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Abstract

In this paper, we classify all three-dimensional complex contact manifolds
which have global complex contact forms and which are complex homogeneous
with transitive groups of holomorphic contactomorphisms. We compare these
results to previous results by W. Boothby and J. Wolf.
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1 Introduction

A complex contact manifold is a complex manifold M of complex dimension 2n + 1
with an open atlas &/ = {O} such that

1. On each O € U, there is a holomorphic 1-form 5 with 5 A (dn)™ # 0 everywhere
on 0.

2. On O N O, there exists a holomorphic function f : O N O' — C* such that
n=rn

In particular, H'? = Upey(ker 1) is a well-defined holomorphic subbundle of 710 M
with maximal rank. We say that M is complex homogeneous, if there is a complex
Lie group G acting transitively as a space of biholomorphic contactomorphisms (i.e.
preserving H) on M. For a general reference on these types of manifolds, see [3] and
[13].

In [4] and [5], W. Boothby classified all compact, simply-connected complex ho-
mogeneous complex contact manifolds. By later work of J. Wolf [20], S. Salamon [17],
and B. Bérard-Bergery [1], it was found that this list consisted of the twistor spaces
of homogeneous quaternionic-Kahler manifolds (See [2]). However, this list excluded a
sizable portion of complex contact manifolds. In particular, those with global complex
contact forms are left out, since their universal covers are not compact.

In this paper we will be classifying these manifolds. We will make heavy use
of the fact that all homogeneous complex 2-manifolds and 3-manifolds have been
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classified in [1 ] and [1 ], respectively. In the first section, we discuss an important
class of complex contact manifolds, the so-called complex Boothby-Wang fibrations.
In the third section, we present the main results. Finally, we end the paper with some
remarks.

o oot n r tion

In this section, we describe a newly discovered class of complex contact manifolds,
called the complex ooth ang  ations. ecall that in [ ], W. Boothby and H.
Wang proved the following theorems.

heorem oothby an ibration arti et e a s mplectic mani
fold ith fundamental 2 fo m  such that [ ] € (M, ). hen the p incipal '
undle M co esponding to [ | has a connection fo m 1 such that dn is the pull ac
of andmnis a glo al eal contact fo m on M.

heorem oothby an ibration artii et M e a compact, egula
contact manifold ith contact fo m n'. hen M is the total space of an p incipal '
undle M — , hee s as mplectic manifold ith s mplectic fo m . lso,
the e is a no he e e o function on M such thatn = n' is a glo al contact fo m

on M and a connection fo m fo the  ation such that dn = ( )*( ). astl, the
fee ' action on M is de ned  the cha acte istic ecto eld ofmn, gi en  the
e uationsn( ) =1 and ( )dn =0.

The resulting real contact manifolds are called eal ooth ang  ations
In [ ], the author proved complex analogues of these results.

heorem Com le oothby an ibration arti et eacomplex
s mplectic manifold ith a complex s mplectic fom = 1+ such that oth 1
and a e integ al classes hen M the ! V' undle de ned ([ 1], ]) €
(,) (,)of[]e (, 4+ ) has an integ a le compler st uctu e
and also a complex contact st uctu e gi en  a holomo phic connection fo m hose
cu atu e fo mis gi en

heorem Com le oothby an ibration artii etM ea n
dimensional compact complex contact manifold ith a glo al holomo phic contact fo m

such that the esulting e tical e tical ecto elds and ae egula in M.

hen gene ates a fee ! L action on M, and M is an p incipal ' L undle
o e acomplexr s mplectic manifold  such that is a connection fo m of this  ation
and the s mplectic fo m on  is gi en *o=d .

In our context, we are curious as to which of the above manifolds (called complez
ooth ang 1 ations) are complex homogeneous. In particular, we need to know
which complex symplectic surfaces are complex homogeneous.
In [10], H. eiges classified all complex symplectic surfaces.

heorem ei es et M e a closed manifold hen M admits a complex
s mplectic st uctu e if and onl if M is di eomo phic to one of the follo ing mani
folds
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complex to us,
p ima odai a su face,
u face

