Beitrige zur Algebra und Geometrie
Contributions to Algebra and Geometry
Volume 41 (2000), No. 2, 427-436.

Decomposition of Isometric Immersions
between Warped Products

Michael Schaaf

Mathematisches Institut der Universitat zu Koln

Weyertal 86-90, D-50931 Koln, Germany

Abstract. A decomposition theorem for isometric immersions between two arbi-
trary warped products is derived. Thereby the well known decomposition theorems
of Moore and Nolker are generalized.

Introduction

One is often interested in the decomposition of mathematical objects as a first step for a
classification. The decomposition of riemannian manifolds into riemannian products is well
described by the theorem of de Rham, see [7]. Moore proved in [4, Lemma] the decomposition
of an isometric immersion f : Hf:oMi — R" from a riemannian product into the euclidean
n-space R" ) which is based on the fact that there exist many product decompositions R" ~
R™ x --- x R™ . This theorem was an essential step in Ferus’ classification of symmetric
submanifolds of R", see [3]. The real space forms NI of constant curvature s # 0 do
not admit local representations by riemannian products. In order to generalize Ferus’ result
to NI Backes and Reckziegel introduced extrinsic products & : Hf:oNi — NI, special
isometric immersions of higher codimension, see [1]; and Takeuchi made use of a generalization
of Moore’s lemma to the Lorentz space, see [10, Lemma 1.4]. But Nolker proved in [6,
Theorem 7] that the best substitute for the product representations of R™ are the local
representations of N by warped products (see Definition 2). Herewith, he could generalize
Moore’s result to isometric immersions of warped products, see [6, Theorem 16]:

Theorem. Let f: M — NI be an isometric immersion of a connected warped product
M = M, %, HleMi into a real space form NJ. of constant curvature 3, and suppose that
the second fundamental form of f satisfies the condition h|E; Xy E; =0 for i # j, where
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the E; are the subbundles of the tangent bundle T M tangential to the factors M;. Then
there exist an isometry ® : Ny X, HleNi — G from a warped product Ny X, HleNi onto
an open, dense subset G C N and isometric immersions f; : M; — N; such that

f:@O(f()X...ka).

Using this result, for instance, Dillen and Nolker could classify normally flat semi-parallel
submanifolds of real space forms, see [2].

This article is devoted to generalizations of Nolker’s result, where the ambient space is
an arbitrary pseudoriemannian manifold. To formulate them we make use of the notions of
WP-nets and net morphisms, the first of which has been introduced in [5] and specializes the
notion of nets.

Definition 1. 1. A family = (E;)i—o0 & of totally integrable subbundles E; of the tan
gent bundle TM of a manifold M is called a net on M if and only of TM is the direct
sum f:oEz' . The foliation induced by E; shall be denoted by , and its leaf through
some point M by (). fin this situation M is pseudoriemannian, each sub
bundle E; is non degenerate, E; E; for 1 # j and moreover for every i =1 ...
the subbundle FE; is spherical and its orthogonal complement E; is autoparallel then
the net  is called a net on M and (M ) a netted manifold.

2. A map f : M — N is called a net morphism with respect to some nets =
(Ei)i—o x on M and = ( ;)izo & on N if and only if f E;( ) C (f()) for
every M , which is e uivalent to the fact that f maps every leaf of the foliation

di erentiably into a leaf of the foliation 1=0 ...

i i

It was proved in [5, Proposition 4] that the product net of a warped product is a WP-net,
and in [5, orollary 1], conversely, that a WP-netted manifold (M ) is locally a warped
product, that means for every M there exist an open neighbourhood of in M,a
warped product N = N, X, HleNi and an isometry ® : N —  which is a net morphism
with respect to the product net of N and . Therefore, isometric net morphisms between
WP-netted manifolds can locally be decomposed in the sense of the following Proposition 1,
which motivates us to derive conditions for their existence.

