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Abstract

The spectrum Spec? (M 4 g) of eigenvalues of the Laplace operator on dif-
ferential p-forms, 0 < p < d, on compact Riemannian and Kéahler manifolds
(M 4 g) determines the geometry to a considerable extent; though isospectral
manifolds need not be isometric, even locally, and further the spectrum does
not necessarily determine the topological invariants on a Riemannian manifold.
This paper continues a study of the geometric consequences of isospectrality on
different classes of almost Hermitian manifolds. We consider the implications of
isospectrality on constant curvature and conformally flat Hermitian manifolds
as well as on Bochner-flat spaces.
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1 Preliminaries

1.1 Almost Hermitian manifolds

Let (M, g, J) be an almost Hermitian manifold of real dimension m = 2n, with almost
complex structure J on the tangent bundle T (M), J : T, (M) — T, (M) forpe M
with J? = —id, and Riemannian metric g such that J is an isometry, g (JX,JY) =
g(X,Y) for C* vector fields X,Y on M. The Kéahler form on M is then given by
Q(X,Y)=g(JX,Y).

An almost Hermitian manifold is almost Kéahler if the differential form Q is closed,
that is, d2 = 0 and hence, 2 is harmonic since the codifferential 6Q = 0 here as
well. While an almost Hermitian manifold is nearly Kéahler if Q is a Killing (2-)form
since df) = 3V{2 where V is the covariant derivative with respect to the Riemannian
connection on M. An almost Hermitian manifold is Kahler if VQ2 = 0, and if M
is Hermitian it suffices that dQ = 0. The Hermitian semi-K&hler manifolds [7] are
complex Hermitian spaces on which the K&hler form is co-closed, d2 = 0. Within this
class are the complex parallelizable spaces (that is, there exist on M, n holomorphic
vector fields everywhere linearly independent), which are flat; and when compact are
Kahler if and only if they are complex tori [12]. Three important classes of almost
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Hermitian manifolds (M, g, J) defined by identities on the Riemann curvature tensor
are:
AH, : R(X,Y,Z,W)=R(X,Y,JZ,JW),

AH, : R(X,Y,Z,W) =R (JX,JY,Z,W)+R(JX,Y,JZ,W)+R (JX,Y, Z,JW),

AH3; : R(X,)Y,Z,W)=R((JX,JY,JZ,JW).
While the Ricci curvature tensor is defined by

m
Ric(Xp,Y,) = > R(ei, Xp, Yy, €:)
i=1
for p € M, the Ricci*-tensor is given by

Ric* (Xp,Yp) = Y R(ei, Xp, JYy, Jei)

i=1

where {e; | i = 1...m} is an arbitrary orthonormal basis of T}, (M). Further, Ric =

m
Ric* on an AH, space. The scalar curvature is defined by p = ZRic (ei,e;) and
m i=1
the *-scalar curvature is p* = Z Ric” (e;,e;). On a Hermitian semi-K&hler manifold
i=1

*

p=p

1.2 Spaces of constant curvature, the Weyl conformal curva-
ture tensor and conformally-flat spaces, and the Bochner
curvature tensor and Bochner-flat spaces

The Weyl conformal curvature tensor C = C (X,Y, Z,W) on a Riemannian manifold
(M, g) of dimension m > 3 is defined by

C(X,Y,Z,W)=R(X,Y,Z,W)—

—ﬁ l9 (X, W) Ric(Y,Z) — g(X, Z) Ric(Y,W) +

(1.2.1)
+ g (Y, Z) Ric(X,W) — g (Y,W) Ric(X, Z)]
p

When m > 4 the manifold is conformally flat, that is, conformal to a flat metric, if
and only if C' = 0. A Riemannian manifold of constant curvature is conformally flat
and Einstein, and conversely.

Since an almost Hermitian manifold of constant curvature is AHj3 [6], we have
Corollary 1. A conformally flat almost Hermitian Einstein manifold is AH3.

The Bochner curvature tensor B = B (X, Y, Z, W) is given by
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(1.2.2)
B; =R; ———(R; —R; — i i -
R 2n+4(R g Rig +R ¢ R g + R
- i R +R , —R . —2R; -2R  ; )+
p
i = gi i - -2 .
tonr )@y W9 "9+ )

and the manifold is said to be Bochner-flat if B = 0. Since on an AH3 or Einstein
space the Ricci tensor is J-invariant, that is, Ric (JX,JY) = Ric(X,Y") (or in local
coordinates R; = R, ), adirect calculation gives the following

emma . A oc ner flat manifold t at is eit er Finstein or AHz is AH;.

emma . f(M,g,J) is an almost Hermitian Einstein manifold of dimension m =
2n>4 it B=0andp=0,t ent e manifold is a ler it constant olomor ic
cratre

p

and con ersely
emma . A a ler manifold it constant olomor ic ¢ r at re is Einstein and
oc ner flat
emma . n an almost Hermitian manifold it Ric= Ric* t es arelent of
t e oc nertensoris i en y

. 2p?
1.24 B?’= R?_ ch2+—,
( ) n+2 n+1)(n+2)
ile on an almost Hermitian Einstein manifold
2 3pp*
1.2.5 B%= R?Z P~ —9pp_
( ) + n(n+1)’

and since on an almost Hermitian manifold it constant olomor ic sectional ¢ T
at re ,p+3p*=4n(n+1) t enfort e oc nertensor on an almost Hermitian
Einstein manifold it constant olomor ic sectional ¢ r at re

2p?

