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Abstract

In the previous papers ([12], [13]) we put the bases of a gauge theory which
can be applied any time we are dealing with physical phenomena that depend
on the coordinates of the k — osculator bundle.

In the above mentioned papers we studied the strength fields of the second
order and the Lagrangians generated only by strength fields. Also, for a full
Lagrangian Lo we determined the conserved currents and the corresponding
conservation laws.

In this paper we shall define (k+1) gauge covariant derivatives of strength
fields and we shall determine four types of gauge Bianchi identities.
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1 Introduction

The higher order Lagrange spaces constitute an adequate geometrical framework for
the development of an integrated gauge theory of the physical fields. Also, the form
of interactions between some matter fields can be determined by postulating invari-
ance under a certain group of transformations. In monograph [8] R. Miron gives an
original construction of the geometry of higher order Lagrange spaces based on the
k — osculator bundle notion. Generalizing some results given in [1], [5], [6], [9] and
[14], R. Miron and Gh. Munteanu put the bases of a gauge theory on higher order
Lagrange spaces ([8], [10]).

In the paper [12] we studied the strength fields of the second order on the geo-
metrical model given by GOSC®) M. Also, we studied Lagrangians involved gauge
fields, defined through strength fields. A full Lagrangian was defined as the sum of
the Lagrangian of gauge fields and local gauge invariant Lagrangian of matter fields.
For a full Lagrangian Lo(u) we determined in Lagrange manner, the equations of mo-
tion. In [13] we studied the local gauge invariance of a full Lagrangian, the conserved
currents and the corresponding conservation laws.
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This paper continues the line of [12] and [13]. Using the structure constants of the
Lie group G, the gauge fields and an arbitrary gauge Miron connection we shall define
(k+1) gauge — covariant derivatives of strength fields and then obtain four types of
gauge Bianchi identities.

2 Preliminaries

Let M be a real n-dimensional C'*°— differentiable manifold and its k—osculator bundle
(0SC™) M, 7, M). The local coordinates on the total space E = OSC*) M are de-
noted by u = (z*,yM?, ..., y(*¥)?). Let us consider G a compact subgroup in GL(m, R)
and G its prolongation of order k. Let Pék) (M) be a principal bundle having the
base M and structural group G*). We consider F = R, A gauge k-osculator bun-
dle GOSC™® M is a G-structure of order k of the principal bundle P (M). The
geometrical theory of the gauge k-osculator bundle GOSC® M is the geometrical
theory of the k-osculator bundle OSC*) M restricted to the group G*).

The notions of gauge transformation in GOSC*) M, nonlinear connection on
GOSC® M, N-linear connection on GOSC*) M, generalized Lagrange metric of
order k, are given in [8] and [10]. The transformations of coordinates on GOSC*) M
are given by
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In local coordinates on manifold GOSC*) M, a gauge transformation can be rep-
resented by equations of the form

z = X(z)
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Let a generalized Lagrange metric of order k on GOSC*) M “be given by the
components (g;;(v)), a gauge nonlinear connection N = ((]\gi, (J\;l, vees (]\g’), and a
1), 2, k),
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gauge Miron connection DI'N = (L;k, (C;i s eens (C;i ) on GOSC® M and Lg(u),
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u = (zf,yVi,..,yP?) a Lagrangian defined on the domain Q@ C R*+Y7  Suppose
that there exist p differentiable scalar fields (physical_ﬁelds) QA, A =1,p so that
the Lagrangian Ly depends only on the variable z?, ("%, ..., y(*)* by means of Q* and

. 6N 64 .
their derivatives 5o W’ a = 1,...,k. More accurately, Lq is a scalar field on
GOSC™ M given by
QA 6Q4 QA
(1) k)Y — A
(2'3) LO (x)y )"'5y ) - L (Q b (S,Z"l ) 6y(1)l PR 6y(k)z .

In order to obtain the gauge—invariant Lagrangians with respect to the local gauge
invariance of the Lie group G, we considered a new Lagrangian

(4 8QA QA (@t
(2.4 Lot = ' (@4 525, 225 1, Vs ()

a a
in which H#(u) and V; (u), a = 1,...,k are the components of some gauge d-
covectors, called local gauge fields, satisfying the following nonhomogeneous condi-
tions of variations

§ () = <) - - B+ 0

x [ () (a) oe®
5 (Viw) =i Vv

where f are the structure constants of the Lie group G and £%(u) are differentiable
functions.

The study of Lagrangians involving only gauge fields is given in [12]. These La-
grangians can be generated by means of the following functions
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We call F;;, F ;; and ; the horizontal strength fields, the mized strength

fields and vo— vertical strength ﬁelds respectively.
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3 au e 1anc iidentities it res ect to co ariant
deri ati es o stren t elds

In this section, using the structure constants of the Lie group G, the gauge fields
and an arbitrary gauge Miron connection we shall define (k + 1) gauge-covariant
derivatives of strength fields and then obtain four types of Bianchi identities.
N (ha)”
enote by . the local components of one of the strength fields F;;, i
(vuavﬁ)a

F ,; given by (2.6), (2.7) and (2.8) respectively. Then we define the horizontal
ga ge covariant derivative of [ as follows
s b h h
a K2 a c a a
(3.1) ik = 6mk] +foer i He—  hiLin—  inc Lk

In a similar way, we define the vo— vertical ga ge covariant derivative of P by

a 6 1{1]' a b (a)c a h a h
(3.2) Ca = s tfeer i Vie— m CV = i C
ij ok (5(5) (a)ik (a)jk
By a direct but very long calculation we can prove the following three results
ro osition oth covariant derivatives define d ga ge temsor fields o t e
s ore recisel , ith res ect to and e have
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where ; = pp and X' = pr
ro osition ith res ect to the local ga ge action o e gro , the ga ge
covariant derivatives veri the ollo ing homogeneo s la s o trans ormation:
*
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ro osition ith res ect to d vector fields o ada ted asiso  GOSC® M,

the ollo ing aco i identities hold:
§ R™
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ere and in sequel, by Z we mean the cyclic sum with respect to (, ,%). The
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above propositions are useful for proving the following main results
heorem he ollo ing ga ge ianchi identit  ith res ect to the horizontal
ga ge covariant derivative o the horizontal strength fields holds:
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Using (3.14) we can easily obtain

(n)* ()
(5 Fl a 0H? 0V
Sl sz k + Z(({E) ( (a)km ~ 5k )
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ow, using (3.9) and (3.15) we have
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Taking into account (2.6) and the acobi identity from the general theory of Lie
groups (fg - f¢ + f% - f% + f% - f§ =0) we obtain the following relation

(3.16)
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From (3.16) and (3.17) we have
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From (3.18) and (3.19) we can easily obtain the conclusion of theorem.
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ext, by Z we mean the cyclic sum with respect to (, , k) and («, , ) when
ap
we move simultaneously the indices of these triples. In the same manner we can prove
the following two results
heorem he ollo ing ga ge ianchi identit  ith res ect to the v, ga ge
covariant derivatives o the vg—uvertical strength fields holds:

(va08)° O™ @) (va 08"
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heorem he ollo ing mized ga ge tanchi identities ith res ect to the ga ge

vq covariant derivatives o the mixed strength fields, and the horizontal covariant
derivative o vg—wertical strength fields, res ectivel hold
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and the nctions D" are given
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