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Abstract

In the present paper we determine all semi-symmetric conformal metrical
N-linear connections, which preserve the nonlinear connection N, in the bundle
of accelerations. We study the group of transformations of these connections
and its invariants.
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1 Introduction

The differential geometry of higher order Lagrange spaces was introduced and studied
by R.Miron and Gh.Atanasiu in [8] — [13].

The applications of the Lagrange geometry of order £ in Physics and Mechanics
are quite numerous and important, [8].

The study of higher order Lagrange spaces is grounded on the k-osculator bundle
notion. The bundle of accelerations corresponds in this study to k = 2, [1], [10].

In the present paper we define the notion of semi-symmetric conformal metrical
N-linear connection on E = Osc?M and we determine the set of all semi-symmetric
conformal metrical N-linear connections, which preserve the nonlinear connection N,
on E. (§2) The group of their transformations preserving a nonlinear connection N,
gives us important invariants (§3).

As to the terminology and notations we use those from [14], which are essentially
based on M.Matsumoto’s book [6].

2 Notion of semi-symmetric conformal metrical N-
linear connection in the bundle of accelerations

Let M be a real n-dimensional C'*°-differentiable manifold and (Osc?M,w, M) its
2-osculator bundle, or the bundle of accelerations.

Balkan Journal of Geometry and Its Applications, Vol.4, No.2, 1999, pp. 103-108
©Balkan Society of Geometers, Geometry Balkan Press



104 M.Purcaru

The local coordinates on E = Osc?M are denoted by (2?,y1)?, (7).

If N is a nonlinear connection on E, with the coefficients N(1)i i Nay : i
DI(N) = (L]k, C(l)]k,(l(2 Jk) be an N- linear connection on E.

We consider a metrlcal d-structure on E, defined by a d-tensor field of the type
(0,2), marked as g;;(z?,y")?, y?). This d-tensor field is symmetric and nondegener-
ate.

To the metrical d-structure g;; on E, we associate Obata’s operators

then let

. ) i 1 . )
(2.1) Q5 = 5(525}7 —9si9""), Vi = 5(525}7 + 959",

where (g%/) is the inverse matrix of (g;;). They have the same properties as the ones
associated with a Finsler space [14].

Let S3(E) be the set of all symmetric d-tensor fields of the type (0,2) on E. It is
easy to show that, the relation

(2.2) Qij ~ bz'j = Elp(a:,y(l),y@)) € f(E) | aij = 62pbij; aij, bz'j S SQ(E)

is an equivalence relation on Sz (E).

Definition 2.1. The equivalence class § of S2(E)/~, to which the metrical d-structure
9i; belongs, is called conformal metrical d-structure on E.

Definition 2.2. An N-linear connection DI'(N) = (ij, C(l)gk7C(2)]k) on E is said
to be compatible with the conformal metrical d-structure g, or a conformal metrical
N-linear connection on E, if

(a)
(2.3) Gijlk = 2WkGijs 9ij | x = 2X(a)rij, (@ =1,2),

where wy = wi(z,yM, y?) and A0y = Ak (@, ¥V, ¥?@), (a = 1,2) are covariant d-
(@)

vector fields and |, | , (@ =1,2) denote the h-and v,-covariant derivatives, (o = 1,2)

with respect to DI'(IV).

Definition 2.3. An N-linear connection DT'(N) = (L}, Cyy /. Cz)3,) on E, is called

semi-symmetric if the torsion d-tensor fields (0)" e S(a)i ik (a = 1,2) have the form

(2.4)

1 1 .
Tio)' it = —= T0)i% = Towd}), Sy’ ju = —— (S(@)ik = Sad}), @ = 1,2),

where T(O)j = T(O) Zji, S(a)j = S(a)z jir (a = 1,2).
Definition 2.4. An N-linear connection DI'(N) = (L%, C(y)%;, Cz)j)) on E is called
a semi-symmetric conformal metrical N-linear connection if the relations (2.3) and
(2.4) are verified.

Ifo; = ﬁT(O)j, T(a)j = 7 1S(a )j» (@ =1,2) and if we apply the Theorem 5.4.3.,
[8], we obtain:

Theorem 2.1 The set of all semi-symmetric conformal metrical N -linear connec-
tions DT'(N) = (L;k,C(l);k,C@)J’.k), which preserve the nonlinear connection N, on
E is given by
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0 0
(25) szk :lek +2Q}CZUT’C(0¢);IE :C(a);k +QQZT]-T(Q)T, (a = 132)a

0 o 0o o0
where DT(N) = (L}, C 1y k> Ca);x) i an arbitrary conformal metrical N -linear con-

nection on E, whose d-tensor fields T(g), S(a), (@ =1,2) are vanish.

3 Group of transformations of semi- symmetric con-
formal metrical N-linear connections on E = Osc>M,
which preserve the nonlinear connection N.

Let us consider the transformations DT'(N) —s DT(N) of semi-symmetric con-

formal metrical N-linear connections on E, which preserve the nonlinear connection
N.

