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Abstract

The covariant derivative of the Ricci tensor of a three-dimensional contact
metric manifold is computed and it is used to study Enstein-like and conformally
flat contact metric three-manifolds . Several classification results are given.
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1 Introduction

As it is well-known, the ¢ r at re of a three-dimensional iemannian manifold is
com letely determined 1y its icci tensor or a three-dimensional contact metric

manifold , errone 1 e ressed the icci tensor y means of
terms related to the contact metric str ct re of rther, errone, anhecke
and the a thor C com ted the co ariant deri ati es of the ector elds formin

a - asis of a non- asakian contact metric three-manifold 0, this makes ossi le

to com tethe co ariant deri ati e of , y means ofits com onents with res ect to a
- asis, for an ar itrary non- asakian contact metric manifold of dimension three n

this a er,s ch com tation is made and it is sed in order to classify Einstein-like
and conformally flat contact metric three-manifolds

t is well-known that a three-dimensional Einstein manifold has constant sectional
cr at re orcontact metric manifolds, E lair and harma, ro ed that
locally symmetric ore i alently, icci- arallel contact metric three-manifolds m st
ha e constant sectional ¢ r at re 0 or 1

Einstein-like manifolds ha e eenintrod ced y A ray Einstein-like metrics
are enerali ations of oth Einstein and icci- arallel metrics, so it is worthwhile
to try to i e a classi cation of contact metric three-manifolds e i ed with an
Einstein-like metric

A iemannian manifold is said to elon to the class if its icci tensor
is , that is,




11 0

for all tan ent to and where is the icci tensor of ty e 0 2 his
condition is e i alent to the fact that is a illin tensor, that is,

12 0

, issaid to ein the class if its icci tensor is a , that is,

13

ote that for connected s aces in class  or in class  the scalar ¢ r at re is
necessarily constant
n dimension three, Einstein-like manifolds ha e een st died in the class of homo-
eneo ss aces A and in some enerali ationsof s ch class, like all-homo eneo s
s aces C andc r at re homo eneo ss aces oreo er, asakian Einstein-
like manifolds ha e een st died in A
n this a er, we st dy contact metric three-manifolds elon in to the class
and we characteri e them y ro in the followin

heorem

e also i ethe e licit classi cation of contact metric three-manifolds in the class

he case of a contact metric three-manifold whose icci tensor is a Coda i
tensor seems m chmoredi c¢ lttotreat anya thors a o, , a, -A1
st died contact metric three-manifolds ha in harmonicc r at re tensor a condition
whichise i alentto 13 ,classifyin somes ecial classesof s chs aces sin o r
method, we e tend some of these classi cation res lts y ro in the followin

heorem
1 2
0 1
Asit was roedin C , 1 with constant is a necessary t nots cient

condition for the homo eneity of a three-dimensional contact metric manifold
heorem 2 is also interestin  eca se it does not hold any more if the scalar
cr at re of is not constant, as for e am le for conformally flat contact metric
three-manifolds he classi cation of conformally flat contact metric manifolds is an-
other ro lem which has een in esti ated y many a thors At one hand, in many
cases conformally flat contact metric manifolds m st ha e constant sectional ¢ r at re
see , A-2,C n the other hand, E lair 2 constr cted e am les



of conformally flat contact metric three-manifolds which do not ha e constant sec-
tional ¢ r at re e show that lairse am les satisfy 2 with 0
oreo er, we ro e the followin res lt, which enerali es heorem 3 2 of A- 2

heorem

2 2 0 1

e rst collect some asic facts a o t contact metric manifolds All manifolds are
S osed to e connected and smooth

A isa 2 1 -dimensional manifold e 1 edwitha lo al
1-form s ch that 0 e erywhere on t has an nderlyin almost
contact str ct re where is a lo al ector eld called the

and a lo altensorofty e 11 s ch that

1 0 0

A iemannian metric can e fo nd s ch that

e refer to or to as a contact metric or iemannian manifold
f denotes the ie deri ati e, we consider the tensors

