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Abstract

Real phenomena on Plasma Physics or Controlled Thermonuclear Fusion,
some problems on geophysics etc., determined important studies about the phase
portraits of magnetic vector fields as well as of the dynamics of a particle along
magnetic lines. These reasons imposed the study initiated by Sabba Stefanescu
on magnetic vector fields generated by piecewise rectilinear configurations wan-
dered through electrical current. The ideas of Sabba Stefidnescu were reconsid-
ered by the research team coordinated by Constantin Udrigte. As member of
this team I realised the present paper.

Section 1 refines the theory of Sabba Stefanescu on magnetic fields produced
by piecewise rectilinear circuits. Section 2 describes the magnetic lines approx-
imation via the Lie Transformation. Section 3 studies general geometrical and
topological properties of the magnetic lines and surfaces. Section 4 and 5 refers
to the magnetic traps and the Lorentz-Udrigte World-Force Law.
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Magnetic vector fields. Lines and magnetic surfaces.
The energy of a magnetic vector field

This section describes the magnetic vector fields obtained from usual transformations
(translations, rotations, isometries) of a given magnetic vector field and proves that
any Biot-Savart-Laplace magnetic vector field is solenoidal and locally irrotational.
Then it defines the magnetic lines and surfaces, the energy of a magnetic vector field
and characterizes the critical points of the energy of a stationary magnetic vector
field.
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Let : () be a C curve modelling the electric ire m , hose
transversal section is negli able, andered by continuous current of constant intensity.
Let — be the unit vector field, tangent to the curve (current density).

f () is arbitrary on  and is a point  hich does not belong

to , then the vector field

() ()

is called Biot-Savart-Laplace vector field (here ,and d () d).
f is an unbounded curve at its both ends, or a closed curve, then the vector field

and the magnetic field created around the ire are connected by -

ro osition

Let be an open and connected set ith piece ise smooth boundary and
be a C vector field on . e call Biot-Savart-Laplace vector field on
the field ()

(2) () 4

here , and .
Since the measure of  is zero, the integral defining ( ), is an improper
integral of the first type (both of the first and of the second type) if the domain is
bounded (unbounded).

f is andered by a current of intensity ( ), then the magnetic field gener-
ated in by this current can be calculated by —

oreover, e remar that on the vector field () is of class C and
on the field is continuous.
ro osition.

emar s.
a) Suppose is of class C and bounded, and is solenoidal ith field

surface (thatis ( ( ) ( )) 0, here ( ) isthe normal unit vector field on ).
Then the field () is solenoidal since the follo ing relations hold,



av () 92— OOy dv )y

Iso, hendiv ( ) 0 the follo ing relations hold,

rot () div. () () ()
ccording to these relations, e have
0 ()
rot ()
() O)
so the B.S.L. magnetic vector field is not irrotational but its restriction on is

irrotational, hence admits a local scalar potential.
b)  hen the vector field is constant on , the magnetic vector field is biscalar.

Let be magnetic vector field on and ( ) an
arbitrary point ith its position vector. e call starting
from  ( ), at the moment 0, any oriented curve 0, ( )
solution of the Cauchy problem

d

S0 o

e call passing through the curve :( ) , the surface
of equation ( ) , solution of the Cauchy problem
( ) 0 () O ) )
efinition f is a magnetic field defined on an open set

, then the function

S )
is called of  the functions - - -, are called of
the magnetic vector field

ro osition
0 0
f e consider the derivative along a field line of , e get

d
d



() o
d
T

These equations sho that any magnetic field line is solution of a conservative
di erential system ith three degrees of freedom and potential the motion of a
particle along a magnetic line is contained ithin the motion of a particle in the force
field of potential

n the phase space ( ) , the preceding system can be rittem as
a amiltonian system as follo s:
4 d d
d d d
a4 4 4
d d d

The amiltonian (mechanical energy) of this system has the form

( ) 5 ) )

and represents a first integral of our system (the total energy holds on). Therefore, if
at the initial moment the total energy is , then the hole tra ectory described by
() is contained ithin the domain (potential ell) characterised by the ineguality

C )

Lie Transformation of magnetic dynamical systems.
Magnetic linesa ro imations using Lie Transforma
tion

This section states and applies Lie Transformation to appro imate the magnetic field

line. s an illustration, e started ith Biot-Savart-Laplace integral on an arch of

parabola in . e appro imate the scalar function by a polynomial
function up to the second degree and then e transform the system associated to the
magnetic lines in order to apply the Lie Transformation. sing an appropiate choise
of the principal functions, e determined the solution of the associated dynamical
system.

