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Abstract

The theory of conformal changes of Finsler metrics has been studied by M.
Hashiguchi [2] in 1976 and some of the Japanese school have directed their efforts
to find conformally invariant curvature tensors similar to the Weyl conformal
curvature tensor of a Riemannian space and to establish the condition for a
Finsler space to be conformally flat. Finally, about five years ago, S.Kikuchi [6]
succeeded in finding a conformally invariant Finsler connection and giving the
conformally flat condition.

We have, however, a strange and objectionable in Kikuchi’s theory. His con-
formally invariant connection can be only defined on an essential assumption.
Whether this assumption holds or not in a Finsler space under consideration
poses newly a difficult problem. Since we have not a conformally invariant con-
nection in the Riemannian case, the assumption is, of course, not satisfied by
any Riemannian space.

About ten years ago, Y.Ichijyo and M.Hashiguchi [5] defined a conformally
invariant Finsler connection in a Finsler space with («, 8)-metric, where a =
(aij (z)y'y?)'/? is a Riemannian metric and 8 = b;(z)y’ is a one-form in y*,
on the assumption b®> = a*b;b; # 0. They gave the condition for a Randers
space with the metric @ + 8 to be conformally flat based on their connection.
M.Matsumoto [11] showed that their theory can be applied to a Kropina space
with the metric o?/.

The main purpose of the present paper is to consider Kikuchi’s conformally
invariant Finsler connections of Finsler spaces with (a, 3)-metric. Since our
main interest is Kikuchi’s assumption, it is sufficient to stop our studies halfway
to Finsler spaces conformal to locally Minkowski spaces. Thus we shall propose
a new notion of conformally Berwald Finsler space.
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1 Conformally Berwald connections

In this section, we give a conformally Berwald connection which is induced from a
scalar field S with a regularity condition.

et us consider a insler space ( , ) with the Berwald connection
( ,0) and a conformal change . he wuantities of the
conformally changed space will e denoted y putting a ar.
e have first the conformally invariant tensors and
— ), — ( )
hematri ( )istheinverseof () .Inthe following we denote ysu scripts
of the partial di erentiations of y
utting — and (( ) ), we have and
. If we put , on account of the paper  we get
and
(11) )
hen we o tain the relations etween the -curvature tensors
1)
ssume that we have a conformally invariant scalar field S( , ) which is ()
homogeneous in ( ). enoting y () the -covariant di erentiation in , (1.1)
yields
S s (9 S (8 ),
and hence
(13) s S , : (9

long the lines of .Ki uchi 6 and .I eda  we shall suppose that

(1) det( ) 0, andlet( ) e theinverse matri of ( )
(, )are( ) homogeneousin and (1.3) can e written in the form
(15) , : S
(, )are(0) homogeneousin . ince are functions of position, we must have

(16) ( ) 0

u stituting from (1.5) in (1.1), we get the invariant uantities
1) ;

Conse uently we o tain the conformally invariant insler connection ( , ,0).
his is called the with respect to S. n the other hand,
(1. ) yields a conformally invariant tensor



ho o onoma ad ins S ac sand ts ications 10

(18)
It isremar ed that the -curvature tensor ( ( ) of is conformally invariant,
ut it is di erent from
1) « )
ccording to the Berwald e pression ( heorem 3. ) of a insler connection given
y . iouand . ashiguchi 1, theset ( , , , , ) of the essential
tensor fields of are
(1 10) ? 07 07 ? 0

he conditions (1) and ( ) mentioned in their theorem are satisfied ecause ( , )
are (0) homogeneous in

insler space is called a if are functions of position alone,

or 0. In the Cartan connection ¢ , ), is a Berwald space

if and only if are functions of position alone, or 0 in terms of the -
covariant di erentiation in

efinition. insler space ( , )is called , if there

e ists a conformal change such that the changed space ¢ )

is a Berwald space.
e deal with a conformally invariant scalar S which satisfies S 0 for a Berwald

space. uch an invariant S is called , ( heorem .1). he supposition
det( ) 0 with respect to S of parallel type is called the . hen
we get

