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1 Introduction

Dynamical systems with symmetry play an important role in mathematical modelling
for several processes in physics, mechanics, economy etc. In the last time the varia-
tional description of systems with symmetries seems to be more interesting ([4], [3],
[2] etc). In [2], [3], the theory is developed for Lagrangian systems on Lie groups.
A symmetry of the Lagrangian with respect to a group action leads to a reduced
Lagrangian system which is described by the so called Euler-Poincaré equations.

Independently by all appearances, [5] and [1] propose a discrete analogues of Euler-
Poincaré reduction theory for systems on Lie groups. Our study is maked knowing
only the first paper, [5].

We propose a variational approach for a discrete Lagrangian system whose con-
figuration space is a semidirect product or a principal bundle. By following the con-
struction in [5] we consider a discrete Lagrangian L : S x S — R, where S=GQV
is a semidirect product and we write the discrete Euler-Lagrange equations. If L is
left G-invariant, then we define a reduced discrete Lagrangian ! : S xV — R and we
deduced the discrete Euler-Poincré equations. In Section 3 a reduction-reconstruction
theorem about the algorithms satisfying these discrete equations is formulated. A
discrete Euler-Poincaré-Poisson algorithm is discussed in Section 4. In Section 5 a
discrete variant of the Kelvin-Noether Theorem is established. The last Section is
an attempt in to approach the discrete variational description for a G-invariant La-
grangian on a principal bundle and to obtain dicrete Euler-Poincaré equations and
discrete Euler-Poincaré algorithms.
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2 (Generalities on semidirect products

Let V be a finite dimensional vector space and assume that a finite dimensional Lie
group G acts on the left by linear maps on V and also on its dual space V*. The action
of g € G onwv €V is denoted by simple concatenation gv. The semidirect product
S = G QV is the Cartezian product G x V endowed with the group multiplication
given by
(1) (91,v1)(92,v2) = (9192, v1 + g1v2).

If e € G is the identity and o € V is the null vector of V', then (e,0) € G x V is
the identity element of S. The inverse of the element (g, v) is

(2) (g.v) t=(g ", —g o).

The Lie algebra of S is the semidirect product Lie algebra S = G O V, whose
bracket is given by

3) [(&1,v1), (€2, v2)] = ([1,&2], &1 — Eaun),

where the induced action of G on V is also denoted by concatenation. As well the
action of S on § is given by

(4) (ga ’U)(f, u) = (gé-a gu — (gg)v)a
where (g,v) € S, (&,u) € S and the action of S on §* = G* O V* is given by

(5) (9,v) (1, a) = (gu + py(ga), ga),

where (u,a) € S*, pi : V* — G* is the dual of the linear map p, : § — V,
pu(§) = &u. In (4) and (5) we denote g§ = Ady&, gu = Ady-.p (the adjoint and
coadjoint actions).

For a € V* and v € V we shall denote p} = vCa € G* and the formula (5) becomes

(6) (9,v) (1, a) = (gu + vO(ga), ga).

Using the concatenation notations for Lie algebra actions on G* and V*, £u, Ea,
where £ € G, a € V*, we obtain an alternative definition of v&a € G*: for v € V,
a€eV* £e€G* <&a,v>=—<vd,af >.

Sometimes it is convenient to use the right representations of G on V which changes
unessentially the formulas (we note the adjoint and coadjoint actions are left actions).

3 The discrete Euler-Poincaré algorithm

Let L : S x S — R be a discrete Lagrangianon S = G (QV and let A: SN*! — R
be the associated action,

N—

(1) A= L(gk, Uk, Gh+1, Vk+1),
k=0

[uy

where (gx,vr) € S, k=0,1,..., N with (go,v0), (gn,vn) fixed.



Discrete Euler-Poincaré and Euler-Poincaré-Poisson Equations 95

The discrete Euler-Lagrange equations (DEL) are given by

D3L(gk—1,Vk—1, 9k, V&) + D1L(gk> Vi, Gkt1, Vkt1) = 0,
(8) DyL(gr—1,0%—1, 9k, V&) + DaL(gk, Uk, Gk+1, Vk+1) = 0,

where D;L, ¢ =1,2,3,4, is the matrix containing the partial derivatives with respect
to the ¢—th variable.
Consider the quotient map 7 : § x § —5%% /5 = § x V given by