Furthermore, in [1 ], K. Oel eklaus and W. ichthofer give a list of all complex ho-
mogeneous surfaces:

heorem et M e a complex homogeneous su face

f M is compact, then it is di eomo hphic to one of the follo ing

a
1 1
c complex to us
d homogeneous opf su face
e  he p oduct of an elliptic cu e ith L
f M is non compact, then it is one of the fol
lo ing

a p oduct of complex homogeneous iemann su faces
topologicall t i ial * wundle o e an elliptic cu e
n elliptic cu e wundle o e

c
d ce tain nont 1 ial * wundle o e

* 1

e undle o e
f positi e line undle o e
g hea ne uad ic

h  he complement of the wuad ic cu e in ith the a ne wuad ic as its
uni e sal co e

The intersection of these two lists is simply the set of all complex torii. In [ ], the
author shows that only a certain class of complex torii have complex Boothby-Wang
fibrations and that the universal cover of all such fibrations is the complex Heisenberg

group

1 1
c= 0 1 i, , €C
0 0 1

The complex contact structure of this manifold is given by the left-invariant form
=d d . For further details on this group, see [7].
int or

iven a complex contact manifold M with a global complex contact form , we define
€ TYOM to be the unique holomorphic vector field given by the equations:



We then let = spancy( ). Then is a holomorphic subbundle of T'°M, which is
transerve to H, i.e. THOM = ‘H. In general, the author shows in [8] that such
transerve subbundles can be constructed on any complex contact manifold, although
the resulting vertical bundle  in these cases will not necessarily split 710 = A
holomorphically.

heorem f M is a th ee dimensional complex homogeneous complex contact
manifold ith glo al complex contact fo m, then M is of the fo m M = G he e
G is a simpl connected th ee dimensional complex ie g oup and G is a disc ete
su g oup

uppose G is unimodula hen

a G= (2, ),ifrk( d( )) =2,

G= (2), the uni e sal co e of  (2) the igid motions of the complex
euclidean plane, if rk( d( )) =1,
c G= ,ifrk( d( ))=0.

uppose G is not unimodula  hen G is necessa il sol a le rk( d( )) =1
and G is one of the follo ing complex ie g oups

a  he semidi ect p oduct G = ,fo an € * 1, hee isa
ce tain ep esentation of in G (2, ).

e e
G= 0 e 1, , €
0 0 1

roo We prove this theorem in two lemmas. The first lemma will classify all left-
invariant complex contact structures on complex Lie groups the last will show that
there are no other possible three-dimensional complex-homogeneous complex contact
manifolds with a global complex contact form.

emma uppose G is a th ee dimensional, simpl connected complexr ie g oup
ith a left in a iant complex contact st uctu e H. hen G is one of the complex ie
g oups as desc i ed a 0 e

roo Suppose G is a 3-dimensional complex Lie group with a left-invariant complex
contact structure. Let  be the Lie algebra of G. Then there is a 2-dimensional complex
subbundle H = e ,e such that [e ,e ] = 2f; € H. efine the left-invariant
1-form n € * by n = 1f;* with respect to the dual basis {fi,e ,e } of *. Then
there is a unique left-invariant vector field € suchthatn( )=1and ( )dn=0.
And, thus, we have n = 1 * with respect to the dual basis { *,e*, e*}.
Set e = . Then, for any €

0=((e)d)( )= guller, ).

Hence,
[e,e] = 2e 1€ 1€
[6 761] = € +
[er,e] = + e .
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An application of Jacobi s identity gives that

and also that

1 0
10
Then we have
0 0 0
d(el) = 0
0

We now split into the various possible cases of d(e1) according to its rank.
Case : 7 nk( d(e1)) =2.
In this case,

de # 0,
so that the equation
1 0
10
has a unique solution, namely ; = 1 = 0. So, we have
[e,e] = 2e
[6 761] = € + €
[er,e] = e + e.

Since de ( d(e1)) # 0, we know that d(e1) has at least one eigenvector  with

corresponding nonzero eigenvalue . Furthermore, d(e;) e ,e ,sothat €.
Also,
1
der) = 5 de,e))
1 1
= 3 dle) d(e) 2 dle) d(e)

In particular, 7( d(e1)) = L r( d(e) d(e) dle) d(e)) = 0. So, d(e1)
has another eigenvector in H with eigenvalue . By rescaling and renaming if
necessary, we then have:

[e,e] = 2e
[e ,e1]
[61,6]

(!
®
®
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Thus, is isomorphic to

