Conformally Closed Finsler Spaces

Makoto Matsumoto

Abstract

Let S be a set of a special kind of Finsler spaces. If F” € S remains to belong
to S by any conformal change of metric, then S is called conformally closed. The
present paper is devoted mainly to studying conformally closed sets of Berwald
spaces and Douglas spaces.
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1 Introduction

Let us denote by F"™ = (M", L(z,y)) an n-dimensional Finsler space on a smooth
n-manifold M™ with the fundamental metric function L(z,y), z = (z*),y = (v*). In
the present paper we are concerned with the theory of conformal changes of metrics:

(11) F" = (Mn,L(SU,y)) - Fn = (Mnrz’(xay)); Il = eC(w)L’

with the conformal factor ¢(z).

M. Hashiguchi ([5], 1976) has developed the theory based on the new formulation
of Finsler connections initiated by the present author [9]. In the first place he found
conformally invariant tensors

(1.2) Bij = (95 — 2lily)/F, BY = F(g" —21'0%),
where F = L?/2 and (B%) is the inverse of the matrix (B;;).

Secondly he dealt with the quantities Gz (z,y), from which the Berwald connection
BI' = (G;%;,GY;) is constructed; G%; = 9;G* and G} = OyG";. On the conformal
change (1.1) he showed
(1.3) G'=G'— B"¢,, ¢, = 0pc(x).

Then the changed Berwald connection (G, GY;) of F™ is given as

(1.4) Gz] = G’l] - Birjcr, szk = G;k - Birjkcr,
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where B, = d; B and B, = O B,
Thirdly he constructed the change of the Cartan connection CI" = ( Fjik, Gij, Cji X)-
Let us denote by (|;, i) the h- and v-covariant differentiations in CI". Then he showed

F“jik — F]zk _ U"jkcr-
We treat the conformal invariants U, . Putting V7, = U, — B"},, we have
(1.5) Inr9isV" 5 = LThijr,
where the well-known T-tensor appears ([9]; [1], (3.5.3.1)), defined by
Thijk = LChijlx + (IhCijk + @ ).

Here and throughout the following we shall use, as in [14], the abbreviations to avoid
long expressions of the similar terms:

IWCijr + @ = hCijr + 1iChjr + 1iChir + 1xChrij,

heiFjk + ® = hpiFjr + hnjFig + hapFij + hijFpe + higFrj + hjp Fp;-

Then he obtained the relation between the (v)hv-torsion tensors P! ik = Cjik‘o as
(1.6) Pl =P+ V7.

A Finsler space is called a Landsberg space ([1], [9]) if P? ;& vanishes identically. As
a consequence of (1.6) with (1.5) we obtain Hashiguchi’s theorem: A Landsberg space
remains to be a Landsberg space by any conformal change of metric, if and only if
its T-tensor vanishes identically. We should like to define the notion of ”conformally
closed” by expressing this theorem as
Theorem H. A Landsberg space is confor a cosed if and on if i s T ensor

anis es iden ica

Since (1.5) shows Thijk = e4CTh,-jk, the condition 7" = 0 is conformally invariant.
Hence, if we define the two sets:

- L(n) Landsberg spaces of dim. n,

- L.(n) conformally closed Landsberg spaces of dim. n,
then any F™ L.(n) remains to belong to L.(n) by any conformal change of metric,
while for any F* L(n) L.(n) we have a function c(z) such that ™ = (M™,e°L) /
L(n). Thus L.(n) may be said to be ¢ osed in L(n) with respect to conformal changes
of metrics.

Further we should like to use ”conformally closed” in a sense as follows: Let us
consider an F™ with the 1-form metric L( ) where = , (z)y’ are n independent
1-forms of y® [10]. Since L( ) is assumed to be positively homogeneous in of
degree one, the conformal change (1.1) yields L = e°L( ) = L(e® ). Consequently
L = L(" ) is still a 1-form metric with = = e® . This property may be said as
follows:

ro osition 1. The notion of the 1-form metric is conformally closed.