2 2
(1.2.6) B*= R*+ = s

—4p .

1. he aplace spectrum

On a compact connected C* Riemannian manifold (M, g) of dimension m = 2n, the
Laplace operator on the space of differential p-forms C*( ?(M)), 0 p m,is
defined by = dd + dd, where ¢ is the ad oint of d with respect to the metric g and is
defined by the Hodge star operator. The spectrum of the Laplacian, pec? (M,g) =

{ipl0 1p  2p P } is the set of eigenvalues ;, of , thus
satisfying ,= ip p, p € C®( P(M)), where the eigenvalues are written with
multiplicities. The eigenspace of 1 =0 is the harmonic functions on M.

Essential to the results here on the spectral geometry of almost Hermitian mani-
folds is the ina shisundaram- lei el- affney asymptotic formula for the trace of the
heat operator or heat ernel determined by the spectrum given by
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) 1 )
1.3.1 X ip — p >
(1.3.1) ;e p(ip) @) g

where, for p = 0,1, and 2 respectively, the first three coeflicients are given by [11]:

= dM = (M),
-1 am
(1.3.2) p=0: 1 =5 PO
, == 5°—-2 Ric?+2 R* dM
360 ’
(1.3.3)
1=2n dM=2n (M),
n—3
p=1: 11 = 3 pdM,
1
21= 75 (n=30)p"+(~2n+ 0) Ric®+(2n-15) R* dM;
(1.3.4)
s=(2n2—n) dM=(2n*-n) (M),
2n?% — 13n + 12
12=———F—— pdM,
6
p=2
1
22 = 365 (10n% — 1250 + 300) p* + (—4n> +362n — 10 0) Ric *

+ (4n® — 62n +240) R * dM.

es s nis s e rali

2.1 Bochner-flat manifolds and the spectrum

We shall concern ourselves here with the following spectral results on almost Hermi-
tian Bochner-flat manifolds.
heorem . f(M,g,J) is a com le s ace form of constant olomor ic ¢ r at re

=0and M,g,J isan AHs oc ner flat manifold it non ero scalar ¢ r at re

p and pec? (M,g9,J) = pec? M,g,J ten M,g,J isa a ler manifold and



elalae er and er iian ae 6

= ford4 m 10 enp=0 for10 m 102 enp=1 and for m =6,
and 14 m 1 enp=2. f frter pisconstantt ent e res lts old for
m=12 enp=0,m=6 enp=1land m>4 enp=2.

roo . [3] This result follows immediately since B=B =0and M,g,J is AH;.

Often the results in spectral geometry (e.g., the previous result) assume pairs
of isospectral manifolds from two classes - one a subset of the other - such as a
Riemannian space and a real space form, or two K&hler spaces one a complex space
form, and then it is proved that isospectrality characterizes up to isometry the smaller
class within the larger. The spectral methods may be applied to classes with no such
relation. Here it may be proved that if the manifolds are isospectral then they are
isometric and lie in a smaller class than that of either space without the isospectrality.

heorem . f(M,g,J) is Hermitian semi a ler Einstein and M,g,J 1is AHj
oc ner flat it constant scalar ¢ r at re p =0 and

pec? (M,g,J) = pec? M,g,J

forp=0,10r2,t en(M,q,J) and M,g,J are olomor ically isometric com le
s ace forms form >14 enp=0,m =4 m l1ldorm>104 enp=1,
andm=40rm>10 enp=2

roo . By Lemma 2, M is AH;. Further, p = p from the first and second e uations
in each of (1.3.2)-(1.3.4). Further, from the third e uations in each, and e uations
(1.2.4) and (1.2.5) in Lemma 5, we have

(5n? +4n + 3) p?

2 B? dM =
n(n+1) +

5n2 +4n +3) p2 —2n + 12 2
(2.1.1) _ Gnltdnt3)p? oy dM,
n(n+1) n+2

5n% —26n% +1 n + 15) p?
(5n - n+15)p +(2n—-15) B?* dM

n(n+1)
(2.1.2)
(5n% —26n2 +1 n+15) p>  —2n% +102n + 60 2
- + dM
n(n+1) n+2
(2.1.3)
(10n — 117n% 4+ 362n> — 1 3n — 60) p?

+ (4n® —62n+240) B > dM

n(n+1)

(10n —117n% 4+ 362n> — 1 3n — 60) p?
n(n+1)

N —4n3 +3 6n% — 52n — 240 2

aM
n+2
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From, respectively, (2.1.1) in dimensions m > 14, (2.1.2) in dimensions m = 4,
m 14 or m > 104, and (2.1.3) in dimensions m =4 or m > 1 0, we have that

B = =0,so0that (M,g,J) and M,g,J are holomorphically isometric complex
space forms.

