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Abstract. This paper contains a proof of the following result which is an extension

of the main result in [5], to the general case of real flag manifolds (also called R-

spaces or orbits of s-representations).

THEOREM. Let M be a real flag manifold and let — M it anoni al embed

ding Let [M] o dim M) be t e ariet of dire tion of oint ie
lanar normal e tion at a oint of M and let  [M] L be t e nat ral
om le i ation of [M] Let denotet e ler oin are ara teriti t en

@ [M]) C 9
i [M]) C 9

ntro ction

n [5] we introduced the ariet  [M] of directions of pointwise planar normal sections and
its natural complexi cation  [M] of a natural embedding of a real flag manifold (also
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called R-spaces or orbits of s-representations). That paper continued the pioneering wor
of . . hen [ ] and other authors ([ |, [ ] etc.) on normal sections of submanifolds of
Euclidean spaces.  [M] is a real algebraic ariet in the real pro ecti e space L and
[M] is a complex ariet in ! where is the dimension of M. To some extent, the
measure the di erences between the gi en manifold M and a s mmetric real flag manifold.
The arieties [M] Land  [M] Lare uitedi erent from their ambient
pro ecti e spaces howe er, surprisingl , the main result in [5, p. , ( . )] is the following

heore . Let M be a om le flag manifold and let M be one of t e
nat ral embedding of M in t e Lie algebra  of Let  [M] Lbvet e ariet of
dire tion of oint @ e lanar normal e tion at a oint M and  [M] Lie
nat ral om le i ation of [M] f denote t e ler arateriti t en

(i) () Y
(i) () (Y dim M

The methods of [5] were not su cientl strong to get this result for the general case of real
flag manifolds (R-spaces). The ob ecti e of the present paper is to gi e a proof of this result
in the general case.

Our result is the following

heore . Let M be a general real flag manifold al o alled a e or orbit of an
re re entation andlet M be it nat ral imbedding Let [M] Lt e ariet
of dire tion of oint © e lanar normal e tion at a oint M and  [M] Tie

nat ral om le i ation of [M] f denote t e ler arateriti t en

() (Y m
(i) )y (Y dim M

s we indicated abo e this result contains the pre ious one since e er complex flag manifold
is an e en dimensional real flag manifold.
The paper is naturall di ided into two parts considering the real and complex cases
which re uire di erent arguments.
The next section contains the re uired notation and basic results. ection contains the
re uired arguments for the real case and ection the proof of the rst part of the main
theorem. ections 5 and are de oted to the complex case.

asic acts

n the present section we introduce some of the basic notation to be used throughout the
paper. 1l unexplained notation will ha e the same meaning as in [5].

et M be a Riemannian manifold. et M be an isometric immersion and a
point in M. e ma identif a neigborhood of with its image b ~ and consider, in the
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tangent space (M) a unitar ector . f (M) denotes the normal space to M at
we ma de ne an a ne subspace of b

() (M)

f is a small enough neighorhood of in M then the intersection () can
be considered the image of a regular cur e () parametri ed b arc-length, such that
() () . This cur e is called a normal e tion of M at in t e dire tion of
n a strict sense, we ought to spea of the germ of a normal section at determined b
the unit ector . change in the neigborhood  will change the cur e howe er, this new

cur e will coincide with in the proximit of ero. ince our computations with the cur e
are done at the point ~we ma ta e an one of these cur es. e ma also assume that is
an embedding.
ollowing . . hen, we sa that the normal section of M at in the direction of
is oint i e lanar at if its rst three deri ati es () () and () are linearl
dependent, i.e. if () () ()
n [5] we studied the pointwise planar normal sections of an orbit of an s-representation
(i.e. of the natural embedding of an R-space or real flag manifold). n order to mention one
of the results obtained there, we need to recall some strictl necessar notation.
et M be the natural embedding of an R-space and let  denote the Rie-
mannian connection associated to the metric induced from the Euclidean metric . et
denote the canonical connection associated to the usual reducti e decomposition of the
ie algebra of the compact ie group de ning M. et denote the di erence
tensor and  be the second fundamental form of the embedding . The indicated result is
the following.