1
2

he tensors and are symmetric and satisfy

21 0

22 2 0

and hence,

23 2 0
A manifold is a contact metric manifold s ch that isa illin ector

eld with res ect to  Clearly, is -contact if and only if 0 or,e i alently,
0 fthe almost com le str ct re on de ned y

is inte ra le, is said to e Any asakian manifold is -contact and

the con erse is also tr e for three-dimensional s aces e refer to 1 for more
information a o t contact metric manifolds
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rom now on, let e a three-dimensional contact metric manifold and
a oint of et etheo ens setof  where 0Oand theo ens setof
oints s ch that Oinanei h o rhood of hen isan o en dense
s set of or any oint there e ists a local orthonormal asis
of smooth ei en ectors of in a nei h o rhood of e call a of
n we ¢t , where is a non- anishin smooth f nction rom
21,wehae e recall the followin
emma cp
1 1
2 _ _
— 1
— 1
25 2
0

rom 25 we o tain at once the followin

ro osition

0 0 0
2 2 0
0, the condition i enin heorem 2 for is weaker than 2 , with
constant , and this last condition is weaker than 0

n what follows, we shall denote y the e i Ci ita connection of and y
the corres ondin  iemannian ¢ r at re tensor i en y

he icci tensor of ty e 0,2, the corres ondin o erator and the scalar ¢ r at re

are res ecti ely denoted y , and
twas ro edin 1 that the iccio erator on athree-dimensional contact metric

manifold is i en y

where , -1 and - 3 3 sin 25 ,we et



21

ence, a lyin to the ector elsofa - asis, we et

21
2 -1 2
- 1 2
f ,wecan se 2 and 2 tocom te the com onents of the co ariant
deri ati e with res ect to a - asis de ned in a nei h o rhood of

After some standard com tations, we et the followin

heorem
2
2 2 2
2
2 2
210 2 1
1 _
2
1 2 2 2 —
2
211 1 —
2
9 -
2 2 1
212 1 2 2 2
— 2 2 1
2
2 2 1 —_—
213 2 1

21 1 2 2 2
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— 2 2 1
2
— 2 1 2
215 1 —
2
2 1 2
2 R
e recall that a contact metric manifold is said to e if
there e ists a connected ie ro of isometries actin transiti ely on  and lea in
in ariant tissaidto e if the se do ro of local isometries

acts transiti ely on  and lea es in ariant ote that a three-dimensional locally
homo eneo s contact metric manifold is locally isometric to a homo eneo sone he
classi cation of homo eneo s contact metric three-manifoldsis i en y the followin

ro osition P

3

he e licit classi cation of three-dimensional homo eneo s contact metric manifolds
is also i enin 2 in terms of the e ster scalar ¢ r at re and of the torsion
in ariant
e end this section y a lemma which will ermit to sim lify some of the ne t
roofs ch lemma can e easily ro ed y ind ction

emma

e start recallin the characteri ation of three-dimensional homo eneo s manifolds
in the class ienin A

ro osition

e are now ready to i e the
roo o heorem

et e a three-dimensional, sim ly connected, com lete contact metric
manifold f  is nat rally red cti e, then from ro osition 31 it follows at once
that elon s to the class
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Con ersely, ass me that the iccitensor of is cyclic- arallel f
is asakian, since the scalar ¢ r at re is constant, it follows that is locally -
symmetric and so, it is homo eneo s k  herefore, the res 1t follows from

ro osition 31 rom now on, we ass me that  isnot asakian hen, heorem 2 3
holds enowa lye ations 11 and 12 to the com onents of with res ect
to on irst, since 0, from 2 follows