1 0 0 0 0 -
120 =" o 7 - 2 g 0 0 o0
Thus, G = (2,C) and hence is unimodular.
Case : r nk( d(e))=1
In this case,
de =0,
yet one of the rows is non-zero. Let us assume that # 8 . Then
=k ,
so that =k =k .Also,
0 _ k k 1
0 n k 1
_ k( 1+ k 1)
1+ka
Thus, 0= 1+ k 1.
Hence, has the following Lie algebra structure:
[e ,e] = 2e; k e + 1€
[6 761] = k e -+ k e
[e1,e] = k e + e .
with # 0. Thus, [, ] = e, ke +e . learly, if we choose e and e well
enough, we can assume k£ = 0. This will give us this Lie algebra structure:
[e,e] = 2¢ 1€
[6 761] = 0
[er,e] = e .
Set fi=2e1+ 1e, f = e.So, [, ]= fi,f .Itisthen easily checked that
e .fi] = 1A 2f
[e >f] = bil )
[f17 f ] = 0
so that, with respect to the basis {f1,f }, d(e )on[ , ]is given by the matrix
_ 1
T= 35 9
The characteristic polynomial ( ) of T'is givenby ( )= 1 +2 .Let

1 and  be the roots of . We then have two possibilities:



2. 1 #

Subcase : Suppose 1= = .
Then 1= 2 and =2 . Thus,

T =

1
Set f = —e . Then with respect to {fi,f }, d(f)on [, ]is given by the matrix

The characteristic polynomial of this matrix is ( ) = ( 1) . Furthermore, the
eigenspace of d(f ) corresponding to 1 is given by:

1= 3 h+f
Finally, it is easily checked that
d(f )( 3 fi) = 3 fi+ 3 i+ f
In particular, if we set
1 = 3 h+f
= f
= 5 fIJ
then
[ 15 ] = 1,
[ > ] = 1+
[ 1, ] =0
Furthermore,
_ LB
1 - €1 2 €,
1
= —e 5
_ 1
=3 €

Thus, H =,



ow, it easily checked that the Lie algebra given by

+
= 0 , , €C
0 0 0
satisfies the above criterion with
0 01
1 = 000 |,
0 0O
1 10
= 010 |,
0 0O
0 01
= 0 01
0 0O

Furthermore, having no center, the Lie group

e e
G= 0 e :, , €C
0 0 1

is the unique connected complex Lie algebra having as its Lie algebra. ote that,
using { 1, , } as above, we have that r( d( 1)) = 1, meaning that G is not
unimodular (by theorem in [15])
Case  Suppose 1 #
The characteristic polynomial ( )of d(e )isthengivenby ( )= ( 1)(
),i.e. 1= 1+ and 2 = 1

1
Set f = —e . Then, with respect to the basis {f1,f }, d(f ) on [, ]is given
1
by the matrix

1+ 1
2
T = b
— 0
1
The characteristic polynomial of this matrix is given by ( ) = ( 1)( ),
where = —-. Furthermore, the eigenspaces of d(f ) are given by
1 — -
1= > i+rf = 2 H+f
Set
2
1 = fl — f € 1
1
2
= L+ — [ €



Then

,_,,_,,_,
—

Finally H= 1+ , .
For any € C, not equal to 1, define the action :C — G (2,C) by

e 0

- 0 e

Let G =C C Dbe the semi-direct product, whose multplication is given by

(17 1)(; ):(1+ , 1+ (1) )fT 1, EC, 1, eC.

Set
_ 40
1 — d ) 0 o ’
d
= — 0
d b 0 0 )
d
= — 0, 0 :
d 0
Then it is easily checked that the Lie algebra of G is given by = 1, ,

that 1, , and  satisfy the Lie brackets given in the previous paragraph. Lastly
note that

r(d(1) = 0
r(d( ) =0
r(d( ) =
So, is unimodular if and only if = 1, in which case G is the universal cover

of (2,C), the space of rigid motions of the complex euclidean plane.
Case : r nk( d(e;)) =0

In this case, = = =0, sothat is the Lie algebra given by:
[e,e] = 2e
[e ,e1] = O
[er,e] = 0.

