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Abstract

In this paper we shall consider the Riemannian manifold under some sup-
posed curvature conditions and investigate some properties about a complete
minimal hypersurface in a locally symmetric space. In particular, we obtain
characterizations of a totally geodesic minimal hypersurface in a locally sym-
metric space.
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1 Introduction

Let M™(c) be an m-dimensional Riemannian manifold of constant curvature ¢ which
is called a space form and M be a hypersurface of M™(c). Many differential geometers
have studied M from various points of view. For example, the study of hypersurfaces
with constant mean curvature of M™(c) was initiated by Nomizu and Smyth [4],
who proved some results. Later, Okumura [5] and Hasanis [2] characterized totally
umbilical hypersurfaces of M™(c), ¢ > 0, under a certain condition given by an
inequality between the length of the second fundamental form and the mean curvature.
Moreover, Cheng and Nakagawa [1] also generalized their results.

In consideration of these subjects, it seems interesting to the authors to investigate
some properties about complete hypersurfaces with constant mean curvature in a
locally symmetric space. This is closely relevant to the generalization of the so-called
Bernstein problem.

The purpose of this paper is to obtain the characterization of totally geodesic
hypersurfaces in a locally symmetric space under some supposed curvature conditions
and also to characterize complete minimal hypersurfaces in the same one.
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2 Preliminaries

We begin with recalling basic properties of hypersurfaces of a Riemannian manifold.
Let (M',g") be an (n + 1)-dimensional Riemannian manifold with the Riemannian
metric g’'. Throughout this paper, manifolds are always assumed to be connected and
the differentiability of any geometric object is assumed to be of class C*°. For any
point z in M’ we choose a local field of orthonormal frames {esa} = {eg, €1, -, en}
around z adapted the Riemannian metric g'. We denote {wa} = {wo,w1,---,wn}
by the dual frames on M' which consists of 1-forms on M’ such that wa(ep) = daB.
Here and in the sequel, the following convention on the range of indices is used, unless

otherwise stated :
A,B,---=0,1,---,n,

Z,],---=1,---,n.

Associated with the frame field {e4}, there exist 1-forms {wap}. They are usually
called connection forms on M' so that they satisfy the structure equations of M’ :

(2.1) de+ZwAB Awp =0, waB+wpa=0,
A
(2.2) dwap + ZUJBC’ Ndwcp = QUyp,
c
! ]‘ !
(2.3) AB =735 > Rupcpwo Awn,
c,D

where Q' = (4 5) (resp. Ry g p) denotes the curvature form (resp. the components
of the Riemannian curvature tensor R') of M.

Now, relative to the frame field chosen above, the Ricci tensor S’ of M' can be
expressed as follows :

(2.4) S'=Y" Shpwa@ws,
A,B

where S’ p = >~ Roapc = Spa- The scalar curvature ' is also given by
(2.5) Y=Y S
A

The components R/, z~pp of the covariant derivative of the Riemannian curvature
tensor R’ are obtained by

! _ !
E RypeprwE = dRypep
E

(2.6)
- E (Rygcpwea + RypopweB + Rypgpwec + RApcgWED).
B
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By M™(c) we denote an m-dimensional Riemannian manifold of constant curva-
ture ¢, which is called a space form. Then the Riemannian curvature tensor R z-p
of M™(c) is given by

(2.7) R;lBCD = C((SAD(SBC - 5AC(5BD)-

Next, let (M',g') be an (n + 1)-dimensional Riemannian manifold and let M be an
n-dimensional hypersurface of M'. We choose a local field of orthonormal frames
{ea} = {eo,e;} = {eo,e1,---,en} on a neighborhood of M’ in such a way that
restricted to M, ey, -- -, e, are tangent to M and eg is normal to M. With respect to
this frame field, let {wa} = {wo,w;} be its dual frame field. Then the Riemannian
metric tensor g’ of M’ is given by ¢' = >, wa ® wa. The connection forms on M’
are denoted by w4p. Restricting these forms to the submanifold M, we have

(28) Wo = 0,

and the induced Riemannian metric tensor g of M is given by g = Zj wj ® wj.
Then {e;} is a local field of orthonormal frames with respect to this metric and {w;}
is a local dual frame field due to {e;}, which consists if 1-forms on M. Moreover,
w1, - -,wn are linearly independent, and they are said to be canonical 1-forms on M.
It follows from (2.8) and the Cartan lemma that the exterior derivative of (2.8) gives
rise to