As a consequence we may say that the notion of the iemannian metric is confor-
mally closed and any iemannian space is conformally closed. It is also obvious that
any conformally at Finsler space is conformally closed, because if F" is conformal to
a locally Minkowski space, then the conformally changed F™ of F™ is also conformal
to the locally Minkowski space.
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on or co d r d C I

In Proposition 4 of the paper [13] the present author showed interesting Berwald
spaces of dimension three:

am le 1. Berwald spaces which are respectively conformal to Minkowski spaces
with the cubic metrics L and Ls:

(L) =d +9 + =345, (L) =iy

These Minkowski spaces ( ,L ) and ( ,Ls) have the remarkable property: Any
conformally changed spaces of these spaces are Berwald spaces.
efinition. A Berwald space is called confor a c osed, if it remains to be a Berwald
space by any conformal change of metric. We denote by B.(n) the set of all conformally
closed Berwald spaces of dimension n.
Consequently the Minkowski spaces ( ,L ) and ( ,Ls) in xample 1 belong
to B.(3). )
ow (1.4) leads to the conformal change of the hv-curvature tensor G ji r =0G ji k
of B :
(2.1) G/, =G}y =B cr, B =0B".
A Finsler space F™ is called a er ad space ([1], [9]), if B is linear, that is, Gjik
are functions of position alone. Therefore F™ is a Berwald space, if and only if G ji &
vanishes identically. Hence (2.1) shows
ro osition . A Berwald space is conformally closed, if and only if B“;- » vanishes
identically. o
Since B"};, = 0;0,0 B" and B™, defined by (1.2) is written as B = (L*/2)g" —
y'y?, we obtain
Theorem 1. A er ad space is confor a cosed if and on if L?g" are o o
geneo s po mo ias in (y') of degree o.
emar . Compare the expression of Theorem 1 with that of the definition of ouglas
space ([3], p. 388). Both are expressions peculiar to Finsler geometry. Cf. Theorem 7.
am le . We deal with a Finsler space F™ with the roo e ric L:
L = ()" v,
where the coe cients p; (z) are components of a covariant symmetric  -tensor
([13], [14], [17], [18], [22]). We define covariant ( — )-tensors

ni i(@Y) = ni g (@9 oy /L7,
and the inverse ( /) of the matrix ( ;;). Then = % , isequal to !’ = y¢/L and
gv= "+( =207/ =1).
Consequently Theorem 1 leads to
ro osition . A Berwald space with a -th root metric is conformally closed, if
and only if L? ¥ are homogeneous polynomials in (y?) of degree two.

am le 1. (1) We pay attention to the space ( ,L ) again. Putting (y?) =
(iﬁy, ')’ we get
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L)y =@P-4y, L) *=-yy-2y)

Hence Proposition 3 shows that (,L ) is conformally closed as a Berwald space.
() We consider the space ( ™, L), a generali ation of ( ,Ls) of xample 1,
where L, given by
L"=nyy* y"

is called the er ad oor e ric ([9], Proposition 24.2; [22]). H. Shimada shows
L =-nn-2)(y)* L* *=nyy”

Hence (", L) is conformally closed as a Berwald space.
am le . The ecoogica e ric L ([1], (5.4.1.2); [22]) is given by

L =@) + +@"

H. Shimada shows L? =L /(y) 2 and 2 = 0. Hence the Minkowski space
( ™, L)is no conformally closed as a Berwald space.
am le . We treat a simple quartic metric L:

L*=6(y )*y’y .

It is easy to show typical L2 =2y , L? 2 =2yy, 20=0, L? 5 = (y)?,
and we have

L* =—(y)’, L* *=2y° L*%=-4Ay")°, L*? =2%°.

Consequently the Minkowski space (, L) is conformally closed as a Berwald space.
am le . Let us consider a Minkowski space ( , L) with another quartic metric
L:
L'=6yy’y , =y +y’+y.