In general the occurance of WP-nets cannot be guaranteed; for instance on an irreducible
simply connected riemannian symmetric space of non-constant curvature there exist no WP-
nets, see [ , Theorem 15]. Hence, to get a chance that Nolker’s theorem keeps valid for
arbitrary pseudoriemannian manifolds N instead of N}!, we have to suppose the existence
of a WP-net on N, which is adapted to the immersion f at least at one point. In fact, this
is the crucial point as is proved by the following main results of this article.
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Theorem 1. Let M = M, %, HleMi be a connected warped product with product net

= (Ei)izo k, N a pseudoriemannian manifold, which is e uipped with a net =
( i)i=o &, and M some point. urthermore, let f : M — N be an isometric immersion
satisfying the following conditions

h|E; xy E; =0 for i#j (D)
fFCa0)c i (f()) forevery i=0... . (D

Then f is a net morphism, and therefore f can locally be decomposed in the manner of
roposition 1.

ombining Theorem 1 with Proposition 1 we immediately obtain:

orollar 1. Let f: M — N be an isometric immersion between two warped products M =
My %, HleMi and N = Ny X, HleNi. f M is connected, f satisfies the conditions (D)
and (1) of Theorem 1 with respect to the product nets  and of M and N, respectively,

and some point M and if the representations of M and N as warped products are
normali ed with respect to  and its image f( ) see efinition 2 , respectively, then there
ezist isometric immersions f; : M; — N; for i =0 ... such that

f=Tox X fi.

As Nolker’s examples show, the domain of a WP-net often is only an open subset of the
considered manifold. The following result enables us to handle such situations in general.

Theorem . Let N be a pseudoriemannian manifold, ® : Ny X, HleN,- — G an isomelry
from a warped product onto an open subset G of N and the net on G induced by
®. wurthermore, let M := M, x,,HfZlMi be a connected warped product with product net
and f: M — N an isometric immersion satisfying the conditions (D) and (I) of Theorem 1
with respect to the given nets and and some point M . Then the image f(M)
lies completely in G if moreover the representations of M and G as warped products
are normali ed with respect to  and ® (f()), respectively, then there exist isometric
immersions f; : M; — N; for i =0 ... such that

f=@o(fox - xfi)-

Ac no led ements. The author would like to express his heartiest thanks to Professor
H. Reckziegel for his encouragement for this article and valuable hints and comments.

1. ar ed roduct nets and net mor hisms

Firstly, we recall the definition of warped products and show some basic results.

Definition . Let My ... M be manifolds, M := Hf:oMz‘ the product and ; : M — M;
the canonical pro ections © = 0 ... . A pseudoriemannian metric - - on M s said
to be a warped product metric if there exist pseudoriemannian metrics - - o ... - - ON
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My ... My, respectively, and a function = (1 ... ) : My — Rf such that for
every (M) we have
k
= 0 0 0 ( i© 0) td i Q- (1)
i=1
n this situation the pseudoriemannian manifold (M - - ) is called a warped product we
denote it by My X, HleMi and call  its warping function. fwe fir some point M,
then we can choose the representing data - - ; and ; of - - in such a way that we have
(0)=(1 ... 1) in this situation we say that the representation of M as a warped product

18 normali ed with respect to
emar 1. In [5, Theorem 2] there are derived su cient conditions for a WP-netted man-
ifold to be a warped product.

In the proof of the main results we make use of the following rules for the Levi- ivita
connection of a WP-netted manifold:

emma 1. Let = (Ey E}) bea net on a pseudoriemannian manifold M , (Eyp)

the mean curvature normal of F1 and TM — E; —  the orthogonal pro ection (i =

0 1). Then the following assertions are true.