(2.9) Woi; = Z hijwj, hz'j = hji.
J

The quadratic form o = Zz j h;jw; @w;j ®eg with values in the normal bundle is called
the second fundamental form of the submanifold M. From the structure equations of
M' it follows that the structure equations for M are similarly given by

(2.10) dw; + Zwij ANw;j =0, wi+wj =0,
J

dwij + Zw,’k ANwgj = Q,’j,
k
(2.11)
Qij = ZRijklwk Awy.
k.

For the Riemannian curvature tensor R and R’ of M and M', respectively, it follows
from (2.3) and (2.11) that we have the Gauss equation

(2.12) Rijki = Rijpy + (hahjr, — harhji)-
The components of the Ricci tensor S and the scalar curvature r of M are given by

K

(2.13) Sij = > Rigjy, + hhij — I3
k
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gk

where h = Ez hz’z’; h,lzJ = ET hirhrj and hg = Ej h‘?]
Now, the components h;;; of the covariant derivative of the second fundamental
form a on M are given by

(2.15) Z hijrwr = dhy; — Z(hkjwki + higwe;)-

k k
Using (2.1) ~ (2.3), and (2.9) ~ (2.11), it follows from the coe cients of w; A wy, that
(2.16) hijk = hikj = Rojjp-

Similarly the components h;j,; of the covariant derivative of h;j; can be defined
by

(2.17) Z hijrwr = dhgjp — Z(hljkwli + harwiy + hijiwir).
1 7

On the other hand, differentiating (2.15) exteriorly and using the properties d> = 0,
(2.10) and (2.11) we see

Z(dhijk Awg — hijk Z Wit A wi)

k 1

1
= — ; dhkj N Wg; — hjk(; wrr N\ wy; + 5 Z Rriimwy N wm)

lym
1
+ dhir, A wij — hik(; wrr Awij + 2 zz Rijimwi A wm)
,m

Substituting (2.15) and (2.17) into the above equation, we have the following Ricci
formula for the second fundamental form on M

(2.18) hijkt — hijie = — Z(hirRrjkl + hjrRyikt)

from the coe cient of wy A wjy.
Let us denote the covariant derivative of R/, 5., as a curvature tensor of M', by
R pop - Then, restricting on M, R’ is given by
(2.19) Réijkl = Rf)z'jkl — Roiophji — Ré)ijohkl + Z lez’jkhmla
m
where Ry, ikl denotes the covariant derivative of Ry, ;i @s a tensor on M so that

! _ ! ! .
E :Roukzwl = dROz'jk - E :Roljkwll
l l

! !
- E Roirwij — E :ROz’jlwlk'
i l

(2.20)
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For the sake of brevity, a tensor h{} and a function hn, on M for any integer
m( 2) are introduced as follows :

(2:21) W= > hihiiohio,

(2.22) hm =Y B

Here we introduce a fundamental property for the generalized maximal principle
due to Omori [6] and au [7] and quote the following in order to prove our results.
heorem et M be an n-dimensional complete iemannian manifold  ose
icci cur ature is bounded from belo et be a C%-function bounded from abo e on
M tenforan >0 t eree istsapoint in M at ic it satis es

sup — (), grd () and () , en (2.23)

ere ist e aplacian operator on M

e a lacian o erator
In this section we shall consider the Laplacian of the second fundamental form. Let
M be a hypersurface of an (n + 1)-dimensional Riemannian manifold M’ and let us

denote by a the second fundamental form on M. Then the Laplacian  h;; of the
components h;; of o is defined by

(3.1) hij = Z hijkk-
k
From (2.16) and (2.18) it follows that
> hikgk + > Ry
k k
= Z hiijk + z Rbjkn
k k

Z{hkikj - Z(hz’llejk + hiiRuiji) + Rogjpn }-
& 7

hz'j

Replacing hpir; with hgri; + R()kikj in the above equation, we get
hij =Y hikig + > (Roujer + Ronirg)
k k

— Z(hillejk + hri Riije)-
k,l

Combining (2.12) and (2.19) with the above equation, we obtain
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hi; = Z hrij + Z(Rf)z’jk k + Rokir ;)
k k