That is, G is the complex Heisenberg group.

emma uppose M is a th ee dimensional complex homogeneous compler con
tact manifold ith glo al complex contact fo mn hen M =G  fo some complex
ie g oup G ith disc ete su g oup G such that G p ese es .



roo . Let G be a complex Lie group of complex-contactomorphisms of M whose
action on M is transitive. Let G = be the Levi decomposition of G where
is a semi-simple Lie group acting on a solvable group via a representation f: —
( ). Then M =G  for some closed subgroup G.
Case Suppose G is semi-simple, i.e. = (0).
By the proof of the theorem A on page 147 in [4], we know that being semi-simple,
G preserves the global contact form 7 and hence also dn. Setting :G —- M =G
to be the obvious submersion, we have the standard statements for this situation:

1. If is a G-invariant form on G, then * = *( ) is an element of * such
that:
(@) (M) =0,

(b) d() *= *forall €l

2. onversely from the above statements, any form in * satisfying conditions a)
and b) is the image under * of a G-invariant form on G

3. If isa G-invariant formon G with *= * [then (d ) # 0 if and only if
(@ *) #0.

Let (,) denote the Killing- artan form of . Then there exists a unique €
such that *( )=(, ).Set ( )={ € :[, ]=0}.Forany , € ,

da*(,) =

I

N~ N~ DN~
~—~
=

So, ( )d *=0ifand only if [ , ]=0 (since (,) is nondegenerate). Hence, ( )=
{ € : ( )d *=0}. Furthermore,1  ( ).

Set =d Gsothatd o = 3. We know that d * # 0 and that
(d *) = 0 by statement b) above. So, with respect to some dual basis {e},...,e* }
of *,d * = ef Ae*, which means that ( ) = e,...,e . ied ()=
d CG 2. Therefore, ()=1
With respect to the nilpotent subalgebra C , has the root decomposition
= C 1 5
for nonzero root € ( )", where  and are the one-dimensional subspaces

of satisfying:



L0, In #£0).
Since both of the nonzero root spaces are one-dimensional, we can set = 3
and = . Then, for some #0and € ,
[ 1, ] = +
[ 1, ] = ( ) 1
[ > ]: ()
Since [ ¢, ] , we also know that there are some numbers ; and  such
that
[ 1, ] = 1 1
[, ]=
However, an easy application of the Jacobi identity tells us that = ;. Thus, by

ad usting and renaming the coe cients properly, we have

[ 1 ] = + 3 [ 3 ] = 0;
[ 1, ] = 1 [ ) ] =
In particular, 1, , , is a Lie subalgebra of , and we can thus assume that
G is 4-dimensional with as described above.
We also note that h = | is a nilpotent subalgebra of , which induces a root

space decomposition of given by:

= 9 R

where € h* is given by the equations:

()=, ()=

and ;=h, = = . Thus, hisa artan subalgebra of . However, it is
known that for a artan subalgebra h, the set of nonzero roots  of h spans h* (For
reference, see [11]). In our case, the set of nonzero roots consists of {  }, so that h*
is one-dimensional. Thus, G is a discrete subgroup, and the universal cover G of
M is a three-dimensional semi-simple Lie group.

Case Suppose G is solvable, i.e. = (0).

To prove the lemma for this case, we need to make use of the following proposition

due to Winkelmann [18].

ro osition Let G be a solvable, connected Lie group acting transitively on
a complex manifold with d @ 3. Then there exists a solvable, connected
complex Lie group  acting transitively on withd o =d .

Thus, in our situation, we know that M = for some solvable complex Lie
group  and some discrete subgroup . The problem is that it is not clear from
the proof of this proposition that the original complex contact structure is preserved
by this group . In fact, in general, it won t be. In order to remedy this, we will
construct a possibly new complex contact structure which is preserved by



We assume that M = . At e € M, we choose linearly independent vectors

, € M. We then extend these to form linearly independent holomorphic vector

fields in H'? near e. Also, let ' and ' be the -left-invariant holomorphic vector

fields on given by =, ‘= . So, we have a -left-invariant subbundle
H= ', " inTHOM.

Both H!'° and H' are 2-dimensional subspaces of a 3-dimensional vector space,

so that H0 N H' # (0) at each point on M. Thus, we can assume that locally

!