We have typical L? =2y%y , L? 5=y (2 -y ), and hence
=Ly ) 4’y -2 -y)*,

=L y* 2 —-y)2 -¥H-29 (2 -y),

where = L*( ?—y y?>—y%*y —y v ). Accordingly Proposition 3 shows that ( , L)
is mo conformally closed as a Berwald space.
am le . Finally we consider a Minkowski space ( ,L) with the quartic metric
L:
L'=6(y )* ")+ ).

We have typical L2 = (y?)?2+ (y )%, L? 2 =2y v L? 25 =(y )%, 2 =0, and
hence
L* =-20) L *=4y¢°

L*2=23@y)-u), L*? =-8%.

Therefore ( , L) is conformally closed as a Berwald space.
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on or co d r d C 11

We shall write the condition 9,0;0;(Fg ) = 0, F = L?/2, stated in Theorem 1 in
terms of well-known tensors of F™.
Put Fj; 1 =0,0; OiF. We have Fj,; = gni and hence g F .= , from which
we obtain .
(Ohg )Fc+g F =0,

(6h61.g )Fc+(6hg )F cz+(6zg )F ch+g Fchz'=0:
(5h3i5jg )F o+ (6ndig F G +0O + (Ong F cij +O +9g Fcni; =0.

Since F .j = d;g9 . = 2C .;, the above three equations give respectively

(3.1) g =-2C ,,
(32) a'ha-ig = 4(0 7;107' i +C 7; r h) - F hi>
(3.3) On0;0;9 * =2(F 3,,C, ; +F 7,C. i+ O)

=8 (CrpCs i +C 1, Ce ))C"5+ O —F 4y,

where F' ;=g "g *Frspi and F ;5 = 9 "9 *Frsnij-
Let us transvect these equations with y =g ,y". (3.1) and (3.2) give respectively
y Ohg =0andy Ohdig =F ,, =2C, ;. Further (3.3) yields

Y 6h6.16]g =2F hij — 4(Chricr j + O )
ow we have B ,;; = dn0;0;(Fg ) of the form

(3.4) B ;= Frijg + (Frnidjg + Frdidjg + Q)+ Fondid;g
Hence we have
Yy B hij =2Chijy +2L01C; j+ O )+ F 2F 1 —4CC, ;+O) -
In the author’s paper [14] the following equation has been given:
FFhiji = LThijr — WnCijr + @ ) + L*C* i1,

Czh,ijk = ChierTk + 0O,
where the tensor C?, defined first in [14], is symmetric. Therefore we obtainy B, ;=
2LThijrg" , and consequently B ;. = 0 implies T-tensor = 0.

This fact, T-tensor = 0, is certainly in expectation. In fact, first B ;. = 0 is the
necessary and su cient condition for F to belong to B.(n), and B.(n)  L.(n) is
clear. Consequently Theorem H shows T-tensor = 0 of F”. We have another reason:
(2.1) gives

giGjik = e2c(injik - yiBiTjk cr).
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As it is well-known ([2], 2), F™ is a Landsberg space, if and only if inj" = 0.
Therefore the above implies that F™ is a conformally closed as a Landsberg space, if
and only if yiB"jk = 0, and hence Theorem H shows that yiB"jk = 0 is equivalent
to T-tensor = 0.

ow we shall continue to calculate B ,,. = 0 from(3.4) on the assumption ”T-
tensor = 0”. By substituting from(3.1), (3.2) and (3.3), after the long computation,
we conclude

1
(3.5) §B hij = Chijh  + (L*cyC? rj —higC p+0 )~ L*C rc2rhij =T ij
where T' ;.. = g "g *Tyshij is defined in [14] as
(3.6) 2Thijr = LThz’jk| —(h hCz'jk +h z'Chjk +h jChz'k +h kChij)

+L*(C Thczrijk +C riCZrhjk +C TjCthik +C TkC2rhij)'

It should be remarked that Thijx, C?,; ik and further T};;; are completely symmetric
tensors.