+ Z(hijé)iOk + hier Roijo — Z hri Ry
k 1
+ > (hijRogor + hijRogio — Y hjRigir,)
k 1
— > (Rijw + hwhjik = hirhji)ha
kol

- Z(ka + hrihi; — hijhix) i
kol

and hence we have
hi; = Z hrri;  + Z(Rf)z‘jk % + Rogir, ;)
k k

+ (hRpjo + > hijRiyor)
(3.2) ¢
— Z(2hklR;cijl + hji Rigi + har Rjgjia)
k,l

+ hhfj — hahg;.

e cur ature conditions

In this section we shall consider the Riemannian manifold under some supposed cur-
vature conditions and estimate hg from below. Let M’ be an (n + 1)-dimensional
Riemannian manifold and let M be a hypersurface of M’'. For a point x in M’ let
{eo,e1,---,en} be a local field of orthonormal frames of M’ on a neighborhood of
z in such a way that, restricted to M, the vectors eq,---,e, are tangent to M and
the other is normal to M. For linearly independent vectors and in the tangent
space M’ we denote by '( , ) the sectional curvature of the section spanned by

and in M' and by R’ or Ric'( , ) the Riemannian curvature tensor in M’ or
the Ricci curvature in the direction of in M’, respectively. Let us denote by '’ the
Riemannian connection on M’'. We assume that the ambient space M’ satisfies the
following conditions :

(4.1) Ric'(eg,e0) c1,
(4.2) '(ei,ej) ¢ for any i and j such that i = j
and
c
4.3 'R =
(43) 2

for some constant ¢;,c2 and ¢ .
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When M’ satisfies the above conditions (4.1), (4.2) and (4.3), it is said simply for
M' to satisfy ¢t e condition () .
emar If ¢ =0, then the ambient space M’ is locally symmetric. Conversely
if the ambient space M’ is locally symmetric, then without loss of generality, we may
regard as ¢ = 0.
emar If M' is a space form M™ 1(c) of constant curvature c, then it satisfies
" C1
the condition ( ), where L =ae=c
In the sequel, we assume that the ambient space M’ satisfies the condition ( ) and
hypersurface M is minimal. Namely we assume that the function h vanishes. Then
the Laplacian of the squared norm hs of the second fundamental form « of M is given
by
he = (O hijhig) =2 (hijehij)k
i,J

.3,k

2 Z(hz’jkk hij + hijrhijk)
4,3,k
2 a?+2Y hijkhi,

3,5,k

where is the covariant derivative of the second fundamental form a and « 2 is
the squared norm of a.ie., a? = Z”k hijrhijrk- Hence from (3.1) and (3.2) it
follows that

hp=2 a® + 2 Z Z(Rf)kikj + Roiji ) + Zhinf)kOk
i, k k

- 2 Z(hklsz’jk + hij Ry, + haiRigjp,) — hahij  hij.
kil

Thus we have

hy=2 a? + 2 Z(Rékikj + Ry, k)i + ho ZR(I)kOk
&

igk
(4.4)
— > 2(hishu Ry, + hiiRiyp) — b3
k.l
On the other hand, since the matrix =~ = (h;;) can be diagonalized, we can

expressed by

where ; is the principal curvature on M. By definition, we see

2 2
h2=§:z’ i
i
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and hence we have

(4.6) - hy ha,

(4.7) —h2 i ho

Now in order to prove our results, we need to estimate hg of (4.4) from below.
First of all, we treat with the second term of (4.4). It is seen that

2 Z ROkzk 7 + ROz]k k l] = 2 Z ROk]k 7 + RO]]k k)
i3,k

_22 ROk]k] + RO]]k k )

So by (4.3) and (4.6) we have

(4.8) the second term of (4.4) —4c¢  ha.

Next, we consider the third term of (4.4). It is estimated as follows :

2hs Z R6k0k = —2hy Z Rf)kko
k k
= —2h2 Z Ré)kkO —2h201,
k
where we have used (4.1). Hence we have
(4.9) the third term of (4.4) —2c¢yhs.

It is evident that if the ambient space M’ is a space form M™ !(c) of constant
curvature ¢, then (4.9) also holds and hence

the third term of (4.4) —2¢n hs.

