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Abstract

Let M be an almost cosymplectic manifold whose structure vector field &
belongs to the so-called k-nullity distribution. Then £ < 0 and the local structure
of M is completely described. For a positive constant A, it can be defined a Lie
group G endowed with a left invariant almost cosymplectic structure whose
structure vector field ¢ belongs to the (—A?)-nullity distribution. It is proved
that if k < 0, then M is locally isomorphic to G with k = —\?; especially M
is a locally homogeneous Riemannian manifold. We also show that in this case
the manifold M is Ricci-pseudosymmetric. £ = 0 if and only if M is locally a
product of an open interval and an almost K&hler manifold.
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1 Preliminaries

An almost contact metric manifold M is by definition a (2n+1)-dimensional connected
C*-manifold endowed with a quadruple (p,&,n,g), where ¢ is a (1, 1)-tensor field, £
a vector field, n a 1-form and g a Riemannian metric, such that (Blair [2])

P ==I+n®¢ () =1,
n(X) = 9(X,€), 9(pX,9Y) =g(X,Y) —n(X)n(Y).

Here and in the sequel, X,Y,... denote arbitrary vector fields on M if it is not
otherwise stated. Let @ be the fundamental 2-form defined by ®(X,Y) = g(¢X,Y).

An almost contact metric manifold is said to be almost cosymplectic if both forms
n and ® are closed, i.e., dnp = 0 and d® = 0 (Goldberg and Yano [9]). If an almost
cosymplectic manifold is additionally normal, then it is called cosymplectic. An almost
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contact metric manifold is cosymplectic if and only if ¢ =0, being the operator
of the covariant di erentiation with respect to the Levi-Civita connection of g.

Let M be an almost cosymplectic manifold. By robenius heorem, the 2n-
dimensional distribution = 7 is integrable. Let  be the foliation corresponding
to . he almost cosymplectic structure of M induces an almost ahler structure
( ,g9) on any leaf M of .In fact, X = pX and g(X,Y) = ¢g(X,Y) for any vec-
tor fields X,Y on M. If this structure is ahler for any leaf M, then M is said to
be almost cosymplectic with ahlerian leaves. An almost cosymplectic manifold has

ahlerian leaves if and only if it fulfills the condition ( ls a [12])

(@Y =—glp X,YV)E+n(YV)p X,
where is a (1, 1)-tensor field defined by

(1) ==&
As it was already proved in [12],

9( X, Y)=g( Y,X) (ie., isa symmetric linear operator),

(2) . ~ .
e+ =0, £=0, n =0.

or any leaf M, the vector field £ is an orthonormal vector field of the leaf. here-
fore, from (1) it follows that is the shape operator and (X,Y)=g¢( X,Y)is

the second fundamental form of M.
Let k be a real constant. he k-nullity distribution (k) on M is defined as the
assignment M (k), where (k) is the k-nullity space at defined as

(k) = M =k(g(, ) —g(, ) )forany , M,

M being the tangent space at M [10]. Contact metric manifolds with the
structure vector field & (k) appeared and were investigated in the papers [15],
[1], [13], [1 ], etc. H. ndo [ ], [ ], [ ] studied almost cosymplectic manifolds with
e (k)

he purpose of this paper is to find the local structure of almost cosymplectic
manifolds with the structure vector field £ belonging to the k-nullity distribution and
to prove that they are locally homogeneous. oreover, we describe completely the
curvature of this ind of manifolds and show that they are Ricci-pseudosymmetric.

iliar res 1 s

hroughout this section, we assume that M is an almost cosymplectic manifold with
the structure vector field ¢ fulfilling the following relation

3) £= (Y)X —n(X)Y)

for any vector fields X,Y, where is a certain function on M. In formula (3), is
not assumed to be a constant function. However, we shall show later that a function
reali ing (3) must be constant.
e begin with the following lemmas.