Therefore we can conclude
Theorem . A er ad space is confor a cosed if and on if eT ensor an
is es and
(3.7) Chijh  + (L*CyiC* ;= hpiC ;+0O)—L*C 7C?

rhij — T hij — 0.

on or co d r d ¢ o0 di nion
t o

The present section is devoted to conformally closed Berwald spaces of dimension
two. Let us apply Berwald’s theory of two-dimensional Finsler spaces in terms of the
Berwald frame field (I, ) ([1], [2]). Then the angular metric tensor h;; is written as
hij = 4 j; with the signature = 1 and the C-tensor is LCh;; =  p4; with the
main scalar (z,y), where ;5 is the abbreviation of , ; ;. Cartan’s h-covariant
derivatives Cpj|y, is

LChijik = nij( W+ 2 &),

where [+ 2 ;= |k:8k —(ST )Grk.

F? is a Berwald space if and only if = 5 = 0. Then one of the icci formulae
92— 9 =— o,where LO; = 2 ;, yields o =0orthe ausscurvature =0.
It is obvious that = 9= 5 =0show = const.,and a Berwald space with =10

is locally Minkowski. Consequently we have Berwald’s theorem ([1], Theorem 3.5.3.1;
[9], Theorem 28.2): We define five sets of Finsler spaces of dimension two such that
- B(2)  Berwald spaces,

- B (2) spaces with = const.and =0,
- B3(2)  spaces with = const. and =0,
-B (2) spaceswith o =0and =0,

- M(2) locally Minkowski spaces.

Then we have
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(4.1) B(2)=B (2) B2(2) B (2) (iec ),
(4.2) M(2) = B3(2) B (2).
The T-tensor is written as LThij5 = 2 nije ([1], [9])- Hence, if we consider the

set B.(2) of conformally closed Berwald spaces of dimension two, any F?  B.(2) has
2 = 0 and belongs to B (2) Bz(2).
We have to pay attention to the second condition (3.7). As has been shown in [14],
if 5 = 0 holds, then we have

LQC,fijk=3 2 hijky, LThijr =6 —2 ) hiji -

As a consequence it is observed that (3.7) holds automatically and we obtain
Theorem . A er ad space of di ension o is confor a cosed if and on if
1 as econsan  ain scaar a 1S,

(4.3) B.(2) =B (2) B:(2).

emar 1. The main scalar is conformally invariant. This will suggest Theorem 3.

emar . The condition (3.7) does not give any restriction on the assumption ”7-
tensor = 0” for the two-dimensional case, as it has been shown above. This remarkable
fact is also verified from the ” eduction theorem of certain Landsberg spaces to
Berwald spaces” ([2], [12]): If F is a Landsberg space with vanishing T-tensor, then
F? is a Berwald space. Thus we get B.(2) = L.(2).

on or co d C it cu ic tric

We are concerned with the conformal closedness of Finsler spaces with cubic metric
L:L = p (z)y"yty?, where hij are components of a covariant symmetric 3-tensor.
As in xample 2, we put

wi = nij(@)y /L, h= nij(x)y'y? /LA
Then we get [17]
Li= 4 hij=2(5— i34) LChij= nij—(hi i+0O)+2h i j-

Throughout the theory of -th root metrics ([17], [22]) the regularity of the metric,
det( ;;) =0, is assumed. By the inverse ( ¥/) of the matrix ( ;;) we define ‘= i ,
and hz.j = hr ;. Then *=1"and

2LCN = M= Nt M2 - i)
The C2-tensor, defined in (3.5) is written in the form
2L202hijk = ( hir Tjk — hi jk +O)

- 3(n ijk+@)+4(hz’jk+©)_12hz’jk-

(5.1)
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_ As has been shown in [17], the characteristic property of the cubic metric is
0r,0;0;0,L = 0, from which we obtain the theorem: A Finsler space is equipped
with cubic metric, if and only if its T-tensor has the form

2LThijr = —2L2C%45p, — (hnihjr + O ).