Theorem 3.1 Two semi-symmetric confoz‘mal_me.tric_al N -linear connections on E,
DI(N) = (L}, Cryyjis Crayjr)» DT(N) = (L, Cpyji> Capji)» are related as follows:
(3.1) f/jik = Ljik — 6§wk + 292}'07‘76((1);:19 = C(a);k — (5;-)\((1)]9 + 29;.@9'7((1)7"7

where we have 0, = 0, — Wr, Y(a)r = T(a)r — Aa)r> (@ =1,2).

Theorem 3.2 The set C°y of all the transformations given by (3.1) is a transfor-
mation group of the set of all conformal metrical N-linear connections on E, which
preserve the nonlinear connection N, together with the mapping product.

The transformation ¢ : DI' —s DI given by (3.1) is expresed by the product of
the following two transformations:

(32) E;k = Ljik - (53'(,0]‘;, C(a);k = C(a);:k - 5;.')\(a)k; (a = 172)a

(83) Lj, = L, + 2000, Coorl = Crapli + 2@y (0 = 1,2).

Theorem 3.3 The group C*y, is the direct product of the group C* 5 (of all transfor-
mations (3.2)) and the group C™y (of all transformations (3.3)).

One can notice that the invariants of the group C*, will be invariants of each of
these subgroups, and reciprocally.

In our previous paper [16], starting from the tensor fields K hijk, P(a) hi ko (a =
1,2), 5(22)hijk, where
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(K% = Ryt — Cayhs oo — C(z)zsR(oz)sjk’

i i i INa s N
P(l)h ik = Ajk{P(l)h ik C(l)hs 5y(1>k C(2)hs( (1) m(Sy((—l))k-’-

ON o\ ° . 0N, o\ °
(34) { +5oF — Harh
. . 8N s ON, m
7)(2)h.zjk: = ‘Ajk{P(2)hzjk C(l)hs 6y(2 C(Z)hs( (1) m 63/2376] -

oN,
\ _ﬁ)}a
we obtained the following important invariants of the group of transformations of
semi-symmetric metrical N-linear connections, which preserve the nonlinear connec-
tion N, on E:

( Hhijk = Khijk + ﬁAJ‘k{Q%(Krk - %f_r—'i))}:

; : ; Pla)9r
3.5) ¢ N(a)hzjk = P(a)hzjk + %Ajk{ﬂﬁm(a)rk - 2En)—g1;c )} (@=1,2),

. . . S -
M(22)hzjk: = S(22)hzjk + %Ajk{ﬂﬁ(s(ﬂ)m - 2((2;)_511; )}

where
Ky = Khijﬂ Playnj = P(a)fjji’ S2)hs = S(22)hijz'7
K = g"Kpj, Pa) = 9" Playnjs Se22) = 9" S(29)nj> (@ =1,2).

If we replace Khijk’ ,P(a)hijk:’ (a = 1,2), 5(22)hijk by the tensor fields K*hijk,
Pty jer (@ =1,2),8%5,,%, defined by:

* 4 i (] s
Khjk_Khjk: 5ngk’

(36) ,P(*a)hijk = ,P(a)hijk o %527)(a)ssjk’ (O[ = 152)7
S*(22)hijk = 5(22)hijk - %525(22)383'197

we can obtain the invariants of the group of transformations of semi-symmetric con-
formal metrical N-linear connections on E, which preserve the nonlinear connection
N

Theorem 3.4 Let
K*y; = K7, iji’ Ployns = P(*a)hijia (@=1,2), Stazyng = S(22)hijz" K* = gth*hj
Ploy = 9" Ploynso (@ =1,2); Sty = 9" S0y
For n > 2 the following tensor fields
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4

* 1 * 1 3 * K*gn
H*, zjk = K", zjk + %Aa‘k{ﬂﬁ([{ rk 2(ngf)_)}7

¥ i _ ¥ ir (Dx Pla)gre _
(37) 4 N(a)h jk P(a)h ik + %‘Ajk{ﬂjh(?(a)rk o ZEn)—l) )}7 (OL - 172)7

«q _ ax i ir (Qx S(a2)97
M(22)h ik — S(22)h ik + %Ajk{ﬂjh(s(m)rk - 2((nl1)’c)}7

\
determined by of semi-symmetric conformal metrical N -linear connections, which pre-
serve the nonlinear connection N, on E, are invariants of the group C®y:

Proof. We can easily show that H*, ijk, N(*a)hijk, (a=1,2), M(’*22)hijk are invari-
ants of C*;. Owing to Theorem 3.3, it suffices to prove the theorem for C™.

From Theorem 2.3 of [16], the tensor fields K"y, Pioy'jrs (@ =1,2), S(9), %, of
a semi-symmetric metrical N-linear connection DI'(NV), are transformed on the basis
of the relations (3.3) of DI'(IV) to DI'(IV) as follows:

I_(hijk = K% + 24 { Q5 0k ),
(38) ﬁ(a)hijk = P(a)hijk + 2Ajk{9;7f‘bp(a)rk}a (a =1, 2)7

Saayh ik = Seanyh ik T 2A A T2)rk
where ok, p(a)rks T(2)rk> (@ = 1,2) are some d-tensor fields determined from DI'(N).
Since Qf; = 0, the tensor fields K*, *;;, P(*‘a)hijk, (a=1,2), S{QQ)hijk obey the same
transformation laws as (3.8), Hence, (3.7) follows from the well-known elimination
method used in Theorem 2.4 of [16].
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