9) T((9r> V&) (Gh+1, Vet1) = (T 19k Ting 1Vk> Gop1 Vkt1)-

Using the notations fry1x = gk_ilgk, up = gk_lvk it results gk_jlvk = frt+1xur and
is given by
(10) (g, 0k), (Grt1,Vk+1) = (Frr 1k Frt1k, Uk, Upr1)-

Assume that the discrete Lagrangian L : S x S — R is left G—invariant. The
projection (10) defines the reduced discrete Lagrangian!: S xV — Rbylon = L.
Consequently

—1 -1 -1
L(gk, Uk, Gk+1, Vk+1) = LGy 19k, g p1Vks €5 Gp1 Vk+1) =

(11) = L(frv1k, fra1rth, € Ups1) = U frvins fra1ntin, Urg1)-

The action associated to the reduced discrete Lagrangianlisa : (SxV)¥N+! — R,

N-1

(12) a=> 1 frt1k: Frrintin, Ues1)-
k=0

The DEL equations for reduced discrete Lagrangian [ are called the discrete Euler-
Poincaré equations (DEP).
Theorem 3.1. Let L be a left G—invariant discrete Lagrangian on S x S and
let 1 be the reduced discrete Lagrangian associated to L. For a finite sequence
(gk)vk)7(gk+1avk+1) k = 0717"'7N -1 imSxS ith (9071)0)7(91\771}]\7) .ﬁ ed
e define a corres onding sequence fry1r = 91;1119916 in G and a sequence uy = g;lvk
in V. he follo ing state ents are equivalent

1.  he sequence (gx,vk), (gr+1,Vk+1) ,k=0,...,N—1 isan e tre u for the
action A for arbitrar wvariations gg, vy, k=1,2,...,N —1.

2. he sequence (gx,v), (Gr+1,Vk+1) ,k=0,...,N —1 satisfies the L

3. he sequence friik, ferikUr,Uk+1 Kk = 0,...,N —1 is an e tre u for

the reduced action a ith res ect to variations fry1r, ug induced b the variations

9k, Vk-
4. he sequence friik, fe+rikUk,uk+1 k=0,...,N —1 satisfies the

Dil(frviks frrrnur, upr)Ad R — Dil(fre—1, fer—1ur—1,ur)

R _, =Ad" | (fer1runODol(frsin, frt1nte, Ups1)) — frr—1Ur—1
ODl( frk—15 frr—1Uk—15Uk)s frr1k D2l (frt1ks Frintr, Upt1)+
(13) Dsl( frk—1, frk—1up—1,ur) = 0.
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roo . Let (gx,vx) : € (—a,a) = (gr( ),vx()) € S, kK =0,...,N, a family of
curves on S such that gg(0) = g, vk (0) = vg. For this family the action of L is

N-1

AC) =) Llgr( ), vk ( ), gka ()s vk ())-

0

=~
Il

By considering the variations of gy, vy,

_ da:() o = Qo)
k d :07 k d o

and using the discrete analogue of integration by parts it results

dA() gy
A=—— = > [D1L(gk, Ve, gk 1,Vk41) + DsL(gk—1,Vk—1, Gk, 0k)] gk
=0 =1
N-1
+ > [D2L(gk, vk, gka1,Ver1) + DaL(ge—1,0k-1, 9k, 0k)] k.
k=1

Since the variations g, v are arbitrary it follows A = 0 if and only if the
DEL(8) holds.

Now consider the family of curves frri1x( ) = g,:jl( gk ( )y ur( ) = g7t ()vr( ),
with fe11£(0) = frt1k,ur(0) = ug. Using the concatenation notation it results

_ dfky1k()

Trt+1k —q = gk_ilgk +!Ik_i1 9k = —gk_il gk+1gk_i19k+
=0
Gitr 96 = —(95t1 Gr+1) Forir + Frrin (Gt 98) Figp fotir =
- R 1 (g];h gk+1)+Ad 1 R 1 (g];1 gk)
du _ _ _ _ _
(14)  w= O’f( ) - —9i " okgive + 95 ve=—(9;" gk)uk + 95" 9
=0
d u _
(ferikur) = M = —(9t1 Irr) (Frsrreur)+
=0
Frrn(gr " gr) Fiin (Frrieur) + fraie e = —(9501 Gh+1) (Frtirun)+
Ad (gk_l 9k) (fr+1etr) + fryin Uk
From L = ow it results aom = A and da_() = w , where
d - a
N-1
a( ) =Y U ferar( ) ForreOun( )y upsr ()
k=0
It follows
N-1
da
a= d( ) = [Dil(frtiks Frt1kUhs Ukt1) ferin+
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+Dol(frt1ks frer1ete, Ukt1) (Fer1rtr) + D3l(frtik, frr1kUe, Uk+1) Ukt1].