Therefore Theorem H leads to the theorem: A Landsberg space with cubic metric is
conformally closed, if and only if

(5.2) 2L2C%ij1, + (hnihjr + O ) = 0.
In the case of the cubic metric we have
hribik + O =4( hi g+ O )—4(h i jb+®)+12 p  j k.
This together with (5.1) leads (5.2) to the concrete form

(5.2) (hir "jet3 hi g+ QO)=3(n it +@)=0.

However the eduction theorem has been shown in [13]: If F™ with cubic metric
is a Landsberg space, then it is a Berwald space. Therefore we have finally
Theorem . A er adspace i c¢ bic ericis confor a cosed if and on if
isT ensor=0 a is (5.2) or (5.2) ods iden ica

emar . If the T-tensor = 0, then from (5.2) we get the following form of Ty ,
defined by (3.6):
2Thijk = —(hhicjk + )

Then it is easy to show that the condition (3.7) holds automatically.
am le 1. We consider the Minkowski spaces, treated in xample 1 again.

M L), (L) =) +@) +) -3y v’y .

We have
(L)Y =@)l-4%, (L)Y .= yy +20u°)° /2
(L)Y sm=—yy’+20 ), L)Y , =— () -4 /2
Consequently (5.2) gives T =T =T 9o =T 5 = 0, that is, Thijz =
0, hyi, , =1,2,3.
2) ( ,L2), (L2) =y ¥y -
We have

= 5 =0, (L2)2 2=yy/2, (L2)2 2 =—(y )2/2-

Similarly to (1), we get Thijx = 0.

The space ( ,Ls) has C; = C;". = 0 ([9], Proposition 24.2). Similarly ( ,L )
has C; = 0.

The necessary and su cient condition for a Finsler space with cubic metric to be
a Berwald space has been discussed in 2 of [13], but it is a di cult problem to write
the condition in terms of the coe cients ;ji(z). Here we write the equation

L G+ hirGfp+0)= 1 ,h

where G[jk is the hwv-curvature tensor of the Berwald connection and i ,h are
generali ed Christoffel symbols, defined first in [18].
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on or co dn o) r d C it
tric

We consider a generali ed anders space F™ [20], which is a Finsler space with ( , )-
metric L( , ) ([1], [9]). If we deal with a conformal change of metric (1.1), then we
have

L=eL(, )=L(e e ),

because L( , ) is assumed to be positively homogeneous in ( , ) of degree one.
Consequently we get L = L(~, ), (7, ) = (e ,e° ) [6], and hence the changed
space F™ is still a generali ed anders space. Therefore, similarly to the case of the
1-form metric, we have
ro osition . The notion of the generali ed anders space is conformally closed.
We now consider a anders space F™ with L = + . Theorem 4 of the paper [8]
states that if F* has the T-tensor = 0, then  should vanish, that is, F" is reduced
to a iemannian space with the iemannian metric . Therefore Theorem 2 leads to
Theorem . fa anders space is confor a cosed er ad space en i is a
i€ annian space
Here we shall show a direct proof of this theorem. A  anders space F™ with
L= + , ?= ,@y'y, = i(z)y’,isa Berwald space ([7], [8]), if and only if
i ; = 0 in the Levi-Civita connection ji p(x) of the associated iemannian space
with . The conformally changed space F™ of F™ has ~;; = e ;; and ; = e® ;. From

ik jzk + Yo+ e — ¢ ks, ok = Okc, ¢ = "¢, we have

(6.1) ij= ec( ij—Cij + Tc’" ,J)

If both F™ and F™ are Berwald spaces, then (6.1) gives ¢,.( " ;; — 7 ;) = 0. If
this is satisfied for any c(z), then we have " ;; = 7 ;, which implies ; = 0. Thus
we proved Theorem 5.

Secondly we consider a ropina space F" with L = 2/ . Theorem 2 of C.
Shibata’s paper [21] states that the T-tensor of F™ never vanishes. Therefore we
have

ro osition . A ropina space is not a conformally closed Berwald space.