(R1) (Eo) (E1) : (E1)

(R2) (M) (By) : ()=

(R3) (E1) (Eo) : ( )'=

(R4) f : — M is an E integral curve, and (M) fulfills the
e uation = o with (o) FEo( (o)), then (Ey) -

(R5) f : — M isan Ey integral curve, and (M) is a  parallel
vector field along  with (o) Ei( (o)), then (E1) .

roof. We define a linear connection on M by putting
= 1 L. St ) ! (2)

for every (M). In the case that M is the warped product M = M, x, M,

is the Levi- ivita connection of the ordinary pseudoriemannian product My x M; (see
Proposition 1 in [5]). As M locally is always of this form, we obtain that each subbundle
E; is  -parallel. Herewith, the rules (R1) (R3) follow immediately.

For (R4): As ( 0t = o = ( ), we get ( ! =0, that means

! (Ep). Thus, we have b= 1" o | that means ! fulfills some

linear di erential e uation (more exactly: ! is a parallel vectorfield along ~ with respect

to the linear connection = -« ) with !() =0. Therefore, we get '=0,
that means (Ep) -

For (R5): ince 0 (Ey) because of (2) and ! (E1) because of (R1),

we obtain that also ©°

means (Ey).

is parallel along . As  %( () =0, we therefore get % =0, that
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We will list the main properties of isometric net morphisms between warped products
in the following proposition. It can locally be applied to isometric net morphisms between
arbitrary WP-netted manifolds; thus, it is of interest in combination with Theorem 1.

ro osition 1. Let M := M; x, HleM,- and N := Ny X, HleNi be two warped products
with their product nets  and , respectively. urthermore, let f : M — N be an isometric
immersion, which at the same time is a net morphism with respect to  and . Then f has
a representation f = fo X -+ X fr with maps f; : M; — N; and the following assertions
are true
1. fo: My — Ny is an tsometric immersion.

2. orevery v =1 ... the map f; : M; — N; is a homothetical itmmersion, that
means there exists a constant ; R such that f; fi = - i for all
(M;). oreover, we have ;= ;- ;0 fo.
f the representations of M and N as warped products are normali ed with respect to
some point  and its image f( ), then 1=---= =1 in this way all immersions
fi become isometric.

3. f satisfies the condition (D) with respect to

roof. As f( ;()) € , (f()) for every M, i=0... ,itis easy to obtain the
representation f = fo x -+ x fi (see the proof of [8, Lemma 1]). The assertions 1. and
2. follow immediately from the special kind of warped product metrics and the fact that f
is isometric; and 3. follows from the fact that the second fundamental form of f can be

expressed in terms of the second fundamental forms of fy ... fi (see [6, Lemma 12]).
emar . If (M )and (N ) are WP-netted manifoldsand f: M — N is an isometric
net morphism with respect to  and , then we can apply locally Proposition 1 and get

that f satisfies the condition (D) with respect to . Hence, condition (D) in Theorem 1 is
necessary.

roof of the main results

roof of Theorem 1. From condition (I) we get

FE()C i(f()) forevery ()i=0... . (3)
We give a proof by induction. Therefore, we start with the case = 1. Let resp.
denote the Levi- ivita connections of M and N, (Ep) resp. ( o) the mean
curvature normals of E; and 1, and TM — E; — " resp. TN — — % the

orthogonal projections (1 =0 1). We show step by step

M : fE()C 1(f())
o) (O f () f

M= (f() £ () f
M : fE()C off()) -
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Because of (4) and (7) we then get that f is a net morphism with respect to  and