Using the discrete analogue of integration by parts we obtain

2

a= [Dil(fet1ks ferieur,urs)Ad R (90" g)—
0

~
Il

Dil(fetiks fraikti,uhs1) B (ity gre1) + Frrrpur

Dzl(fk+1k,fk+1kuk,uk+1)(gk_i1 gk_il) = frt1kurODl (frt1ks frine, Upt1)

(15) (Ad | g¢" 9k) + fer1 Dol (Frik, ot 1k, Ukt1) Uk+
N-1
Dsl(frrik, frt1rUn> Ukt1) Upg1] = [D1l(frt1ks Frt1etp, ukt1)Ad
k=1

R | —Dil(fek—1, for—1ur—1,ur) R _, + frr—1up—1<

Dol(frk—15 frk—1ur—1,ux) — Ad | (fer ke OD2l(frg1ks frt1rUes Us1))]

N-1

(95" 9%) + DO [fer1rDal(Frrirs Forrktihr hrr) + Dsl(Frk—1s Frnottih—1,ur)] .
k=1

Because the variations fry1x, ur are abitrary it follows a = 0 if and only if the

DEP(13) holds.
A map

(16) : ((gk—1,06-1), (gk, vx)) € S* = ((g> k), (Ght1,Vp41)) € S?

which satisfies (8) is called the discrete Euler-Lagrange algorithm.
A map : (fer—1, frk—1ur—1,ur) € S XV = (frt1k, frt1ktp,Urt1) € S XV

which satisfies (13) is called the discrete Euler-Poincaré algorithm.
Theorem 3. . (reduction, reconstruction). he canonical 1o ection w given b
a lies the L algorith in the algorith . Fro the algorith it can be
constructed the L algorith

roo . The first part of the theorem derives from Theorem 3.1. The DEL algorithm
can be reconstructed from the DEP algorithm by

((gk—1,v6-1), (gks V) — ((9k> V&), (941, Vk41)) =

(17) ((ge—1Frp 1> Ge—1 Frp 1 uk)s (gkf[ﬁlk;gkf{ﬁlkukﬂ))a

where (fr+1k,ur) is a solution of the DEP equations given by 13. The algorithm 17
is the DEL algorithm because

k=1 Frp 1 = Gk—195 19k = GkGr—1Frp 1 Uk = Gk—195 1 IkUk = Vk-
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The discrete Euler-Poincaré-Poisson algorithm

The discrete Euler-Poicaré-Poisson are obtained for Lagrange functions which contain
adequate parameters by using the Lagrange-d Alembert principle.

Let V be a finite dimensional vector space, G a finite dimensional Lie group acting
on the left on V. The action is denoted by gv € V, for g € G,v € V. The left action
on the cartesian product G x V is given by (g,v) =( g, v), (g,v) € GXV, €QG.
The action of G on V* is given by

(a)v)=a( v), a€eV*, €qG, veV.
Let L: G x G x V* — R be a left G—invariant function, that is
L(g1,92,a) = L( g1, g2, a), €G,(91,92) EGXG,a€V™.

For ap € V* fixed, we define L :GXG — Rby L (g1,92) = L(91,92,a0). L
is left G—invariant with respect to the left action of G on G, where G = €
G ag = ap is the isotropy group of ag. The invariance of L permits us to define the
reduced Lagrangian ! : G x V* — R by

(18) (95 "91,95 'a0) = L(g1,92,a0) = L(g5 "g1,€, 95 "ao).

If we consider a sequence (gg,gr+1) € G x G,k =0,...,N — 1, then we can form
the sequences fr41x = gkjlgk € G and ay = g,;lao eV k=0,...,N—1.
Theorem .1. ith the receding notation the follo ing are equivalent

1. he sequence (gk,gk+1),k =0,...,N —1 isan e tre u for the action A
GNtl — R associated to L : G2 — R ith ag fi ed.

2. he sequence (gr,gk+1),k = 0,...,N — 1 satifies the L for L and for
arbitrar wvariation gp,k=1,....N—1 go= gn =0.

3. he sequence (frr1k,ax),k =0,...,N —1 satisfies the Lagrange d le bert on
G x V* associated tol : G x V* — R for the variations fri1k, k.