We shall treat a conformal change of a ropina space of Berwald type in detail.

A ropina space F™ is a Berwald space ([7], [10], [21]) if and only if we have function
i(z) satisfying

— T r_ Ti
(6.2) ij= Gt ii— 38 ="

The conformally changed ropina space F™™ is also assumed to be a Berwald space:

_ r- -7 T ¢ r -
ii=r gt aii— ji=€( "Gt i ja)

We have (6.1) and (6.2), and hence the above gives

(r=r—=¢c) " i5=(Ci— i—¢ci) j—(5— j) i

This yields (2 -2 i —¢;) j = (2 j —2 j —¢j) i, S0 that we have a function ()
satisfying 2 ; —2 ; —¢; =2 ;. Hence (¢, —2 )" 4 = i¢j+ jc,and n=21s



126 M.Matsumoto

necessary, provided (¢, —2 ) " =0. In the case of n 2 we have ¢; = 0. Therefore

we have

Theorem . Le a ropina space F™, n 2 be a er ad space e confor
a ¢ anged Topina space F™ is si a er ad space if and on if e c ange is
0 0 eic

on or cC n o ou C

A Finsler space is by definition a o g as space ([3], [4]), if ¥ = GiyI — Gy’ are
homogeneous polynomials in (y?) of degree three.
efinition. A ouglas space is called confor a ¢ osed, if it remains to be a ouglas
space by any conformal change of metric.
For a conformal change (1.1) we have (1.3). Thus, for % we get ¥ = ¥ —
4re,, where T = BTyl — Bi"yt. From (1.2) we have

(7.1) Ir=F(g"y —g¢"y"), F=L%/2.

Therefore we have
Theorem . A o gas space is confor a cosed if and on if 97 of (7.1) are
o ogeneo s po mo ias in (y') of degree ree
It is shown [3] that a Finsler space is a ouglas space, if and only if the pro ective
invariants ¢ = G* — G".y'/(n + 1) are homogeneous polynomials in (y¢) of degree
two. (1.3) and (1.4) show

i i Bz’r _ Brssyi/(n 4 1) Cr.

Consequently we have
ro osition .A ouglas space is conformally closed, if and only if BY — BI" y?/(n+
1) are homogeneous polynomials in (y¢) of degree two.
We treat a ropina space with L = 2/ again. Since a two-dimensional ropina
space is  ouglas space without any restriction [3], we have immediately
Theorem .A o di ensiona ropina space is a confor a cosed o g as space
For a ropina space of arbitrary dimension we have ([9], [21])

20/ Vgl = =3P 2 /2 (W A+ YY)+ (2) 2 (P P2 Dty
Hence we have
2 Wk= 2k (222 k()2 Wy i,

where [i, ] denotes the interchange of ¢, . Thus Theorem 7 yields
Theorem 9. fa ropina space F™", n  2,is o0 gas space eni is a confor a
cosed o gas space
If we consider a conformal change of an ( , )-metric, then we get L = e°L( , ) =
L(7, ), where
= c

=e* (=€ i) =€ (i=¢ey)

For ;; =(0; i —0; j)/2 we get

(7.2) =€t it (i - je)/2 .
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We are concerned with the conformal change of a  anders space F™" with L = + .
F™isa ouglas space [3], if and only if ;; = 0, that is, there exists locally a function
(x) such that ; = 0; . Then (7.2) is reduced to 7;; = e°( ;¢; — jc;)/2. Hence we get
7ij = 0, that is, Fmis still a  ouglas space, if and only if icj — jc; = 0, that is, ¢; is
proportional to ;. Therefore we have
Theorem 1 . Le F™ be a anders space of o gas pe i L= +  pro ided
a =3 (2)y' =0

(1) e confor a ¢ anged F™ isno of o gas pe in genera

(2) F™isasoof o gas pe if and on if e confor a facorc(z)iss ¢ a
0;c is propor iona 0 0 ;