Last, we estimate the fourth term of (4.4). We have by (4.2)

—42 hijhi Ry, + hl]le]k 42 i KRk — Z'R;sjjk)
ki

=—4 Z( i k= Rk]]k = 22 RkJJk
j.k
2¢s Z( Jj—
ok

Accordingly we obtain
(4.10) the fourth term of (4.4) 4canhs.

Thus, substituting (4.8), (4.9) and (4.10) into (4.4), we can prove the following
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emma et M' be an (n + 1)-dimensional iemannian manifold satisf in t e
condition () and let M be a minimal persurface of M' en e a e

(411) ha —4c h_2 + 2(2”62 — Cl)hz — 2h§

In particular, if M’ = M™ !(c), then substituting a _ ¢ =cand ¢ =0 into
n
(4.11) we obtain

(4.12) ha  2(n c hy — h2).

ocall s mmetric s aces

Let M’ be an (n+1)-dimensional locally symmetric space which satisfies the condition
() and let M be a complete minimal hypersurface of M'. For a point z in M let
{eo, €1, --,en} be a local field of orthonormal frames of M’ around of z in such a
way that, restricted to M, the vectors ey, ---,e, are tangent to M and the other is
normal to M. Then for two constants ¢; and c»

Ric (eg,e0) c1,

'(ei,ej)  ¢o for any ¢ and j such that i = j.

Moreover, since M' is locally symmetric, we have ¢ = 0 and the inequalities (4.11)
implies

(5.1) 2 2{(2nca — 1) —nhe} 2,

where is the non-negative function defined by 2 = hs.
heorem et M' be a locall s mmetric space  ic satis es t e condition ()
and let M be a complete minimal  persurface f it satis es

(5.2) n suphs  2ncy — ¢y,

t en M is totall eodesic
roo We define a non-negative function by 2 = hy. Then it is bounded by
the assumption. Let ;,---, , be principal curvatures on M. It is easily seen that
2 =3". ? and hence the function vanishes identically on M if and only if ; =0
for any indices i, i.e., M is totally geodesic.
First of all, we will show that the Ricci tensor is bounded from below. The Ricci
tensor S;; is expressed by

Sy = Z(R;cijk + hijhir — hikhj)
k
(n - 1)62 - 12(513

Since the principal curvatures satisfy ; ; —ha, we have

Si' (’I’L - 1)62 - hz,
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which yields the Ricci curvature of M is bounded from below under the assumption.
This means that Theorem 2.1 due to Omori [5] and au [6] can be applied to the
function 2. Therefore given any positive number there exists a point in M at which

2 satisfies (2.23). Accordingly, for a converge sequence { ,,} so that it converges to
zero as m tends to infinity, there exists a point sequence { ,,} so that the sequence
{ ( m)} converges to ¢ by taking a subsequence, if necessary. By (2.23) we see

(m) o=sup
By (5.1) we can estimate 2 from the below, and hence by (2.23) we obtain
m (m) 2{@nez—c)=n *(wm)} *( m),
from which it follows that we have
2{(2nca —c;)—n g}y & 0
as m tends to infinity. Under this inequality we have
0=0 or n g (2ney — ¢1).

Under the assumption of the present theorem, the above restriction of the supremum
of the function yields that o = 0, which implies  vanishes identically on M and
hence M is totally geodesic.
emar An (n+1)- uclidean space M’ = ™ ! satisfies the condition ( ) with
c1 = ¢ = ¢ = 0. The complete hypersurface M = S™ 1(c) YinM = ™ 1lis
2

not umbilic and it satisfies hy =

h2
equivalent to suph, —.
n

1> 0. In this example, the condition (5.2) is

inimal ersur aces

Let M' be an (n + 1)-dimensional Riemannian manifold which satisfies the condition
( ). That is, for any point z in M let {eg, ey, -, e,} be a local field of orthonormal
frames of M’ around of z in such a way that, restricted to M, the vectors e1,---, e,
are tangent to M and the other is normal to M. Then for three constants c;,ca and
¢ we have

Ric'(ep,e0) c1,

'(ei,ej) cp forany i and j such that i=j,
R —.
n

Let M be a complete minimal hypersurface of M’. From the inequality (4.11) it follows
that