heore . 1[5 (.5)] f M i t e nat ral embedding of an aeand 1 a
oint in M t ent enormal e tion it () and () ¢ oint i e lanar at
if and onl if t e nit tangent e tor at ati e t ee ation

C C )

i en a point in the R-space M we ma consider, in the sphere of radius in (M) the

subset
[M] (M) «C C ) ()
ince [M] clearl implies [M] wema ta e theimage [M] of this set in
the real pro ecti e space !, ince M is an orbit of a group of isometries of the ambient
space it is clear that ~ [M] does not depend on the point and we ma denote it b
[M]. tisnothard topro e [5,p. ,( . )] that [M]isareal algebraic ariet of !

de ned b homogeneous pol nomials of degree . Then  [M] the natural complexi cation
of [M], is a complex algebraic ariet of L

The necessar ingredients to construct the arbitrar R-space M and its canonical em-
bedding are the following. et be a real semisimple ie algebra without compact factors,
a compactl imbedded subalgebra of and the artan decomposition of relati e
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to . et denote the illing form of then can be considered a Euclidean space with
the inner product de ned b the restriction of to . et () be the group of inner
automorphisms of . The iealgebra ( )of ma beidenti ed with . This has thee ect
of identif ing the ad oint action of  on its ie algebra () with the natural action of

on . et be the anal tic subgroup of corresponding to is compact and acts on
as a group of isometries. The R-space M is, b de nition, the orbit of a non ero ector
ie, M . This de nes also the nat ral embedding M of the R-space

M into the Euclidean space (). e ta e on M the Riemannian metric induced b this
embedding. urthermore we will assume that the natural embedding is full, i.e. (A/) is not
contained in an a ne h perplane of

et us denote b the isotrop subgroup of the point  and then, as a homogeneous
space M . 1 general the group is not connected and we denote b | ] its
connected component of the identit . et  be the ie subalgebra corresponding to [ |
in . et be the orthogonal complement of  with respect to the restriction of to (it
is negati e de nite on ). Then is a reducti e decomposition, i.e. ()

urthermore we ha e
() [ 1 [ ]

and also () isonetooneon andonto (M).

One has the following fundamental existence theorem.

heore . [ ,p. | Let be a red ti e omogeneo ae it a eddeom oi
tion of t e Lie algebra () eree tt aonetoone orre onden e
bet een t e et of all in ariant a ne onne tion on and t e et of all bilinear
f n tion t  ati f

() ) O) () )
for ea and e orre onden et gi en b
C ) )

et denote the natural pro ection and assume that we ha e an in ariant
a ne connection on . e want that the connection ma ha e the following
properties.
() etexp( )betheoneparameter subgroup of generated b . Then (exp( ))

(exp( )) 1isaregular cur e such that its famil of tangent ectors is parallel along
the cur e itself.

() etusconsider the cur e (exp( )) (exp( )) in . et then the
parallel displacement of the ector tangent at  along this cur e coincides with the
translation of b the one parameter subgroup exp( ).

t is clear that if the a ne connection  has the propert ( ) then it also satis es ().

ro osition .| ,p. | ein arianta ne onne tionde nedb t ef n tion ali e
() ifandonl if ( ) for ea en on ared ti e omogeneo ae
t ere e it one and onl one a ne onnetion i ati e ( ) ti denedb te
onne tion f n tion 1 1 identi all ero on
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This in ariant a ne connection is called the anoni al a ne onne tion of t e e ond ind
on with respect to a xed decomposition of the ie algebra

. Le as or the real case

et [ ] be a maximal torus which we shall eep xed. The torus acts on and
on M b isometries and we ma consider in both spaces the respecti e sets of xed points,
namel ( )and ( M). Of course, is a subspace which contains the ector
and ( M) ma ha e se eral components (all of them compact, totall geodesic
submanifolds of M). et M [ ( M)] denote the connected component containing the
point . tisclear that M [M | .
t the point  we ha e the tangent space (M) and the subspace (M)

(M). tis clear that

M) ()

and we can determine a subspace such that

L]

The subspace is, of course, determined b our choice of the torus [ ]. Howe er
the subspace is a proper subspace of for an torus , as the next lemma shows.