31 0

e t, takin into acco nt 31 and the constancy of , we ha e

32 0 2 0
33 0 2 0
3 0 2 1 0
35 0 2 1 0
3 0 — 0
2
3 J—
0 5 0
3 0 2 0
0 2 0
ince 2 , 32 ecomes
310
n the same way, 33 i es
311
sin 310 in 3 ,wehae
312
and, sin 311 in 3 ,we et
313
Consider ,
and t is easy to check
that isano endenses set of enow ro ethat 0
on , and and hence, on n andon , 310 and 311 im ly at once
0 enow ro e that 0 also holds on ince
on ,from 312 and 313 it follows
31 -

and



315 -

res ecti ely o, from 310 and 311 we also ha e

31

and
31
et, 3 ,to etherwith 315, ies

31 -

n the same way, 3 and 31 im ly

31 N
e now di erentiate 3 15 with res ect to andwe se 31 , 31 and 31 to
e ress , and ,res ecti ely e et
2 2

n the same way, di erentiatin 31 withres ectto and sin 315, 31 and
31 , weo tain

2 2
herefore, since , we ha e
2
320
n the other hand, h's, sin 2 to ether with 31
and 315, we et
321 2
Com arin 320 and 321, we then o tain
2 3
_— 0

and so,
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322

n the same way, can e com ted y di eren-
tiatin 31 and 31 with res ect to and , res ecti ely n the other hand,
can e com ted sin 2 ence, com arin the

two e ressions of , we ha e

2
323 3 RN 1 0

sin 322, 323 ecomes

32 3 11 2 0

enow ro ethat 32 im lies 0 n fact, if 0, 32 ies

325 3 11 2 0

ince 0, we can se emma 25 and 325 to concl de that 0 ence,
322 ies 3 0 t if 0, then 0 and if 3,
sin 310 and 311, we can concl de a ain that 0 o,in oth
cases 31 and 31 ie 0 and 0, res ecti ely, contrary to the ass m tion
0 hen, Oand 322 i es 0  hen 0, 315 and 31
im ly 0 ince 0, we also et 0 n the other
hand, from 2 we o tain

1

and so, 1 0, from which it follows easily 0 n fact, if 0,
then 1 0 and so, di erentiatin with res ect to 0  his,
to ether with 310, i es 0, since 0 n artic lar, 0 and so, 310
ies 0, contrary to the ass m tion o, 0 and, from 31 and 31 ,
we also et 0 and 0 n the same way, it is ossi le to show that when
0 we ha e 0 and also 0 hs,we roed
that and are constant on and hence, on ince and are contin o s and
is connected, we can concl de that and are lo ally constant on
o, sin 2 weo tain

where 2, 1 and 1 are constant rom this we may
concl de that is isometric to a nimod lar ie ro with a left-in ariant
contact metric str ct re n artic lar, is homo eneo s and so, ro osition 31
im lies that is a nat rally red cti e s ace

heorem 3 of C i es the classi cation of contact metric three-manifolds
with cyclic- arallel icci tensor, satisfyin 0 As it follows from the
roof of heorem 1, on a contact metric three-manifold with cyclic- arallel
icci tensor we always ha e 0, that is, 0  herefore, the followin
classi cation holds



heorem
i 0
0 2 0 2 0
ii 0 1 — 2
iii 0 1 — 2 2 2 2
2 2 2 2 2
he ¢ r at re of a iemannian manifold issaid to e if the di er-

ence ofits ¢ r at re tensoris ero A iemannian manifold has harmonic ¢ r at re
if and only if its icci tensor satis es

1

for all tan ent ector elds and Clearly, 1 ise i alentto 13, thatis, a
iemannian manifold has harmonic ¢ r at re if and only if it elon s to the class
e eral a thors st died contact metric manifolds with harmonic ¢ r at re ten-

sor n a, eneraliin a re io sres It of a o, the classi cation of 2 1-
dimensional contact metric manifolds with harmonic ¢ r at re tensors and s ch that

elon s to the -n llity distri tion has een i en he three-dimensional case
is artic larly interestin eca se E lair and harma ro ed that a lo-

cally symmetric contact metric three-manifold is either flat or a asakian manifold of
constant sectional ¢ r at re 1  hisres It wase tendedin -A 1 to the roader
class of contact metric three-manifolds with harmonic ¢ r at re, ass min 0