For (4): Let = (o 1) M be an arbitrary point. Then the point := (¢ 1)
satisfies () o(). Hence, there exists a  -curve : [0 1] — ,( ) such that
(0) = and (1) = . For a fixed vector Ei() let be the  -parallel vector
field along  with  (0) = . From rule (R5) (see Lemma 1) we get (E4), hence,
f ()  1(f()) because of (3). Therefore, we have f =f h( ) =0 and

o=(C f )°=C ¢ )" C ¢ I =0 ¢ P f () ofe

ince moreover

0= =f f =G ) EFE ) F)IE )

we obtain
()= )P ) ofe
Thus, (f )°is a solution of some linear di erential e uation more exactly: (f ) is a
parallel section in the vector bundle  along fo with respect to the linear connection
given by = ( )° for every (N) (o) with (f )°(1)=0.
Therefore, we get (f )° =0, in particular f 1(f()) - Herewith, (4) is proved.
We prepare the proof of (5) by the following

emma . Let M N be two pseudoriemannian manifolds, C M  C N two pseudorie

mannian submanifolds and : M — N an isometric immersion, such that | isa map
in . Then for every the following implication holds true
( )c T :h( ) h( ) : (8)
roof of Lemma 2. By assumption there exists an isometric immersion : —  such that
( 2 N)o = o — M), thus h ( ) h( )=h( ) h () for all
and T . Therefore, it su ces to conclude from the left hand side of (8) that
h( ) . Now we can decompose the tangent space 7' N as
T N= TM' =T
ince T = T  we therefore obtain from C immediately C ,
thus in particular h ()
To show now (5) let o () be an arbitrary point. Then f Eo( ) C o(f( )) because
of (3)and f Ey( ) C 1(f()) for every 1( ) because of (4). We apply Lemma 2 with
=f = 4()and := (f()); in this situation = Ey( ), = o(f())
and f| isa -mapin . ince h (f f )= f f (f()) = (f()) and
fh( )= f () forevery T , weconclude with = #0 from Lemma 2:
) £ ) f
For (6): Let = (o 1) M be an arbitrary point. Then the point := (o 1)

satisfies o( ) (). Hence, there exists a  -curve :[0 1] — () such that
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0) = (1) = . For an arbitrary vector E;( ) we have f 1(f()), thus
(f( ) f =0.Moreover f () f = ( = 0. Therefore, it su ces to show
(fC)) f () f =0 forevery Eo( ). Let Ey( ) be an arbitrary vector and
the vector field along , which satisfies = o and (0) = . Then we

have (Eo) because of (R4) and f =f h ( )= o f
As ofo f o f (1) =0 because of (5), it su ces to show

ofo f o f = 0. ()
Now we regard the splitting

ofo f o f = ( ofo ) f

(f o) f ofo f o f

with ([0 1]). ince
= ofo f o o f

and is Ej-integral, thus fo is i-integral, we obtain =
Furthermore (f o )=f (o) N o )=f ( o ),thus =
o

f ( o )f . ince o isparallel in Ey, we have ( ) (Ey) and
hence =0.
ince o fo s parallel in (, we have ( ofo ) ( 1), thus =
( ofo )(f )'.Becauseof ofo (f )' =0 we obtain

0= ofo (f )
= (ofo )(f ) ofo . (10)

ince moreover fo is i-integral, we get

(G W= f [ efe =0

and with (10) we conclude immediately = 0. Herewith, ( ) and therefore also (6) is proved
completely.
For (7): Let = (o 1) M be an arbitrary point. Then the point := (o 1)
satisfies o( ) 1(). Hence, there exists a  -curve :[0 1] — () such that
(0) = (1) = . Let Eo( ) be an arbitrary vector and (M) be the vector
field along  which satisfies = o and (0)= . Then we have (Eyp)
because of (R4). Using (6) we obtain
=7 h( )= o f

= f f o | = ofo f (1) -

f
ince f (1) fEo()C off()) because of (3), we therefore obtain from (R4): f
(o), in particular f o(f())-
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Herewith, the theorem in the case =1 is proved completely.