(111) ; s,

on the Ki uchi condition.
ow we consider a insler space having S satisfying the Ki uchi condition and

suppose that is conformal to a Berwald space . hen S 0 and 0, and
hence (1.11) is reduced to
(11) :
which implies that () is a gradient vector:
(113) () 0, () 0
e t, since is a Berwald space, we have 0 and hence (1.8) implies

0. Conse uently we have

(11) 0
herefore (1.13a), (1.1 ) and (1. ) lead to the fact that the curvature tensor of
vanishes.
Conversely, we consider a insler space having S satisfying the Ki uchi con-
dition such that with respect to S satisfies (1.13) and has the vanishing

curvature tensor. (1. ) with (1.13a) show 0. (1.13) gives the function
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() satisfying (1.1 ) and hence we have the conformal change . hen
0 and (1.5) with (1.1 ) give 0. hen (1.8) leads to 0 and thus
the changed space is a Berwald space.
e denote y the covariant di erentiation in , the  covariant one in
is . hen (1.13) are written in terms of as follows:
(113) () 0, () 0
herefore we have
heorem . S
S
i c isass m tion for metrics

o do ustice Ki uchi s assumption (1. ), that is the condition det( ) 0, we shall
e concerned with insler space with (a, 3) metrics.

et us consider a insler space ( , (o)) with (a, ) metric where
a () isa iemannian fundamental form and 8 () isal formin
e put « a and have
aa , : ,
(1
aa a )
where is the angular metric tensor of the iemannian space (  ,a) asso-
ciated with . e t we have
() ao ( ( )a,
where () denotes cyclic permutations with respect to indices and their sum.
urther we put and the derivatives of = with respect to ( ,a,f) are
denoted y the su scripts (,1, ). hen a and
(3 a a (a a )
ince is the fundamental tensor  of , we have from ( .1) and o)
B,
(3 ( a (o) ) B a)

e have shown 8, 1
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e suppose 0, of course. s a conse uence has the irregular metric
(det( ) 0),if and only if 0 . In the following we are concerned only with
having regular metric.
hen the inverse matri () of ( ) may e put

(5) (@ ) ( ) ;
where . he condition for leads to
a b a )
(6)
( a ) B a)
rom ( .3) and we have

( «a Jaa, ( a )

( « Ja ( «a )
rom ( .1) and ( . ), and putting
() : Ba),
we have ( a)( (). et,from a B8 0, for |, 1, ,
we have (B a) , (B a) and B ) . hen

B a) ; B a) ;
B a) ;
(B a ) ’ b

Conse uently we have 1 , 11

(8 ( a)( () )
ow as a conformally invariant scalar S in the section 1, we shall study two cases,
that is, ( )( ) in the case of a Berwald in this section and 8 « in

the ne t section.
In the following of this section we study the condition (1. ) i.e. Ki uchi s assump-
tion for (a, 8) metric.
et us find ( ) ) for with (a,8) metric. rom ( .5) and ( .8)
we have
(a )

Iso we have
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3 a )

hus we get

() ’
( a Da ) ( G )

Conse uently we have
( 10) !

or the later use we are concerned with two e amples where we put B8 a.

anders metric a B,
@ ), g @ ),
c n @)
Kropina metric a B,
B ;
( ) )

It is remar ed that a, ( ) a for the a ove two e amples.

e now approach to our pro lem y another way from the homogeneity of (a, 3).
If we put

(pf) o (), () (@) Ba

then we have the following:

C > ) s
C > - 5 ) a9 ,, 1
() () (5) :
O G)Y OO0 )
ORNQF (,) o
() 1 (D :
() (5)

Conse uently we have
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utting ( ) ) () , we 0 tain
s an e ample of this process we show a case of Kropina metric «a
O 1 5, 0 » () ) )
C C ) ( ) C )
hus we have
heorem (o, B)
S
not er ass m tion for metrics
s conformally changed (a, ) (a, B) ( a, B) y(@Q)
of ,f «is conformally invariant 5. etusta eS [ «a and put
(9 hen we have S a and
(o) )
( ) o
e put , and have from ( .5), ( . ) and ( .6)
(a ) ( Ba )
( a ) ( a B )
ince  shows af , we find
(31) ( ) o
hus ( .8) together with and leads to
@) ( a ) ( a ) )
rom ( 3) we have
(33) ( a)
Conse uently we o tain
( ) ;
« 7
@) (  a ) a )