(6.1) 2 4 +2@2ncp—c1) 2-2

where is the non-negative function defined by 2 = ha.
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heorem et M' be an (n+1)-dimensional iemannian manifold ic satis es
t e condition ( ) and let M be a complete minimal  persurface ft e icci cur atures
of M is bounded from belo and if it satis es

(6.2) (2nce —c1) > 27¢2 >0,
t ent ere e ists constants o and  dependin onl on ci,ca,¢c andn suc t at
0 suphs 2 or suphs

roo Let 1,---, , be principal curvatures on M. Since the hypersurface M is
minimal, the Ricci tensor S;; is given by

Sij = Z( ;cz'jk_hikh‘jk)
k
= ZR;m'jk - ?(5@']' (n—1)62 - 12(5”
k

Here, we suppose that the squared norm hs is not bounded from above, then there
exists at least one index j so that the principal curvature ; is not bounded, from
this fact together with the above inequality it follows that the Ricci curvature of M is
not bounded from below. Thus we have a contradiction. Therefore the squared norm
hz is bounded from above, which implies Theorem 2.1 due to Omori [5] and au [6]
can be applied to the function 2. Given any positive number there exists a point

in M, at which 2 satisfies (2.23). Accordingly, for a converge sequence { ,,} so
that it converges to zero as m tends to infinite, there exists a point sequence { ,,} so
that the sequence { ( ,,)} converges to g, by taking a subsequence, if necessary. By
(2.23) we see

(m) o=sup .

By means of (6.1) we can estimate 2 from the below, and hence by (2.23) we obtain
m (m) 2{-2¢ +@ne2—c1) (m)= (m)} (m),
which implies
(6.3) {-2c +(2ncz—c1) o— g} o O
as m tends to infinity. On the other hand, the quadrant expression is defined by
(6.4) = (z) = -2{z — (2nca —c1)z + 2¢ }z,
then we have
"= —-4{2x — (2ncz —c1)x +c },
(6.5) "= —4{6x% — (2ncz — c1)},
[—t T

which implies that ' has the relative maximum on the interval (0, ), whose value

2
is 4 ﬁ(2an —c1) 2—c¢ , which implies that if 2(2ncy; — ¢1) > 27¢?, then
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2ncy — 1 2ney — €1

6 6
0. This yields that there exist two positive roots o and (2 ) of the algebraic
equation '(z) = 0. Thus from (6.4) it follows that

(6.6) ( )={@ncy —c1) —3c}

!

> 0. Thus under the assumption (6.2) we get

On the other hand, by the direct calculation, we have

3c 27¢® — (2nca — c1)

T = _6e?
2nce — ¢1 ¢ (2nce —¢1)
So, under the assumption (6.2), the value is positive. Because '( ) = 0 and
lim (z)=- and ' 0, weobtain
3c
2ncy — ¢4 ’

from which together with (6.6) it follows that

( )y>o.
By (6.4) we see (0) = 0 and lim (z) =— and also by means of (6.5) we have
o
"o, 0, this yields that there exists two positive roots  and  of the equation

(z) = 0. By (6.3) and (6.4) we obtain
0 0 = sup 2 Or o =sup

It completes the proof.
emar The values  and  are two positive roots of the cubic equation

(6.7) x —2(2nca —c1)r+2¢c =0

and hence we can require concretely the values. They are depended on the constant
c1,¢2,¢ and n.

Owing to Theorem 5.1, Theorem 6.1 and Remark 6.1, the following property is
easily verified.
Corollary et M' be an (n + 1)-dimensional locall s mmetric space  ic
satis est e condition () and let M be a complete minimal  persurface fit satis es

(6.8) supha 2ncz —c1,

t en M is totall eodesic
roo By the assumption (6.8) the Ricci curvature on M is bounded from below,

because we see
Sz" (n — 1)02 — ?51] (n — 1)02 — h2

On the other hand, since M’ is locally symmetric, we see ¢ = 0, from which it follows
that the algebraic equation (6.7) is reduced to

x —2(2ncy —c1)z =0.
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So the supremum g of the function = hs, i.e., the squared norm of the second
fundamental form, satisfies

0 — 2(2TLC2 - Cl) 0= 0.

The assumption (6.8) implies ¢ = 0, which yields that M is totally geodesic.
It completes the proof.
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