Le a . oreer maimaltor [ ] ()
roof et ussee rst that there exists at least one maximal torusin [ | with the re uired
propert .
f for e er maximal torus [ ] the subspace coincides with then the subgroup
[ ] acts tri iall on . This implies that the group [ | which is normal in is also
normal in
ow according to [ , p. 5, . ,(iii)] we ma write e er element in as (exp ) for
some , and then
(exp ) [ ] ‘lexp( ) (exp )[ ] (exp( )
ow for each [ ] wehae
(exp ) (exp( ) (exp ) (exp( ) °

(exp )(exp () )
(exp )(exp( ))

and this pro es that the subalgebra ([ ]) is a compact ideal in the semisimple
ie algebra  which is supposed to contain no compact factors. This contradiction pro es
that there is at least one maximal torus  such that () .
ow an other maximal torus in [ ] is of the form ! for some [ ]. et
( 1), then () Dbecause, if () then () for some
and then for

' ()
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f then () (1 () andso (1) which shows that
() and pro es that () -
Then () and this shows that if is a proper subspace of then sois  and

the lemma follows.

Corollar . oran ma imal tor [ ] [ ( M) M
roof the pre ious lemma, for an maximal torus [ ] is a proper subspace of .
f for this torus we ha e [ ( M)] M then M and this contradicts our assumption

that the embedding is full.

ince  is the canonical a ne connection of the second ind in M the -geodesics through
in M are of the form  (exp( )) for

Le a . or t e geode i in M (exp( ) i ontained in M fore er

roof et bean elementof . ehae

() (exp( ) () (exp(
(exp( ()

—~ ~— ~—
~—
—
]
[
i)
—~
~—
~—

This means that  (exp( )) and hence  (exp( )) M ] M .

et us denote b () the centrali er of the torus [ ] in the group
Le a . egro ( )at tran iti el on M

roof f then the monoparametric subgroup exp( ) is contained in the
group ( ) because all its elements commute with . t is well nown that the group

() is connected and therefore the orbit ~ ( ( )) is connected and it is contained
in M . urthermore this orbit is clearl closed in M b compactness.
ut it is also open in M because

and therefore

This pro es the lemma.
et be the ie subalgebra corresponding to the subgroup (). Then . et now

[ ]

we ha e the following

Le a . and t 1 de om o ition i red tie
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roof t is clear from the pre ious lemma that and since () is in ecti e on
this is a direct sum.
ccording to the de nition [ , p. | we need to chec that () , ()
such that ()
ince

but, for

and then

and the lemma is pro ed.

et us recall that a submanifold M of a manifold M with an a ne connection is said
tobe a to arallel [ , ,p. ]if -parallel translation in M along a cur e in M alwa s
ta es ectors tangent to M into ectors tangent to M .
t is possible to induce an a ne connection into the autoparallel submanifold called
the ind ed onne tion

Le a ..M i a to arallel in M and t e ind ed onne tion oin ide it t e
anoni al onne tionin M a o tated tot e red ti e de om o ition

roof ccordingto[ ,p. , | M isautoparallelif and onl if for each pair of elds
and  tangent to M is also tangent to M .
et beapointin M . 1ientwo elds and tangent to M we need to pro e that
(M ).
e now that the connection is in ariant b the action of the group on M i.e. for
each
() ()
ut () ( ) and therefore the in ariance means
() ()
Then, for e er we ha e

which shows, in particular, that

ince this belongs also to (M) we ha e
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e want to pro e now that the induced connection coincides with the canonical connec-
tion of the reducti e decomposition . et us denote b ! this last connection.
t is clear now that the induced connection satis es the axiom () because the -
geodesics in M generated b ectors in  remain in M (see emma ) and the -parallel
translation along these geodesics is the same as in M.