113

B,

homogeneity
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0, if and only if 0, that is, is of the form « B with constant

c¢s. hus, suppose that is not iemannian, then 0.

e t, we put . hen
(35)

et us put
(36) ( )

hen (3.5) yields as coe cients of the following terms,
= ( ) o ;
( ) o ;
1 a

herefore we o tain

3
¢ La Ja( )

In an interesting paper 3 concerned with insler spaces e uipped with a lin-
ear connection, .Kashiguchi and .Ichi yo showed that if  of a insler space
with (o, 8) metric is parallel with respect to the evi-Civita connection
( () of the associated iemannian space, then of the Cartan connection

( , ) coincide with ( ) and hence is a Berwald space. his
is also shown directly from the e uation which gives the di erence

a )

If 0, then the uni ueness of the theorem leads to 0 immediately.
he converse is not true 0 is not necessary for to e a Berwald space. or
instance, as has eenshownin ,a anders space with a [ is a Berwald space,
if and only if 0, while a Kropina space with a [ is a Berwald space, if
and only if there e ists a vector field ( ) satisfying ( ) .
efinition. et a insler space with  (a, ) metric (a,8) e a Berwald space.
If is necessarily parallel in the associated iemannian space, then is called a
and (a,p) is of .
e give here some e ample of parallel Berwald spaces.

(a a B B,
where 1 and const. ¢ s, is of parallel type.
a B B o 0,
a B oa B 0,

where const. ¢ s, are of parallel type.
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e consider a insler space with  (a, ) of parallel type and conformal to
a Berwald space . hen § f a is conformally invariant and S 0 in the
evi-Civita connection of . herefore we have
heorem . ( , (&p) (a,B)
8 «
(11 )

Conformally Berwald anderss acesand ro ina
S aces

he last section is devoted to the conditions for insler spaces of anders type and
Kropina type to e conformally Berwald. e shall use the sym ols

( ) ( ) ;
where the covariant di erentiation ( ) is the one with respect to the associated ie-
mannian space with the metric a. By a conformal change various

uantities are changed as follows:

Y

utting and , the Christo el sym ols constructed from are
changed to

and hence we o tain

( )
irst we are concerned with a anders space with the metric a p.Itis
a Berwald space, if and only if 0 . Conse uently the space is conformally

Berwald, if and only if there e ists a gradient ( ) satisfying
(1 0

rom ( .1) we get

Conse uently we have

() ( ( D)

ince is a gradient vector, we have
(3 0

( .1) can e written as

( ) : ( )
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hese give respectively

« 1 ( )
ence we have
() (D) ) )
(5 ( )
ow (. ) can e written as
( ( 1),
and ( . ) gives . herefore we have
( 6) ( ( 1)
herefore we have
heorem
et ( a ) e aKropina space and ( , ) a conformally
changed space with . he latter is a Berwald space , if and only if there
e ists  satisfying
(X
rom ( ) and the a ove is written as
() ;
which is e uivalent to
(8 ( )

() ( )

ultiplying  to ( . ) yields

( 10) ( ) )
Conse uently, eliminating  from ( . ) we o tain
(11 ( )

e t we deal with ( .8). ut
(1) ( ); and

( .8), transvected with  yields

( 13) ( ) 0
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ultiplying  and from 0 for the Kropina space, we o tain

hen ( .13) gives

(1) ( C )
s a conse uence ( .8) may e written in the form
(15 ( ) )
(.1)gives ,and hence ( .1 ) yields . Conse uently ( .10) yields
( 16)

Conversely, we consider a Kropina space such that ( .15) and ( .11) are satis-
fied and  of ( .1 ) is gradient ( ( )). ema e the conformally changed
from y the conformal change . hen ( .15), ( .11) and ( .1 )
lead to

( ) )
hus, ( .16) immediately leads to ( . ).
heorem
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