In the proof by induction for the cases 1 in two situations we make use of the
following lemma, which is a certain associativity of the property that a map is a net morphism,
see [8, Proposition 2]. For that we define that a net = (FE;);—o & on a manifold M is said
to be locally decomposable if for every M there exists an open neighbourhood of
in M and a di eomorphism ®: — N onto a product manifold N = Hf:oNi which is a
net morphism with respect to | and the product net of N ; this is satisfied, for instance,
if (M ) is a WP-netted manifold.

emma . Let M := Hf:oMz' be a connected product manifold with product net =
(Ei)izo x and M some point. Let N be another manifold which is e uipped with a
net = ( i)izo k- uppose further that there exist two locally decomposable nets =
(E;)i=0 = ( j)j=0 , which are refinements of  and , that means there exists
a partition 0 ... = f:() i such that E; = Ej and ;= j for every 1 =
0 ... . fin this situation f: M — N is a net morphism with respect to and and
moreover

1=0... () g s FEC)C ((0)) (11)

then f 1is a net morphism with respect to the refinements and

Assuming that the theorem is true for some 1 let a connected warped product M =
M, polelMi with product net = (E;)i—o & 1,a WP-net =( ;)i=o0 x 1 on N and
an isometric immersion f : M — N with the uoted properties be given. Then we define
the connected warped product M := My x , ,, HleMi, its product net = (E;)i—o &,

the point :=( ¢ ... ) and the totally geodesic immersion M — M (¢ ... ) —
(o0--- % & 1) The second fundamental form h of the isometric immersion f := fo

M — N isgiven by h =ho( x ). As Ej( )= E;i( ()) for every M and
i=0... , f satisfies the condition (D) with respect to . Further, we define the WP-
net = (¢ k1 1--- g)on N. As (,()) = ,() forevery i =0 ... |,
f satisfies the condition (I) with respect to  and the nets and . Therefore, we
can apply the theorem in the case to f and obtain that f is a net morphism with
respect to  and . If we define the WP-net := (Ey ... Ex 0) on M (where 0
represents the trivial subbundle of M), then we can apply Lemma 3 using the partition
0... 1 =0 1 1 - and the dictionary

Lemma3 | M| |f] | | |

Here M| [f] [ | |
and obtain that f is a net morphism with respect to and ; notice that (11) is satisfied
in this situation because f E;( ) = f Ei( () € 4(f()) for every ; () and 7 =
0 ... . In particular we now even know that for every point M we have

i=0... fE(Q)=FE()c «(f()) (12)
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hence fT M < , (f()). If now and are the WP-nets on M resp. N given
by = (£, Ey) = E,, Ex 1 and =(¢ 1)= %1 k1 ,then we therefore

conclude f( ,()) = f(M) € , (f()). By assumption of the theorem we also have

FOC.0)=fC,10))C ,(fC)= 1 (f()). Furthermore, f trivially satisfies also
condition (D) with respect to  and the net , and  in fact is the product net of the
WP-representation M = M x, My, 1 of M, where isgivenby (o ... %)= % 1( 0)-
Thus, we can apply the theorem in the case = 1 to f and obtain that f is a net
morphism with respect to and . ince because of (12) and (3) we moreover have
fE()C «(f()) for every o()= (M) i=0... and fE()C & 1(f())
for every ()= 4 (), we can apply Lemma 3 again using now the partition
0... 1 = 0... 1 and the dictionary

Lemma,?)H M ‘ ‘f‘ ‘ ‘ ‘
Here HMX,;Mk1‘ ‘f‘ ‘ ‘ ‘

and obtain that f is a net morphism with respect to  and

roof of Theorem 2. The crucial point is the proof of the inclusion f(M) C G. All other
assertions are an immediate conse uence of orollary 1 applied to the map ® 'of. But this
inclusion has already been proved in the setting of arbitrary nets in [8, Proposition 3], if two
hypotheses are satisfied: The first hypothesis (i) is identical with condition (I); the second
hypothesis (ii) means that for every family ( ;)i—o x of connected open subsets ; C M;
with = Hf:o ; and f( ) C G the restriction f| : — G is a net morphism with
respect to | and ; this is satisfied in our situation because of Theorem 1.
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