() E=—( ) + %,
() ( Y- )X=0 XY ¢

roo By direct calculations, using (1), we find
() £ = £ - §— £
= - (+ (X+ [X)Y]
= —( Y+( X

rom ( ) with X = &, we have
() E=-( J)Y+( )&
Applying (1) and (2), we compute
( )é- = 6 - f = 2Y7

which substituted into ( ) gives ( ). inally, if XY £, then & =0 by (3).
herefore, formula (5) follows from ( ).

emma
() X = - X+ (X)),
(9 ( )X =0,
(10) ( )X =0,
3

roo By (3), it follows that
(11) + =-2 n(X)n)+2 g(X,Y).

n the other hand, we have in general ([11], equ. ( .10))

+ =-2( & 9,
which in view of (1) and (2) turns into
+ =—29( %2X,Y).

Comparing the last identity with (11), we obtain
9( *X,Y) = n(X)m(Y) - g(X,Y),
which implies ( ). ote that ( ) obviously implies 0.
rom (3) and ( ), it follows that
¢= %,
which compared with ( ) gives (9). inally, ma ing straightforward computations, we

get
( )X=[ XI- [6X]=( )X =0,

where we have also used (1) and (9).



(12) ¢ =0,

(13) gl 2, ) = —d (X)g(Y, ),

@)g(C ), ¥Y)—gl ), X)) = —d X)), )+d (Y)g(X, ),
X,Y, £

roo i erentiating covariantly ( ) we obtain
15  ( PW=-dX)Y+d (X))~ g( X,V)E- ) X
for any X,Y  (M). ith X =&, this becomes, using also (9) and (2)
d ()Y =d (Hn(Y)E,

for any YV (M), which leads to (12).
rom (15) it follows

g(C )Y, )=—d (X)g(Y, )

for any X,Y, orthogonal to £, which is ust (13).
Alternating (13) with respect to X,Y, we find

@) g Y, )—g(( X, )=-d X)g¥, )+d (Y)g(X, )
for any XY, & he left hand side of (1 ) equals

g(C ), Y)—g(C ), X)+g9(C )Y-(C )X, ),

which, by virtue of (5), reduces to

g(C ), Y)—g(C ), X).

herefore, (1 ) implies (1 ).
ow we are going to prove that is constant under the assumption (3). ince the
proof in dimensions 5 di ers from that in dimension 3, we present it in two parts.

heorem
£= (nY)X —n(X)Y)
X, Y
roo dimM =2n+1 5 By (12), it is su cient to show that d (X) =0
for any X  £. Restrict consideration to an arbitrary fi ed point M.

If ()=0,then 2()=0,by (). ince () is symmetric, () = 0 and
consequently (  2)( ) =0. herefore, from (13) it follows that d (X)g(Y, ) =0 for
any X,V M, XY, & Hence d (X) =0 for any X M,X ¢

ow,let () O (note that always () 0, see roposition 2), and suppose
= ().By (), 2X = 2X for any X M,X ¢ ince anticommutes
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with ¢ (cf. (2)), both and — are eigenvalues of the same multiplicity equal to n
(n 2 by the assumption). Let and denote eigenspaces corresponding to the
eigenvalues — and , respectively.

Let X be an arbitrary vector from . a e a unit vector YV such that
g9(X,Y)=0.By (1 ) with =Y, we obtain

~d(X) = - (6 WY)-g( IV,X))
= — g W-( HXY)=0,

where in the last equation we have used (5). In the same way we prove that d (X) =10
if X . hus, the proof is complete in case of dim M 5.

dimM =3 efine = . Let suppose that 0 at some
M. hen, on a connected neighbourhood of , there e ist an orthonormal frame
( , , 2),such that

(1) =, = - == 5= - = .
In virtue of (1 ), we obtain
(1) =-( ) - ;
By (9) , we have
(19) =
It follows from (12) that = 0. herefore, (1 ), (19) lead to
(20) =-
In the same way, we get
(21) 2= 2.

he relation (20) (resp., (21)) shows that (resp., 2) is an eigenvector
field of  corresponding to the eigenvalue function — (resp. ). By (1 ),
(resp. 2) is proportional to (resp. 2). Consequently, = 2=0
on . he last two formulas and (1 ) lead to
(22) [ Y ] = - = - Y