HIONH = ,ie. = L

Since #° is a complex contact structure, we know that [ , ]= € H. So,
{ , , }isalocal holomorphic basis of T:°M. Also, since we re assuming = /|
we can also assume that '= + for some local holomorphic function with

(e) = 0. Furthermore,

[al][a]:[a]:()'*'[’]'

In particular, [ , '] [, ] =( ) .So, [ , '] € . Since H' = HO,
weseethat [ , ']€H' . But[ , '] and H' are both -left-invariant structures on
M.So,[ , '] € H atall points on M. Thus, H'isa -left-invariant complex contact
structure on M = .

Case Suppose G is mixed, i.e. # (0) # .

By Winkelmann s list in [1 ], we know that all three-dimensional complex homoge-
neous manifolds in this category are C, C*, or C bundles over complex homogeneous
manifolds. Let : M —  be the corresponding bundle map in our case with struc-
ture group G. Since this map preserves the actions of G on M and , we know
that ker( ) is G-invariant. Set H' = HNker( .). So, H' is a  -invariant subbundle
of M.

We have three possibilities:

1. HNker( »),
2. H  ker( ),
3. HNnker( ) # ,but H / ker( ).

If (1) were true, then M would be a complex Boothby-Wang fibration over a
complex-homogeneous complex symplectic manifold, which as we have seen must be
a complex torus. In particular, the universal cover of M is the complex Heisenberg
group. If (2) were true, then by dimension-counting, H = ker( .). This is clearly
impossible, since the vertical subbundle of any submersion is integrable.

Finally, we come to case (3). There exists a -connection of the fibration M —

such that H" = NH # (0). Then X = H' H". Let € H', € H" be
local -invariant vector fields. Then ,( ) =0, and ,( ) is a well-defined vector
field on . Thus, [ «( ), «( )]= «[ , ]=0.S0,[ , ] € ker( «). This means

that ker( .) is 2-dimensional. By Winkelmann s list, then, we know that M is the
C -bundle over C ! given by the transition functions:

n
9

1

n o n n n 1

0 0
1 = 0o — o —
1 1



Furthermore, although the subbundle = may not live in ker( ), we can set
r:TM — ker( ) to be the holomorphic pro ection with respect to the holomorphic
splitting TM = ker( .) . Then we will have that = r( ) is a nowhere-zero
holomorphic vector field in ker( .), which can be taken as a nowhere-zero holomorphic
section of M as a C -bundle over C !. This is a contradiction, since it is known that
this bundle has no holomorphic sections. Thus, we have proven our lemma.

1n r r

iven a 3-dimensional complex contact manifold M with local complex contact forms
{ }, we can define a C*-bundle  over M locally by

={f :feC"} Lopr.

Let : — M be the pro ection. It is well-known that there exists a globally defined
l-form on such that

1. (d ) #0.

2. =0 on vectors tangent to the fibres created by the fibration — M.

3. () = forall €C* where is the right-handed C*-action on

Finally, it also well-known that any contactomorphism of M determines a unique

biholomorphism of  which (1) commutes with right translations, and (2) pre-

serves . onversely, any biholomorphism of  satisfying these conditions deter-

mines a unique contactomorphism of M. For a given € M and € (), set
={e€G: ()= }and ;1 ={ €G: ()= }. Then , and either
= jor 1 = C*. All of these facts are documented in [4]. It is clear that

M has a global complex contact form if and only if  is holomorphically trivial.

sing this terminology, our main theorem gives us the following corollary.

Corollary et M e a th ee dimensional complex contact manifold ith t ansi
ti e g oup of holomo phic contactomo phisms G. f is t i ial, then G p ese es
each glo al complexr contact fo m and hence the su g oup of G p ese ing a e
of oe M actstiiall on that e

This corollary allows us to extend one of Boothby s results, using a similar proof as
he does in [4].

heorem et M e a th ee dimensional complex homogeneous complex contact
manifold ith t ansiti e g oup of holomo phic contactomo phisms G. hen the e a e
t o possi le cases

he follo ing e ui alent statments hold

a G ist ansiti e on

isnontiial as a undle o e M

c 1= *



he follo ing e ui alent statments hold

a hesu setof Gpese inga eof acts as the identit on that e
ist i ital as a undleo e M
C = 1.
Boothby s original theorem assumed that M was compact and simply-connected
and also that G was semi-simple. Furthermore, in [5], Boothby showed that under
these same circumstances, the second category in his theorem is null. It is unknown

to the author whether there are any known examples of manifolds in category (1)
which are not homogeneous twistor spaces.
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