From (7.2) it is follows that if we put ; = " ,;, then we get

= i+ (Ca— "o )2, =T,
=G = == i) ? .
Consequently, if F™ has ;; —( ; j— ; i)/ 2 =0, so is the conformally changed F™.
The condition ;;—( ; j— j s)/ > =0is necessary and su cient for a ropina space
F", n 2,tobea ouglas space [16]. Therefore we could obtain another proof of
Theorem 9 not due to Theorem 7.

r nc

[1] P. L. Antonelli, . S. Ingarden and M. Matsumoto, e eor of pra s and
mser paces 1 Appica ions in sics and 1009 , luwer Acad. Publ.
ordrecht Boston London, 1993.

[2] S. Bacso and M. Matsumoto, ed c ion eore s of cer ain Landsberg spaces o
er ad space, Publ. Math. ebrecen, 48 (1996), 357 366.

[3] S. Bacso and M. Matsumoto, n inser spaces of o gas pe A generai a ion
of emnoion of er ad space,ibid. 51 (1997), 385 406.

[4] S. Bacso and M. Matsumoto, n inser spaces of o gas pe roeci e
a spaces, ibid. 53 (1998), 423 438.

[5] M. Hashiguchi, n confor a ransfor aionsof inser e rics, .Math. yoto
niv. 16 (1976), 25 50.

[6] . Ichiyo and M. Hashiguchi, n e condiion a a anders space be confor
a a, ep.Fac.Sci. agoshima niv., (Math., Phys. Chem.), 22 (1989),
7 14.

[7] S. ikuchi, n e condiion a a space i ( , ) eric be oca
in o s ian, Tensor, .S. 33 (1979), 242 246.

[8] M. Matsumoto, n inser spaces i anders e ric and specia for s of
i por an ensors, .Math. yoto niv. 14 (1974), 477 498.



128 M.Matsumoto

[9] M . Matsumoto, o nda ions of inser e er and pecia inser paces,
aiseisha Press, Saikawa, Otsu, apan, 1986.

[10] M. Matsumoto, e er ad connec ionofa inserspace i an( , ) e ric
Tensor, .S. 50 (1991), 18 21.

[11] M. Matsumoto, onfor a c ange of ins er space i for e ric, Anal. Sti.
niv. ’AL. 1. C  A” Iasi, 40, Mat. (1994), 97 102.

[12] M. Matsumoto, e ar son er ad and Landsberg spaces, Contemp. Math. 196
(1996), 79 82.

[13] M. Matsumoto, eor of inser spaces i roo e ric , Publ. Math.
ebrecen 49 (1996), 135 155.

[14] M. Matsumoto, eor of inser spaces i 00 e Tic rong
non ie annian spaces, Anal. Sti. niv. ”AL. 1. C A” Iasi, 42, Mat. (1996),
137 148.

[15] M. Matsumoto, ed cion eore s of Landsberg spaces i ( , ) e ric, to
appear in Tensor, . S.

[16] M. Matsumoto, inser spaces & ( , ) ericof o gas pe, to appear in
Tensor, . S.

[17] M. Matsumoto and S. umata, n inser spaces i a c¢ bic e ric, Tensor,
. S. 33 (1979), 153 162.

[18] M. Matsumoto and . Okubo, eor of inser spaces i TO0 € Tic,
ibid. 56 (1995), 93 104.

[19] M. Matsumoto and H. Shimada, n inser spaces i for e ric
er ad oor ericL=(yy? y") ", ibid. 32 (1978), 275 278.

[20] S. umata, n ec ra re pir and e ensor Thijp of generai ed anders
spaces, ibid. 29 (1975), 35 39.

[21] C. Shibata, n inser spaces i ropina e ric, ep. on Math. Phys. 13
(1978), 117 128.

[22] H. Shimada, n inser spaces e eric
L= ii i (@yty*  y* , Temsor, .S.33(1979), 365 372.

15, enbu-cho, Shimogamo, Sakyo-ku
yoto, 606-0815, apan