[, 2= 2 — = 2

where [, ] indicates the oisson brac et of vector fields. he acobis identity and
(22) give
(23) [0 =2 =1 5 L 2+ [ 5 2

n the other hand, by (5)

or
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ith the help of (1 ), we can rewrite the above formula in the following way
d( ) 2+d(2) + 2+ = [ , 2]

ro ecting the last equation onto  and ta ing into account (1 ) and the symmetry
of , we find
d ( 2)+ g( 2, )=—9( , 2, )
Because of

9( 2, )=9[ , 2 ),

the previous formula reduces to

@) o o )=—5d (o),
imilarly, one obtains
(25) ol 2 )=gd ()
e also claim the folowing
2) g 2 ) = o 2~ ,€)
= _g( 67 2)"‘9( fa )
- _an( ) 2):0

rom (2 ), (25), (2 ), we deduce that

herefore,

By virtue of these equalities and also (22), formula (2 ) reducesto[ ,[ , 2]] =0.
In this situation, (23) leads to =0, 2 = 0, which together with =0
yields = n ., and consequently = mn . on the neighbourhood . ince M is
connected, this property implies the constancy of on M. his completes the proof
in case of dim M = 3.
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el alsr re

In this section, we deal with almost cosymplectic manifolds M whose structure vector
field £ belongs to the k-nullity distribution, i.e., those satisfying the condition

2) £=k(n(Y)X —n(X)Y)
for any vector fields X,Y, where k= n . 0.
At first, we consider the case k = 0, which is e ceptional.
heorem M ¢
0 M

roo  quality ( ) shows that kK = 0 if and only if = 0. n the other hand, it is
well- nown that =0 ( £ =0) if and only if M is locally the product of an open
interval and an almost ahler manifold.
In the rest of this section, we describe the local structure of almost cosymplectic
manifolds satisfying (2 ) with & 0.

ro osition M
£ k k 0 M

roo sing (2 ), we find that

= =2k(n(Y)g(X,p ) —n(X)g(Y, ¢ )).

he following curvature identity is already nown for almost cosymplectic manifolds
(see [11])

- — - = =2 ?)(X,)Y).
Comparing the last two relations, we obtain

kn(Y)g(X, o ) —n(X)g(Y,e ))=( )(X,Y).

utting instead of  in this equation and ta ing into account ( ), we obtain

n¥)g(X,o ) =—n(X)g(Y,e )=—( )X, Y)+n( )( 2)X,Y).

Hence, since ~ ® = 0 (see [11]), we have

(29) ( PX=—-glp ,X)+nX)p

hus, by the result cited in the Introduction, M is almost cosymplectic with ahlerian
leaves.
ormula (29) has already been obtained by ndo [ ]. However, we included the
proof for completness and since it di ers in some details from that in [ ] for instance
ndo does not use the notion of almost cosymplectic manifold with ahlerian leaves.



emma 13
k k0

(30) ( 9X)Y) = —2( X,Y),

(31) (2X,Y) = — kg(X,Y)+ kn(X)n(Y),

roo  quation (30) holds realy for any almost cosymplectic manifold, as it is shown
in[]. sing (30), we find

(PXY)=( ( 9XY)= g( *’X,Y)-29(( )X,Y).

his, in virtue of ( ) and (10), turns into (31).

heorem M (0,¢,m,9)
£ M

k k0 M

(0, )

(32) § = 77=d7

(33) g = d®d + 2 d ®d + 2 d ®d ,

(3) p = 2 d ® - 2 d ® —,

= k

roo ollowing the general procedure due to 1s a [12] and our roposition 1, the
local shape of the almost cosymplectic structure (p,£,n,g) can be described in the
following way. Let M. hereis aneighbourhood of suchthat =(—, ) ,

where (— , )isan open interval with coordinate and is a 2n-dimensional manifold,
= (0, ), . oreover,on , there is a l-parameter family of ahler stuctures
(., ) - , whose fundamental forms do not depend on the parameter ,

and on  the almost cosymplectic structure is given by
(35) §=—, n:(dao)a QDI(Oa )a g=d ®d +

reating  as a hypersurface given by = 0,the ahler structure ( , )=( , )
is ust the induced ahler structure on . Let denote the operator restricted to
hus, is the shape operator of
ote that by (2)
3) + =0.