4. he sequance (frr1k,0r),k =0,...,N—1 satisfies the discrete wuler oincare

oisson equations :

(19) Dil(fr+1ksak)Ad R, — Dil(fek-1,a-1) R _, =
= Dol(fr+1k; ar)Cak.
roo. Let gr : € (—a,a = gi( ) € G be with g;(0) = gi. The action of L for

gr( ) is
N—-1

A ()= L (gk( )s gr+1())-

k=0
dgr( )

Denoting g = —o and using the discrete analogue of the integration by parts

it results that A = 0, for arbitrary variations gg, go = gn = 0 if, and only if
the DEL hold:
(20) DsL (gk—1,9%) + D1l (gk—1,9%41) = 0.

dfk+1x( )

q —o and using the

If fir1k( ) = gepi( )gk( ), then we denote fryix =
concatenation operations it results
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(21) fk-i-lk =- R 1 (gk_-il gk-i-l) +Ad 1 R 1 (91;1 gk)

From aj, = gj 'ao for ax( ) = g; ' ( )ao, we have

(22) ar = g, a0 =—(9;" 9195 Nao =—(g;" gr)ax.

We shall prove 3) is equivalent to 4). The Lagrange-d Alembert principle, for [ :
G x V* — R and the variations fgy1x, a, iS

N-1

D" Dil(frsirsan) ferir + Dal(forir) ax = 0.
k=0

Substituting (21) and (22) we obtain:

N-1
Z[Dll(fk+1k7ak)Ad 1 R 1 _Dll(fkkflaakfl) R -1
k=1

(23) Dol( frs1k,ax)Car) (g, ' gr) = 0.

For each variation of the form g, ! g, from (23) follows (19). The equivalence 1)
3) results from the G—invariance of L and from the fact that the variation of gxar = ag
cancels, which proves that L depends only of gg, gr+1-

The el in- oether theorem

Let L : G x G — R depending on a parameter ag € V* as above. Consider a
manifold on which G acts to the left and an equivariant map : xV* —G. A
discrete Kelvin-Noether quantity associated to the discrete reduced Lagrangian [ is
the map : X G xV* — R given by:

(24) ( k> frk—1,0) = Dil(for-1,ak—1) R _, (&, ax).

Theorem .1. (discrete Kelvin-Noether). Let o € fi ed fryik,ar and gr the
solution of the equation gry1 = gkf,;_:lk ith go = e € G. = g,;l o and j =
( &, frk—1,ar) the follo ing relatio holds

(25) k1 — &k = (D2l(frg1r, ax)Qar)( (&, a1))-
roo . Applying to (&, ax) the operator (25), it results
Dil(frsik,ax)Ad . R | ( k,ar) — Dil(frk—1,ak-1)

(26) R, (ksar) = [Dol(frrir, ar)Car] O (ks ar))-

is equivariant, therefore (26) implies
Dil(fr+ik,ax) R 1 (fretik ko foriwar) — Dil(fror—1,08-1)
(27) R _, (ks ar) = [D2(frt1r, ax)Car] ( ( ks ar))-

Since frt1k £k = 91;11 0= kt1 Srktr1kGk = Qky1, from (27) we deduce (25).
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The discrete Euler-Poincaré e uations
or principal undles

Let ( , ,m,@G) be a principal G—bundle, where = /g is the quotient manifold
of by the action of the Lie group Gon ndn: ——  isthe canonical projection.
A —morphism ( , ):( x , x ,ax7,GxG)—( , ,mG)is gives by
themaps : x — , :GxG — G, such that

(b k41) = (ks k1) &5
(28) (9. )= "lg,
where : X — @ satisfies the condition
(29) (9% w1)= "'g (& rkr1)9—1

Indeed, from the = —morphism property

(30) (9 )k k1)) = (95 ) (k> k1)

it follows (9 ks k+1)9 k= '9 (& k1) &, therefore (29).
By considering a local trivalization on  the element ; €  has the form ; =
( k,9k), where ; =7( ), r = gr( k,e). From (29) it results

(ks k41) = (Ck>96)5 C k1, 9k41)) = (96( ks€), Grt1( k41,€)) =

Bl g1k () (Crr1r9041))95 " = Ferrr (ko k41)9% = k105

where
(32) Srrik = 95419090 k> k1) = ((5:€)5 ( kt15€))-

Let 7@ x — X  be the map given by

(33) Tk k41) = ( Cro k1) 657( k1)

It follows

(34) T (ks b41) = Crrregi Crog0)s (Ch41,€) = (ks kb1k)s k41)-

Now let L : x — R be a G—invariant discrete Lagrangian and let [ be the

reduced Lagrangian defined by lo 7= L. Thus

ks kb k1) = L0k 95 t195)> ( k415€)) = L((C ks w1k (k> k1)) hg15€)).