A three-dimensional iemannian manifold is conformally flat if and only if
its icci tensor satis es

1

2 —
where is a local orthonormal frame on o, has harmonic ¢ r at re if
and only if it is conformally flat and has constant scalar ¢ r at re  ith res ect to a
local - asis, takin into acco nt ro osition 22 and a lyin 2 to 2 -215,

we can easily ro ethe followin emma, which will e sed in the roof of heorems
2 and 3

emma



1
3 2 2 -
1
2 2 -
1
5 _ -
2
_ 1
2
— 1 - 2
2 2 3 3
— 1 - 2
5 2 3 3
2 231
10 2 231

efore ro in  heorem 2, we recall the followin characteri ation of three-dimen-
sional homo eneo s manifolds elon in to class , i enin A

ro osition

e are now ready to i e the
roo o heorem

et e a three-dimensional contact metric manifold whose icci tensor
satis es 13 ose rst that is asakian he scalar ¢ r at re ein
constant, is locally -symmetric and so, it is homo eneo s k  herefore,

ro osition 2 im lies that is locally symmetric, from which it follows that

has constant sectional ¢ r at reQor 1,as ro edin
rom now on, we ass me that is non- asakian hen, 3 - 10 hold with

0 ecom te di erentiatin with res ect to
n the other hand, ro osition22 i es 0 ans hence, 0
o, , which can e com ted sin 2 Com arin the two
e ressions of , we et
11 1 _ 2 3 2 2
2
rom 10 it follows
2 3
12
2
sin 12, 11 ecomes
13 2 3 3 2 1 2 3

e di erentiate 13 with res ect to and we et



1 2 3 3 2 1 2 3

t can ecom ted sin 2 , while is iem y 3
rom 1 it then follows

2 2 3 2 1 2 3

n the other hand, di erentiatin 10 withres ect to and takin into acco nt
and 3 ,we et

2 1 2 3 2 2
from which, sin to com te , it follows
15 2 3 3 2 1 2 3

Aswedidfor 13 ,wedi erentiate 15 withres ectto and se
and , to 0 tain

5 13 2 3
2 2 3 2 1 2 3
h s, and  satisfy
2 3 3 2 1 2 3
1 5 3 13 2 3
2 2 3 2 1 2 3
while and  satisfy
2 3 3 2 1 2 3
1 5 3 13 2 3
2 2 3 2 1 2 3
o end the roof, we shall show that if 0, then 0, and

con ersely o, if some of these f nctions are di erent from ero, then necessarily the
determinants of the matrices of oth systems 1 and 1 m st anish t we

ro e that also in this case 0 and so, 0 h s, in any case
we can concl de that 0 on oreo er, and 10
also ie 0, that is, and are lo ally constant on hen,
as in the roof of heorem 1, we can concl de that is locally homo eneo s and

ro osition 2 im lies that is locally symmetric o, has constant sectional
cratreQor 1,as ro edin he followin ste s com lete the roof

Ste : e ro ethatif 0, then 0, and con ersely



et 0 and s  ose that 0 ince also sin 2 we
ha e
0 1
0, either 0 or 1
f 0, since 0, from and 13 we et
2 2
3 2 1 2 3 0
from which 1 3 and 3 follow t this case can not occ r n fact, if
1 3 and 3, takin also into acco nt 0, ies
3 2
1 bt Z —
2 3 2 0
i erentiatin 1 withres ectto ,since 0, we et 0 hen, sin
. 3 12
13, 3 and 0, ies 32 o, from 3 Tl 0
follows, which is im ossi le herefore, in this case 0
f 1, 10 ecomes
3 1
1
and ies
20 1 0 5 2
e di erentiate 20 with res ect to akin into acco nt and 0, we
o tain
21 1 3 1
3 1 200 22 12 2 0
ecane ress sin 0, 21 ecomes
22 3 1 2 25 11 0
ote that if 1 3, then 1 3 and we ro ed already that this leads
to a contradiction o, 3 1 Oand wecan se 22 tocom te Com arin
20 and 22 we then et
1 5 2 1 1 0

emma 2 5 then im lies
ro ed o, in any case
n the same way, ass min

0, from which,

0 from which it follows

0, as we already

sin 1 , it follows easily 0

0, we o tain

0
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Ste : e ro ethat 0 also holds when the determinants of the matrices
of othsystems 1 and 1  anish
Com tin these determinants, after some easy tlon com tations we et