his and ( ) imply that — , are constant eigenvalues of both of the same multiplic-
ity. Let , be the corresponding eigendistributions, then dim = dim =n.
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as the shape operator must satisfy Coda i equation
E=—(C WY+( )X
By applying (2 ), the last identity turns into
0=—( )Y +( )X.

Being a Coda i tensor field and having two di erent constant eigenvalues, the tensor
field must be parallel. quivalently, the distributions , are parallel and the
Riemann metric  is locally productable. e restrict ( , ) to the Riemann product
neighbourhood of , = 2, = 2, =( , 2), , 2 2,
, 2 being the integral submanifolds of , respectively, and , 5 are the
Riemann metrics induced on , ».
he second fundamental form  has also the product shape, precisely

(3 ) (X aY):_ (X aY)a (X23Y'2): 2(X2ay2)a (X a}/2)20
In the above and in what follows, we denote by X Y, ... and X5,Y5, ...
vector fields tangent to  and 5, respectively.
enote by the curvature tensor of . As it is well- nown, for the product

Riemann metric, we have

= 5 2 = 0
By (3 ), is tangent to o and consequently
his means that is locally at. Analogously, we prove that 5 is locally at, too.
Restrict  to a neighbourhood of  with coordinates ( ,..., ),and 5 toa
neighbourhood of 5 with coordinates ( ,--., 2 ) such that
3) = d ®d , 9 = d ®d
ote that the coe cients of with respect to the coordinates ( ,..., % ) on

are constant. his provides the orthonormal frame

to be holonomic. e change linearly coordinates ( ,---» 2 ) to the new ones,
which are denoted by the same letters, in the way that

(39) —=—

and the local e pression of o given in (3 ) is still fulfilled. or the fundamental form
( (X,Y)= ( X,Y))of (, ), by (39), we have



(0 =2 d d

ow, we bac to the metricgon = (-, ) 2. Let ¢ be the components
of g with respect to the coordinates ( = , ,..., 2 ). By (35), we haveg =1,
g =0,1 2n. As concerns the functions g , 1 , 2n, by (31), they must

satisfy the following 2-nd order di erential equation

g
(1) == 9,

(2) g = cosh(2 )—l sinh(2 )

where

(3) (s ) = g (0,0, ?),

() (o ?) = =t )

In view of ( 3), are ust the components of the induced metric = on .In

virtue of (30), the second fundamental form  is given by
1
(X,Y)=g( X7Y):g( XJY)Z_E( g)(X,Y).

By ( ), are the components of on .
n virtue of formulas (3 ), (3 ), we have

? ? ?

otherwise = 0. Consequently, with the help of ( 2), we obtain
(5 g =2 9 = ?
otherwise g = 0. his proves formula (33).

ormulas (35), ( 0) lead to
() e

and ® = 0 in other cases. ith the help of ( 5), ( ) and ¢ = d g , we
compute the components of the operator ¢

() e =7 9 == :
otherwise ¢ = 0. his gives (3 ).

