed earlier by axwell see also the discussion in  concerning
the history of this property.) In this case the limiting Gaussian density has variance one.
The occurence of the di erent variance in our case is explained by the fact that the mass of
the ball ,, is concentrated in a suitable spherical shell around the sphere ( n ) ™
This latter phenomenon is discussed in 1 for more general sets in ™.

imensional olumes or the cross ol to e

ur next example is the normed isotropic cross polytope ,, i.e., a -ball. The volume
of the -unit ball in R* is "—. Thus, in order to normali e to volume 1 we consider the
-ball
n n —
n Rn -

It is obvious that, for normed isotropic sets, there may be exceptional directions where
closeness to a Gaussian distribution fails. For example, taking the cube ™ and the direction

, one simply obtains 1~ for all n. imilarly, for and ,, an application of
tirling s formula yields the convergence of to , uniformly and in  (R).
The main purpose of this section is to derive explicit formulas and estimates for ,
where the direction is given by —(1 1).
heorem . . n —f —
n
n g, " n—1

()

The expression for () is obtained in the following way. ne considers the
intersection of ,, with the hyperplane R” as the union of pyramids having
their apex on the line R . The basis of the pyramids is the intersection of the
hyperplane R with one of the facets of . Taking the sum one obtains the
formula.

In order to discuss the behaviour of () forn we need an expression of ()
in terms of powers of .
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emma . . n R

For the proof of emma . we need the following preparation.

emma . . n

emma . . n —n n

ompare the coe cients of ™ in emma

et in emma

s a conse uence of Theorem .1 and emma . we get the representation

() Mo (nn—_l—n nel
heorem

()- — ()
n R - ® n

This re uires a longer argument using tirling s formula. s an essential part for the
asserted convergences we show that the coe cients of the polynomial are bounded by
the coe cients of the power series of —
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esults or the regular sim le

In this section we prove a discrete version of the central limit property for the regular sim-
plices e will not take the mean over all directions in "  but only over those belonging to
partitions of the vertices of the given simplex. s an appropriate weight of these directions
we will use the (n — 1)-dimensional volume of the irichlet- oronoi cells on the unit sphere

n

In order to fix the notation let ,, be the standard n-dimensional regular simplex in R* |
ie.,

n  conv n

e first compute the desired function for ,, and obtain the final formula by suitable scaling.
et 1 n n 1— . ecalculate

() n )

for  pointing from the centre of an ( — 1)-dimensional face to the centre of a ( — 1)-
dimensional face of , without restriction

oting that n is the orthogonal cartesian product of suitably scaled copies
of these faces one obtains the formula

ere we have used the expression for the ( — 1)-dimensional volume of the standard
embedded simplex. In order to obtain the regular simplex , of volume 1 one has to blow

up , by a factor of —— n- ence, letting

we find
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with — —. e want to show that, for large n, the function is close to the

appropriate Gaussian density for most of the directions considered above. These direc-
tions, however, are not evenly distributed on the unit sphere ™ . fter the proof of the
following theorem we will present considerations showing that this result can be interpreted
as a discrete version of the central limit property.

heorem

emar . . The radius of inertia for , is

and tirling s formula implies - -(n ), showing that one may substitute _ for
in Theorem .1.

-1 -1
with
_ A
— (n—1)
In the following steps one then shows
and
lim () T

uniformly for , for all
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Finally one shows that, for  large enough, the functions , outside — , are
dominated by max( (=) ()
ombining these observations one obtains the assertions.

The next part of this section is devoted to determining smallest spherical caps containing the

irichlet- oronoi cells belonging to the vectors , ( 1 n) defined above. e define
» as the set of unit vectors in ™ which are, up to a permutation of the components, the
vectors , ( 1 n) the set , consists of ™ — vectors. e now introduce the
(n — 1)-dimensional sphere
n n
where, as before, —(1 1) R°
ith any n We associate the irichlet- oronoi (- for brevity)
" — inf — n
e want to associate with n the (n—1)-dimensional volume , ( ) asthe appropriate
weight.
For fixed 1 n there are ™  vectors arising from , by a permutation of
the coordinates these vectors and the corresponding -cells will be called of type
For 1 % let , be the largest number such that the set
covers all -cells of types andn 1— . ( ere, denotes the maximum norm on
R™ )
ro osition . . n
n n 1-)- (=Dl —)
n 1-—
n(n ) 1 n 1-— n
The first task is determining the minimum of for in a -cell of type or
n 1— . For this it is su cient to consider the  -cell

longer argument shows that this minimum is attained for the vector ~with components

)

n 1=-)= (=D —)

for 1 n— 1, , n — , where is such that 1. Then
n yields the expression of ,, as asserted.
The second assertion is shown by proving that ( , ) is decreasing in
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ro osition . . () n (n )
et 1. sing the ine uality in the proof of emma . we get
n 1
1) 1-—
(1) -

ombining this ine uality with a suitable lower bound for , we obtain the assertion.

emar s . . (a) ombining the results of Theorem .1 and roposition . one finds state-
ments analogous to the central limit property in efinition 1.1 (a), (b) For large dimensions,
the measure of points n (weighted by the volumes of the corresponding  -cells) for
which is not close to the appropriate Gaussian density is small.

(b)  more careful inspection of the proofs would probably yield a uantitative statement in
the spirit of Theorems .1 and

e erences
1 nttila, . all, . erissinaki, L. . reprint
1
all, . ". roc. mer. ath. oc. (1 ), -
iaconis, . Freedman, . . nn.
Inst. enri oincare, robab. tat. (1 ), -
Fradeli i, . . eitrage Ige-
bra Geom. (1 ),1 -1
Gardner, . . ambridge niv. ress, ambridge 1
ensley,
roc. mer. ath. oc. (1 ), 1 -
rat er, . Fran , . . kad. erlagsanstalt Geest or-
tig, eip igl
c ean, . . . nn. robab. (1 ),1 -
ilman,
Funct. mnal. ppl. (1 1), -
1 ilman, . . ajor,
. Geometric spects of Functional nalysis
( . indenstrauss and . . ilman, eds.), ecture otes in ath. , pringer
1 ,pp- -1
11  ilman, . . chechtman, G.

ecture otesin ath. , pringer, erlin 1



—_

isier, G.

. Bre m, . Voigt Asym toti s or Con e Bodies

ress, ambridge 1

oincare,

chneider,

ress, ambridge 1

Talagrand,

oigt,
. Israel

eceived pril

Y

1

ath., to appear.

revised version

ambridge niv.

. Gauthier- illars, aris1 1 .

ambridge niversity

nn. robab. (1 ), 1-

une ,1