Theorem .1. he follo ing state ents are equivalent
1. he sequence = ( g,gx) ;b6 = 0,...,N, is an e tre u for the action
A: Ntl 4 R associated to L here

Aloy--os N) = ) L(( k:9k)s ( k41, 9k+1))-



Discrete Euler-Poincaré and Euler-Poincaré-Poisson Equations 101

2. hesequence =1 k,98) ,k=0,...,N, satisfiesthe L for L and for an

variation =( k, gr) h o= n~N=0, go= gn=0.
3. he sequence ( g, ktik; k+1),k=0,...,N—1 isane tre u for the action
a: * /g N, R associated to |
N-1
a( o, 10, 1,..., N—1, NN=1, N) = D U ks kt1k, kt1)-
k=0
4. he sequence ( g, k+1ks k+1),k = 0,...,N — 1 satisfies the discrete uler

oncare equations
Dil( ks kt+1k> kt1) +D3l( k=1, k-1, &) +D2l( &, kt1k, k+1)
1(k+1,k) +Dol( k-1, kr—1, %) 2(k,k—1)=0
Dol( ks k1, k+1) R L Ad | Mk, kg1)—
(35) Dyl( k-1, kk—1, k) R _, =0,

here Dil( k, k+1k, k+1),t = 1,2,3, re resents the atri of the artial derivatives
ith Tes ect to the argu ent ¢ and

1(k+1L,k)= L L - D1 (ks k1)
(36) 2(k+ lak) = L 1 L - 1 D, ( k> k+1)7
re resent the 1—for s associated to the — or his ( , ).

roo . From the properties of this type for di erentiable manifolds it results that
the statements 1) and 2) are equivalent. Consider the family j41£( ) = fet16( )
(£()y k41 () with frr1x( ) = g1 ( )gr( ), € (—a,a) and  441%(0) = gy14- By
d k1)

denoting  g41x = q —o0, we have
ki =— R (gi}1 grr1)+ R, Ad | o (9t )+
+ L 1 L - 1D1(k7 k+1)( k)+ L 1 1L_1 1
Dy (ks k1) kt1)-
We deduce
N-1
da( )
= g = D4l Dsl( ,_ —
a 7 =0 kz_:l[ Uk, kt1ks k1) + D3l( k-1, kk—1, &)+

+D2l( &y ktik, k1) 1(E+1,E)+Dal( k-1, kk—1, &) 2(k—1,8)]( r)+
N_1
+Z[D2l( k> k+1k, k+1) R 1 k+1) R 1
h=1

Ad —1 . —Dal( k-1, k—1k, k) R _1](9;1 gk)-

1
Thus a = 01 the relations (35) holds. Therefore 3) and 4) are equivalent. The
equivalence of 1) and 3) follows from the G—invariance of L.
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Amap :( -1, 1) € 2= (&, k1) € 2 satisfying the relation
37) DiL( k, k1) + D2L( -1, &) =0

is called a discrete Euler-Lagrange algorithm (DELA).
A map : ( k=1, kk—1, k) e x /G — ( ky k+1k, k+1) e x /G satisfaying

the relations 35 is called a discrete Euler-Poincaré algorithm (DEPA).
Theorem . . (reduction, reconstruction). he canonical ro ection T given b
a lies the algorith L on the algorith . he algorith L can be
reconstructed fro  the algorith

roo . The first statement of the theorem results from Theorem 6.1.. The algorithm
DELA is constructed from the algorithm DEPA as follows: let ( r, r+1x) be a solution
of the algorithm DEPA and fri1x = ry1r (&, ky1) since friix = g;ilgk for
gr fixed, it results gx41 = gkf,;_&lk. In this way the algorithm DELA is given by

(Cr=1,96-1)s C>98)) = (Chs98)s Crars 9rr1)) = (C k> Gh—1 Frpgn)s Ckns O Fitin)-

emar . If the map has the property ( &, x41) =€ € G (%, kt1) € 2, then
the EDP are
Dil( ks feviks k1) +D3l( k-1, frk—1, &) =0,

Dol( ks frotiks +1) R . Ad | —Dal( k=1, fer—1, 1) R _, =0,

where fk+1k = gk_—l{lgk
c no led ements. A version of this paper was presented at the Workshop on
Electromagnetic Flows and Dynamics, Oct 15-19, 1999, University Politehnica of
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