Conversely, let us assume that an almost cosymplectic structure is given locally
by (32)-(3 ). efine a local orthonormal frame ( , ,..., 2 ) by putting



for =1,...,n. henon- ero Lie brac ets [ , ] are

oreover, the non- ero covariant derivatives are

(9 ’ ’

ith help of () and ( 9), we find
=0 = 2

forany , =1,...,2n, . Consequently, we have (2 ) with k = — 2.

m enel

Let be a real positive number and be the solvable non-nilpotent Lie group whose
underlying manifold is the Cartesian space > and the multiplication is defined
by the formula

forany (, ,..., 2),(, ,..., 2) 2. As a basis of the Lie algebra of

we ta e the following left invariant vector fields
(50) R — - —

ith respect to this base, we define a left invariant almost contact metric structure
((P; 57 7, g) on as follows

(51) &=, g9C 5 )=, n0)=g(),
g =0, ¢ = ;P ==
In terms of the global coordinates (, ,..., 2 )on , the structure (¢,&,n,g) is

given ust by the formulas (32) (3 ). By heorem 3, the quadruple (¢, &, 7, g) becomes
an almost cosymplectic structure on whose structure vector field £ belongs to the
k-nullity distribution with k = — 2.

o formulate our ne t theorem, we need the following notion. Let M, M be almost
cosymplectic manifolds and (p,&,m,9), (¢ ,€,1,9g ) their almost cosymplectic struc-

tures, respectively. e say that M, M are locally isomorphic if for any points M,
M there e ist neighborhhoods , of , | respectively, and a di eomorphism
, ()=, such that
9= 9, p=9 o =&, n= 1.

By virtue of heorem 3 and the above construction, the following theorem is true



heorem M
¢ k k 0 M
(%fﬂ?ag) (51) k=- 2

As a consequence of the last theorem, we have following

heorem M £
k k0
M

emar In the paper [3], there was defined a wider class of solvable non-nilpotent Lie
groups (k ,...,k ) admitting left invariant non-cosymplectic almost cosymplectic
structures. he importance of this class stem from the fact that these Lie groups
admit discretes subgroups for which coset spaces are compact and inherit almost

cosymplectic structures. It is worthwhile to notice that our Lie group endowed
with the almost cosymplectic structure (51) belong to this class indeed, the group
is in fact the Lie group (k ,...,k ) from [3]withk =...=k =— .

ra re r eries

In this section, we give a complete description of the curvature of an almost cosym-
plectic manifold M satisfying (2 ) with & 0, and ne t we prove that it is Ricci-
pseudosymmetric.

irst, let and X Y be the endomorphisms acting on vector fields as follows

= [ ) ] - )
(X Y) =g, )X-g(X, ).

ee tend and X Y to derivations of the tensor algebra on M, so that for the
Ricci curvature tensor , we have

( )(J)Z_( 7)_(a ):
x v)y)y, )= -&xYyY), )- (,X Y)),

respectively.

ollowing R. es ¢ [5], M is said Ricci-pseudosymmetric if its Ricci tensor
satisfies the condition
(52) = (X V)

for a certain function and any vector fields X,Y.

emma k=—-2 0

(53) = —(X) (V)= e(X Y)§)- 0 (X YY)k
(5) = —2n p@n.



roo In virtue of the results of the previous section, it is su cient to prove the
assertion only in case of M = and the almost cosymplectic structure is defined
as in (51). e denote the Lie algebra of by g . ote that ( )-( 9) enable us to

write the following

[X,Y]= —n(Y) X +n(X) Y,
for X,Y g . As a consequence of the above, we also have

Y = X = ?(g9(X,Y) —n(X)n(Y))¢E,

(5) Y=- V)X + 2g(X,Y)¢.

or the curvature, using (55) and (5 ), we find

= —g( Y, ) X+g9( X, ) Y= *p(¥V)n( )X
+ IpX)n( )Y + p(¥)g( ,X)E— Pn(X)g( ,Y)E,

which is ust equivalent to (53). Hence, we find (5 ).

heorem M
k Ek=—-2 0 M
(52) =—_ 2

roo sing (5 ), we compute . amely, we have

G) ), )==202C ) ) )—2n*n( ) ()

ote that

(. m)=- 2g( , X))+ g ,Y)n(X),
which (5 ) turns into
( s ) = 2n g( ,X)m(Y)n( ) —2n g( ,Y)n(X)n( )
+2n g( ,X)n(Y)n( )—=2n g( ,Y)n(X)n( )
= - XX Y))(, )

his completes the proof.
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