Let be given the functions of class



e consider the dynamical system
d
— — 2
q () ¢ )

here is parameter ( ). £ e consider the state vector

and the functions

then e can rite this system in vectorial form
d
() & — O ()
By analogy, let us consider the dynamical system

d
T - O () 2

ritten in vectorial form

d
) il —
2 : O ()
efinition. The system (2) is called of () by Lie Transformation if for any
solution () of (2) and for any solution () of ( ) there e ist the functions
( ) : 2

such that the follo ing relation hold good

3) O O — () )
n this condition, the relation () is called the of -th order
and () is called the () of the Lie Transformation of -th order.

ro osition.

() - () — ()



ro osition.

()



f edefine the operator () —( ) , then the relations of this roposition

can be ritten in the follo ing form

()
f e consider the operator of ayfeh
() () 2
then e can re rite the preceding relations as
()
()

e conclude that if e no , then e can determine step by step the
functions . n this case, ecan rite the transformed Lie system and e
can find its solution. oreover, using e can find step by step the functions

etc. n this manner, e can rite the e presion of the Lie transformation

(). saconclusion, eremar that is very important to determine such

that the dual system to be more convenient. n this regard, e recommend to rite
2 as a sum of t o function as follo s.

Let us suppose the decomposition of the form

2
Then ( ) and (5) lead to
()
() 2
Since e shall use polynomial appro imations for the components of , e shall

consider the Bolotin type system



here are constant coe cients and represents the dimension of
the state vector.
By the transformation e get the system
0) - %
2
e consider the matri () and define the vectorial functions
() : () : ete.

Then, the system ( ) can be ritten as

() -0 5 O

-0 5 O
f suppose 2 then this system is ritten
] — —
®) -
The vector functions corresponding to (8) satisfy the follo ing rela-

tions



e shall apply the preceding properties to appro imate the magnetic lines of the
Biot-Savart-Laplace field generated by current through an arch of parabola.
Let us consider the arch of parabola

_ 0 0
~ 0 0 0
The components of the field have the e pressions
- — 5 -
. ()
Let be given the function ( ) ( ) , of class C  on
(0 0 0) . e appro imate this functions as follo s
( ) (0 0 —d (0 0)( )
>d (0 0)( ) 2( ) (2 ) )
f consider 2 5 and , e have
3 3 3 3 3
— 3 2 2 > 3 5 3 0
and, using this relation, e appro imate the integrals from .
fre rite and , then the system hich define the field lines
is of the form
() 23
fdenote by  the solution of 2 3 (hence , 2 3),

and by  the solution of the system

) 23



then is the solution of ( ).
f e use the transformation , then (2) becomes
3) - O 5 O
here ¢ ),
3
0 — 5 0 0
3 5 3 5
() — 5 0 o =
3 5
0 —_— — 0
8
hile ( )and ( ) have the form
3
-
5 3 3
O = = — 3 P
o 3 _
2 8
(5)
3 3
2 2
3 3 3 3 3
) 2 2 o
3. 3 3
n order to integrate (3), e set 0 and 0, such that the associated
system is , and is solution of equation

These lead to



here , 2 3 are the components of
By analogy, the equation

leads to

Therefore , and the function  follo s from the condition

Ta ing into account these considerations, e may rite the relation of (3) in the form

2

inally, in our hypotheses for , the field lines in this e ample have the para-

metric equations

) O 0

that is

0
3 5

5 0 3 0
0

eometrical ro erties of magnetic lines and surfaces

n this section, e study geometrical and topological characteristics of magnetic lines
and surfaces. irst e define the configurations and spatial configurations

hose magnetic vector field ill be studied in the sequel. e evidentiate the mag-
netic vector field and its vector scalar potential for angular configurations in space.
These results are used in further for studying the symmetries of these fields and the
associated phase portraits. e state a geometrical study of magnetic lines. These ge-
ometrical properties are illustrated by numerical simulation of phase portraits. n the
last section, e study the open magnetic lines.
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union of semilines ith the same origin , here the semilines
( ) represent electric ires andered through the current
hose intensity is constant on and respectively, is called
(fig. 3. . )
ig. 3

The union
here the family () is a set of straight lines, semilines or segments ( ires in

) is called configuration (net or ) in space if it satisfies the

follo ing properties:

) if is a segment, then its edges are in contact ith the e tremities of other
segments or semilines, each semiline has its finite edge in contact ith the
edge of a segment or of a semiline,

2) each circuit

is closed at finite distance or at infinity, and is andered by a constant current on
each rectilinear piece ise

3) at each constant point, the second ircho la holds an. This a iom ensure
that the associated magnetic field admits scalar potential.

or any rectilinear circuit, ), e denote the local current and by

— and respectively the corresponding unit vectors.