Then b roposition 5 we ha e
1

This completes the proof of the lemma.

et us set the notation () and ( () et be the subspace
generated b M . This subspace is clear]l in ariant b the group and

ro osition . e a ein are re entation oft e gro it ind ed re re enta
tion () and M i an orbit of t i re re entation i de ne af lliometri

embedding of M in
e e ond f ndamental form of t © embedding v arallel it re ettot e anoni al
onne tion on M

roof  learl the representation ( ) is ust the restriction to  of the ad oint
representation of on ,ie. () () :
the de nition of |, the orbit M () clearl de nes a full isometric embedding
of M into
n order to compute the canonical co ariant deri ati e of the second fundamental form
of M in weresort to |, p. 5, emma | which we reproduce, with our present

notation, for the bene t of the reader.

Le a . or arbitrar tangent e tor in (M) t e follo ing form la old

o ) L) )]
@ ) [C) ()]
@ H)C ) L) €

ere are t at () () and () are
in (M) and  indi ate tangent and normal om onent re e ti el

ow we compute the canonical co ariant deri ati e of the second fundamental form of M

C HCH) [ C) )

To compute () () we use the structure of our R-space M. ince

C ) [C) )]

where () and () if isan normal ector to M at the point , we ha e
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Then
and we obtain

This clear] shows that

C )C ) (M)

and completes the proof of the proposition.

Le a . e dimen ton of t e manifold M and M are eit er bot e en or bot odd
and dim M dim M

roof et us assume that the dimension of M is e en and let  be the unit sphere in
(M). Then dim is odd and this implies that its Euler- oincare characteristic anishes

() . et be the unit sphere in (M ). The sphere supports the action of the
torus [ ] (b the isotrop representation) and since () wehae
() . This ob iousl indicates that dim  is odd and in turn implies that dim M is

e en as we wanted to pro e. The proof in the other case is similar. The ine ualit follows
from orollar

Le a . [M] ( [M])
roof e wor at the point . e now that M is a totall geodesic submanifold of M
with respect to the Riemannian connection and  -autoparallel. This implies that we ha e

the following identities where the upper index M or M indicates that the ob ect corresponds
to the manifold M or to M .
f (M )and isan tangent ector eldin M such that ( ) we
ha e
(i)
(i)
(iii) () ()
(i) () ()
These last two follow from (i) and (ii), and then we get

() ) C -

et now [M ] (for de nition see ( ) or [5, p. ]) then () and

)

( ) we ha e now

which shows that ( [M]).
f, on the other hand we ha e ( [M]) then () which implies
and since () we haeb () () and then
[M ]. This ields the e ualit of the lemma.
Corollar . (M) ( [M])

roof This follows from the pre ious lemma and [5, p. , (. )]
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irst art o the roo o the ain theore

e can gi e now a proof of (i) of Theorem
et M be our real flag manifold and M its natural embedding. orollar
we ma construct a proper submanifold M; M (M; M [ ( M)] ) which, b
emma ,is -autoparallel in M and its induced connection coincides with the canonical
connection associated to the reducti e decomposition

urthermore there is a subspace such that (M) and this is an embedding
with parallel second fundamental form with respect to the canonical connection that we ha e
in M; ( from roposition ). the main result in [ | this is e ui alent to the fact

that M, is a real flag manifold and  M; is its canonical embedding (this is full b the wa
in which we constructed the subspace ). learl this process has lowered the dimension of
M into that of M;. emma the dimension of M; is e en or odd in accordance with
the dimension of M.

e ma start now all o er again with M; instead of M and construct a new real flag
manifold M and continuing in this manner we ma obtain a se uence of proper submanifolds

M My, M M

all of which are real flag manifolds and ha ing e en or odd dimension according to that of
M itself.
This process must stop and we need to nd out where. To that end let us anal e what
are the possibilities when we want to construct M | from M . et us rst remar that since
M is in fact the full canonical embedding of the real flag manifold M , orollar  implies
that if  is a maximal torus in the connected component of the identit of the isotrop group
of in M then
[ M) M

learl we ha e now two possibilities, namel

and in an case,wede ne M | [ ( M) .
n the rst case (which happens onl when the dimension of M is e en) we ha e M