3 1 3 2 12 5 0
23
32 3 5 3 0
ote that if 2, the last e ation of 23 ies 32 0, which is im ossi le
herefore, 2 and we can se the second e ation of 23 toe ress y means
of stit tin in the rste ationof 23 ,we et
2 1 33 0
sin  emma 25, from 2 we o tain 0 i erentiatin the
seconde ationof 23 y and y ,wethen et atonce 0 and
0, res ecti ely e t, from and 10 it follows 2 3 0 and
2 3 0, res ecti ely ince 0, if 2 3 0 then 2 3 0and
con ersely o, either 0or 0 n any case, roceedin asin te 1, we can
concl de that 0 and this ends the roof

Conformally flat contact metric manifolds ha e een st died y se eral a thors
anno ro ed that a conformally flat -contact s ace has constant sectional ¢ r-
atre 1 n it was ro ed that asakian conformally flat manifolds of dimension

5 ha e constant sectional ¢ r at re 1 Conformally flat contact metric manifolds

s ch that ha e constant sectional ¢ r at re 0 or 1, as ro ed in o
or three-dimensional manifolds, this res 1t was enerali edin A- 2 where it was
ro ed that a conformally flat contact metric manifold with 0 has constant

sectionalc r at re0or 1 enow ro e heorem 3, which e tends this last res 1t
roo o heorem
e ass me  is non- asakian, since the asakian case has een already st died

in hen, emma 1 holds, with 0, since is constant sin
in 3 and 10 in , we et

51 2 1

and

52 2 1

res ecti ely enowcom te y di erentiatin

with res ect to and 10 with res ect to , res ecti ely oreo er,
can also ecom ted sin 2 Com arin the two e ressions
of , we 0 tain
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2 3 2 3 1 2 3
53 —
2
2 3
0
sin 2 ,we et
1 1
— — 2
2 2
and so, 53 ecomes
5 2 2 3 2 3 2 3
2 2
1 1
1 1 0
sin and 10 toe ress and , from 5 it follows
2
—_— 0
2
and so, 0, since 2
e t, we di erentiate with res ect to sin , we et
2 3 1
2
3 2
ince 0 see ro osition22, sin 2 ,wealso et
1
ence,
2 3 1 2 3
that is, sin 10 toe ress ,
55 22 3 2 3 5
2 3
n the same way, we com te y di erentiatin 10 with res ect to
and we com are with 1 o tained sin 2 0, we
ha e
2 3 1 2 3

that is, sin ,
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) 22 3 2 3 ) 2 3

ince 0, we also ha e

and

Com arin with 55 and 5 , wethen et

5 22 3 2 3 5 2 3 0
and
5 22 3 2 3 5 2 3 0
e now di erentiate 5  with res ect to akin into acco nt
1 , we 0 tain
3 22 3 2 3 5
5 2 33 0
herefore, and satisfy

22 3 2 3 5 2 3 0

5 3 22 3 2 3 5
5 2 33 0

f 0, then im lies 0 enow ro e that 0 also holds

when 5 admits other sol tions n fact, in this case the determinant of the matri
of the system 5 anishes, that is,