Ta ing into account these assumptions, the fictitious magnetic field generated
around is given by the Biot-Savart-Laplace la



() —d ()

here is arbitrary point on , and .
The magnetic vector field associated to the hole net or is given by

() () )

T o piece ise rectilinear configuration in space and  are called
they generate equal magnetic vector fields, that is

() C) ) ( )

The bac ground given above allo s to state the follo ing basic result
heorem

( 0 ) (0 )
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sin cos
2
3
( )
() In 0 In
) — sin — cos > cos >
sinT
arct sin — cos > CoS >
sinT

hen the configuration is andered by unitary electric current and has some
symmetries, then the associated magnetic field (and its equilibrium sets) has some
symmetries properties too. enote by and ( ) the Lie algebra of vector
fields of class on . Suppose
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efinition Let () be the magnetic vector field associated to
a) the image ( ) of a ma imal field line : is called of
b) the set () of all orbits is called of the field
efinition Let 2bet o configuration and (), ( ),
2 be the associated magnetic vector fields. The phase portraits are said to be
equivalent if there e ists a homeomorphism : such that for all orbits in
() e ists a homeomorphic orbitin (). e denote ( ) ¢ ).
heorem.
()
f , then

Magnetic o s and tra s. tationary and uasista
tionary magnetic vector fields

The theorem of di erentiable mappings evidentiates the current  generated by the
magnetic field

efinition. n open and connected set  or its closure is called of
the magnetic field i for all 0 ehave ()

bviously, any invariant domain ith respect to  is magnetic trap.
n this conditions, e remar that a magnetic line starting from an interior point
of cannot reach | therefore this one cannot leave
oreover, a magnetic line starting from an e terior point of can enter to
heorem.

() () o
ro osition
() 0
C ) 0
C ) 0



efinition The magnetic vector field of class C , , is called
on the open set , if it is solenoidal and irrotational (div 0, and rot 0
for all ).
f is stationary magnetic field on , then any

magnetic line of  is tra ectory of a potential dynamical system ith three degrees
of fredom of potential
heorem orent driste orld orce aw .

2
_ — 23
( ( ) 23)
efinition Let ( ) be iemannian manifold. ny surfaces generated by the mo-
tion of a geodesic along a given curve is called in ( ).

The curve may be choosen such that to be orthogonal to the magnetic lines. n
this respect, can be magnetic line of the solenoidal field , ith
solution of p.d.e

— — — 0
Corollary
( )
( )
efinition The field is called or on the open set
if it satisfies the equations of a ell
rot div 0

heorem
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d d
3 a4 a )

heorem orent driste orld orce aw .

emar s. ) The vector field of components

d
- = 2
; 3

is orthogonal on the solution of ( ). Therefore, it does not produce a dissipation of
energy along a tra ectory of ( ).
2) f a magnetic line passes the boundary , then
a) the portion of the line contained into  is tra ectory of a nonpotential
conservative dynamical system of the second order
b) the portion of the line e terior to  (not included into ) is
tra ectory of a potential (conservative) dynamical system of the second order.

enerali ation

The study of magnetic vector fields associated to rectilinear ires leads to di cult
problems related by the ide set of configurations as ell as by the nature of di er-
ential systems modelling them. t appears the necessity to state a global theory in
order to get general la. s. This as the main goal of our thesis.

The preceding results can be generalized by considering a di erentiable manifold

and a (0,2) - tensor symmetric on

e suppose that for all ( ) ,inde () and denote by  the induced

connection by the metric tensor field . f is vector field of class C on , then
the inematic di erential system defined on  is



d
0) T O
sing the metric tensor and the vector field on ,then the generalized energy

is , 5( ).

Iso the ( , ) e terior tensor field

allo s us to generalize the above remar s.
Ta ing into account these assumptions, the orld- orce La of Lorentz- driste
becomes
) ny nonconstant tra ectory of the dynamical system

d
d_ d_ grad

corresponding to a constant value of the amiltonian is a reparametrized geodesic
of the iemann- acobi manifold

( ( ) )
2) ny nonconstant tra ectory of the dynamical system
d d
d_ d_ grad d_

corresponding to a constant value of the amiltonian is a reparametrized horizontal
geodesic of the iemann- acobi-Lagrange manifold

( ( ) 2 )

here are local components of the connection  and

are local components of the e terior tensor field ( ith  are the local components
of the metric ).
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