[M 4] and ( [M 4]) . rom orollar it follows that
( [M])
et us consider now the situation ( ).
f the dimension of M is e en our process of construction M M  ma continue
until we reach a such that dim M and then we are bac to case ( ) abo e.
f on the other hand dim M is odd, since dimM  dimM we could not
end with dim M so our last possibilit is dim M for some . e ha e then a

one-dimensional real flag manifold M and M  is its full canonical embedding. ¢t is
nown that for this embedding the second fundamental form is onto ([ ]) and therefore the
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normal space of the embedding must be one-dimensional too. This means that the subspace

such that (M ) has dimension two and so M  is ust a cur e contained in a
plane. Then there is onl one normal section which is ob iousl planar and in turn  [M
consists of a single point. Therefore ( [M ) and this ields ( [M]) . This

completes the proof of (i) of Theorem

. Le as or the co le case
et be the orthogonal complement of (M )in  (M). tis clear that is
-in ariant.
Le a . ( (M))) ( (M))
roof  or (M) | ] means the e ui alence class of in the pro ecti e space
( (M)). ehae]] ( ( (M) ))ifand onl if  isasubspacein (M)
in ariant b the action of
ince
(M) (M)
and (M) ( (M) ) an  -in ariant complex -dimensional subspace is con-

tained either in (M ) orin

n ection we ga e the de nition of a real flag manifold as orbit of b the ad oint
action of | the anal tic subgroup of correspondingto . et be the complexi cation of
and the con ugation of  with respect to . ince is a artan decomposition,

there exists a compact real form  of  such that

et  be the simpl connected semisimple ie group associated to . et ; and be
the anal tic subgroups of  corresponding to the subalgebras and respecti el . [, p.
5, (ii)] the are both closedin andb [,p. 5, . (iii)] is alsosimpl connected.
et 1 be the anal tic subgroup of corresponding to  The group ; is compact and
clearl 1 1 . oW 1 is a sur ecti e anal tic homomorphism and
(1)
On the other hand, if we ta e on  the Euclidean metric induced b the orbit M
(1) is isometric to our space M. n fact,b [, p. | if then
( ) ( ) «c ) )

et M be the orbit of b () itis ob iousl a complex flag manifold. ow

consider on M the Riemannian metric induced b the inner product on  de ned b
t is clear that M is isometricall embedded in M .
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ro osition . M ¢ totall geode v in M
roof Recall that denotes the con ugation of  with respect to ince is an auto-
morphism of  and is simpl connected, induces an automorphism  of de ned
b
(exp( ) exp( )
Then
( (exp( 1)) exp( () exp( ()
that is
() ()
ince () and so
() [ O)CC )l C ) )
and since M () the automorphism  induces a well de ned map
M Mb
( ) ) ()
learl
() () M
and hence is an isometr of M with the induced metric from on .
ince M it is clear that M is contained in [ ( M )]  the connected component
of ( M) containing . t also clear that and
( M) | (M)
ow

where (M) and
Then we ha e

( (M) (M)
because an  ector in (M ) with non- ero component in  is not xed b
This pro es that M isopenin [ ( M )] but since it is compact, it is also closed and

sowehaeM [ ( M)]
t is a well nown fact that the xed point set of an isometr in a Riemannian manifold
is totall geodesic. This pro es the assertion.

ollowing pre ious notation, we use upper indexes M or M to indicate that the ob ect under
consideration corresponds to M or to M .

Corollar . 1) M ii) M
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roof (i) follows from the fact that M is totall geodesic in M . (ii) is a conse uence of
roposition 5.

The abo e corollar ields that

( C ) () (M) ()

The complexi cations of and are

(1 1 ) (v ) (v ) [ Co ) (1)
(1 1 ) (1 ) (¢ ) [ (1 ) (1 )]

de nition  [M] (resp.  [M]) is the algebraic sub ariet of  ( (M) ) (resp.
( (M)))de ned b the e uation

CHcCc )C )

(esp () C )C ) )

for (M) (resp. (M) ).
ow a straight forward computation shows that

Then we ha e

Le a . [M] ( ))  [M]

et us set M [ ( M)] and (M ). The reader can immediatel erif that
the proof of emma  translates mutatis mutandis into a proof of the following