22 3 2 3 ) 5 2 33
3 2 3 22 3 2 3 ) 0

from which it follows

510 2 3 2 2 31 0
ote that if 3 2,then 5 ies which, to ether with , 1esat
once 0 f 3 2, sin emma 25, from 510 it follows a ain 0
A ery similar ar ment also shows that 0 on herefore, islocally
constant and hence, ein connected, it is lo ally constant on
sin the constancy of , we now ro e that and  are constant on n

the one hand, we com te y di erentiatin 3 and 5
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with res ect to and ,res ecti ely n the other hand, sin 2 and , We can
com te Com arin the twoe ressions, we then o tain

511 12 1 0

enow di erentiate 511 with res ect to e take into acco nt the constancy of
and and 0and we se 3 and toe ress and , res ecti ely
0, we et 0, that is, 0
f 0, 51 i es 1 0 ose 0 rom 52 and we
et 0 and 0 i erentiatin with res ect to , we o tain

512 ! 0
2

from which, sin Oand 3 ,it follows 2 1 3 1 Com arin with

and di erentiatin withres ectto ,we et — 0 otethat 1 2
and so, 1 hs, Oand 512 i es 0, that is, is constant n
the same way, ass min 0, we et that is constant on n any case, we ha e

2 2
whith , , and constant on herefore, is locally homo eneo s, since it is
locally isometric to a ie ro ence, is locally symmetric and, accordin
to , we concl de that has constant sectional ¢ r at re 0 or 1

emar n heorem 3 we ass med 2, tthisass m tionisnot ery restric-
ti e, eca se there do not e ist conformally flat locally homo eneo s non- asakian
contact metric three-manifolds with 2 n fact, if is s ch a manifold,
then and 10 ie 1 0 and 1 0, res ecti ely f 0,
also i es 0 and con ersely, if 0, then 0y 3 hs, 0 and,
com arin and , wee ent ally et 0, which cannot occ r

emar E en if the conformal flatness im lies the constancy of the sectional
c r at re for many classes of contact metric manifolds, there also e ist e am les of
conformally flat contact metric three-manifolds which do not ha e constant sectional
crat re hesee am les wereconstr cted y E lairin 2 e now show that
s ch e am les satisfy 2 with 0 n the one hand, this im lies that

heorem 2 cannot e e tended considerin conformal flatness instead of harmonicity
of the c r at re n the other hand, this also means that heorem 3 is somehow the

ma, imal res 1t which can e ro ed in this direction for conformally flat contact
metric manifolds

e consider with cylindrical coordinates et e the contact form
on ien y
1
2

where and are smooth f nctions de endin only on and  satisfy



oreo er, 0 and 0 2
he iemannian metric

where , is a conformally flat metric associated to he tensor is
ien y
0
513 - 0 0
0 0
where he characteristic ector eld is
51 2 - _
or more details, see 2 A ector eld elon s to er if and only if it is
ortho onal to herefore, if , then — —— — — for some
real f nctions and on
e now com te the Christo el coe cients of the iemannian connection of
with res ect to the asis — — — sin the well-known
form la
1
2
where are the coe cients of with res ect to the asis and

after some easy com tations we o tain

515 - - = — — — 0

e now com te the tensor ince 0, we et

- — — 0

et,wecom te _ sin 21 and 51 e then et

n the other hand, takin into acco nt 51 and 51 , we alsoha e

Com arin the re io se ressionsof _ |, weo tain
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2

— 1

herefore, — is an ei en ector of sin 51 ,we nallyo tain

0, 2 — 2 -— — isa - asis for ote that
2
, with 1 —— ince , and only de end on , we ha e —

— Oandso, y 51 , 0
rom 2 it follows that satis es hs,wecan se 51 to
com te e et

2 1 2 2

As we noted for , 0, eca se , and onlyde end on herefore, we can
concl de that is a conformally flat contact metric three-manifold satisfyin
2 since 0, see ro osition 2 2 , with 0 owe er,
is not locally homo ene os 2 and so, it does not ha e constant sectional ¢ r at re
nowled ements orted yf ndsofthe ni ersityof ecceand the
ork made within the ro ram of A A-C he a thor wishestoe ress
his ratit de towards rofessors errone and ie en anhecke for their hel f 1
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