Le a . ( ( (M) C M)) C )

e ha e now

ro osition . ( [M]) [M ] [ ( C ) [M]

roof emma,
[M] ( M)  [M]
and since (M) we ha e
() ( (M)
Then
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and furthermore
( ) M) [M]) ()

esides, it is clear that e ualit ( ) from the proof of emma 5 holds for the manifolds
M and M therefore
M1 [M]) ()

and then ( ) and ( ) pro e one of the re uired inclusions.
nstead of pro ing the other one, we rather see that

O L A C )

ince b de nition
[M] ( (M))

it is clear that

(M) (

b emma
Then it su ces to show that

( [M) ( )) M ]

and in fact it is enough to see that

[M] ( M)) (M ]
and this is clear.
et us consider now the sets and de ned as follows
M1 [ ( C ) [M]]
( [M])
M1 C )

Then we ha e the inclusions

and intersecting with ~ [M | we obser e that

[M]
[M]
[M]

Then

and the proof of the proposition is complete.
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ince [M ]and ( ( )) are clearl dis oint, it follows that

CC )y M) (f () M)

ow we ha e the following crucial fact

ro osition . ( ( C )y M) (( )

roof  or the manifold M () wema consider the center of the isotrop group
() . The group pla s an essential role in the proof of the main result in [5]. t acts
naturall on (M) and then on ( (M)) (see [5, p. |) - There, (M) is
denoted b and we shall adopt here the same simpler notation.
ince we ha e

C ) )

Our torus is maximal in but, as we ha e obser ed, ( 1) and
1 1 . There is a torus ; 1 such that (1) (in fact we ma ta e
. [ ‘()] which is clearl compact, connected and abelian).

ow 1 actson M exactl as and then

(« C ) C € )

urthermore  ( ( ))isin ariant b the action of on () because com-
mutes with ;. Then it ma es sense to consider the submanifold (  ( ()
e ha e now the following ob ious identit
( ) O C ) C ) (5)

ow, part (ii) of roposition (. )in [5, p. | sa s, in our notation,

( c) O [M]

and hence we ma replace it in (5) obtaining

(o C )) C ) M)

This pro es
CC C N 01« ) [M1]))
ow we appl Theorem ( . )in [5, p. | and obtain our proposition.

ow, from ropositions and  we obtain (againb [5,p. ,( . )]

Corollar . ( [M]) ( [M]) (( ()
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et us consider now the diagram

M M
M M
where () is clear] an isometric isomorphism from to  and therefore it induces

isometries on the other le els because we are alwa s ta ing the induced metric on the sub-
manifolds. urthermore, since  ta es planar normal sections into planar normal sections,
from our pre ious corollar , we get

Corollar . ( [M]) ( [M))

. Secon art o the roo o the ain theore

e are, nall | in position to pro e part (ii) of Theorem . orollar we ha e

( M) (M)

f, b inducti e h pothesis, we now that

C )y M)) ()

then

( WMy C C M)))

emma  we ha e now

and then again b [5, p. ()]
C ) C C M)

The proof is then reduced to get identit ( ) and to that end we ha e to proceed as
in ection setting M; M [ ( M)] and constructing our se uence of proper
submanifolds

M M M M

all of which are real flag manifolds and ha ing e en or odd dimension according to that of
M itself.

This process must stop and, as we noticed in ection , if our last manifold is M then
we ha e the following possibilities

) M (dim M e en)
) dim M (dim M odd)
f we ha e M then [M ] and also  [M ] which clearl implies

( M) . urthermore in this case (M) and then ( (M))
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This ields ( ( (M))) and so the identit ( ) holds tri iall in the last step of
our re ersed induction process.

On the other hand, if we ha e the second possibilit for M then, as was indicated
in ection , we ha e that [M | consists of a single point. ince dim M we ha e

(M) and of course ( (M )) . Then ( (M) ) consists of a single point
and clearl so does [M .

Then we ha e

( [M]) ( C )))

and the identit ( ) also holds tri iall in the last step of our re ersed induction process if
the dimension of M is odd.
This completes the proof of Theorem
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