2.2 onformally-flat and constant curvature manifolds and
the spectrum

A Kéhler manifold (AH; is sufficient) of constant curvature is necessarily flat, while a
constant curvature manifold that is either almost Kéhler ([1], [ ], [ ], [10]), or nearly
Kahler with m = 6 ([13]), is K&hler and flat. A similar result holds for still a different
class of almost Hermitian manifolds. We prove this and then consider the spectral
geometry of such spaces.

emma . f(M,g,J) is Hermitian semi o lerian 14t constant ¢ r at re t en
t e manifold is flat and t erefore Hy and f rt er locally a ler

roo . We have that

R*>=4n(2n—-1) 2

and
2 P
=2n(2n-1 R "=—r——.
Further, by Lemma 5,
2 3 *
B2= R? + p PP )
n(n+1)
Since p = p*, we obtain
g2__ P 2 =3p’(n—1) 0
n2n—-1) nn+1) nnh+1)(2n-1) ’
and therefore B = (. Hence p = = 0 and the curvature tensor vanishes.

To complete the proof of the lemma we appeal to the following result [2]:
heorem . An e en dimensional iemannian manifold it an analytic metric
ic s flat is locally a lerian  on ersely an e en dimensional iemannian man
ifold it constant ¢ r at re is locally o lerian only if t e ¢ r at re is ero
Since a conformally flat Einstein space has constant curvature, we have that a
conformally flat almost K&hler Einstein or nearly K&hler Einstein manifold is Kahler
and flat, and
Corollary 1 . f(M,g,J) is Hermitian semi a ler Einstein and conformally flat
t ent es aceis flat Hi and locally a ler
We turn to the spectral geometry of the spaces considered thus far.
heorem 11. f (M,g,J) is Hermitian it constant ¢ v at re ence Hy

and and M,g,J is Hermitian semi a ler Einstein it  pec? (M,g,J) =
pec® M,g,J forp=20,10r2 ten (M,g,J) and M,g,J are flat Hy and
locally a ler form>4 enp=0,m=6 enp=1,andm =16 enp=2

roo . Since M has constant curvature ,

R?’=4n(2n—-1) 2andp=2n(2n—-1) ,
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so that
2
R*=—"F__
n(2n —1)
Further, M has constant holomorphic curvature = , and (1.2.6) gives
2p?
B?= R’ —4p .
+ n(n+1) P
So
p2__ P 20> 2 3(n-1)p

Shen-D Thm+) n@n—1) nm+Dn-1)

For the case p = 0 we consider, on the constant curvature space (M,g,J),
(2.2.1)
2

5022 Ric>+2 R? = 5p2—%+$
(10n? — 7n + 3) p?
n(2n —1)
(5n2+4n+3)pz_2 3(n—1)p
n(n+1) n(n+1)(2n—1)
(5n2 + 4n + 3) p?

= -2 B
n(n+1)

2

While for the Hermitian semi-Kahler Einstein space M,g,J we have

: 2 (5n2 +4n +3) p? 2
(2.2.2) 57-2 Ric 42 R <OV TIEIS L, g
n(n+1)

Then from (1.3.2), (2.2.1) and (2.2.2)

(5n? + 4n + 3) p?
n(n+1)

-2 B? dM =
(2.2.3) - )
5n” +4n +3) , 2

- 7 2 B dM.
n(n+1) et

The first and second e uations of (1.3.2) give p = p since they are constant and,
conse uently, (2.2.3) gives B = B = 0. Hence p = p = 0 and the curvature tensors R
and R vanish so the manifolds are flat H; and locally Kahler.

Similarly, for the case p = 1 we consider on M,
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(51— 30)p* + (—2n+ 0) Ric >+ (2n—15) R’

(—n + 45) p? N (2n — 15) p?

_ _ 2
= (5n — 30) p% + @ =1)
_ (10n® — 67n” + 123n — 60) p?
(2.2.4) - n(2n—1)
5n® — 26n% + 1 15) p? —1)p
_ (6n n?+1 n+15)p _(2n—15) 3(n—1)p
n(n+1) n(n+1)(2n—-1)
5n% — 26n% + 1 15) p?
_ =2+l n+15)0" o 5 g2
n(n+1)

While on M we have
2 2
(51 —30)p*> + (-2n+ 0) Ric + (2n—15) R
= +(2n—15) B
n(n+1)

Then from (1.3.3), (2.2.4) and (2.2.5)

(5n — 26n% + 1 n+ 15) p?
n(n+1)

—(2n—15) B ? dM

(2.2.6) i i .
5n3 — 26n% + 1 n+ 15 2
- (2041 nt15)p +(2n—15) B dM.
n(n+1)

The result then follows as in the previous case.
Lastly, for the case p = 2 we consider on M,
(2.2.7)
(10n2 — 125n + 300) p® + (—4n? + 362n — 10 0) Ric *+

—2n2 +1 1n — 540) p?
4 (n? — 620+ 240) R * = (1052 — 125 4+ 300) 2 4 (— 2o T 1 In=540) ¢

n
(4n® — 62n 4 240) p>  (20n —264n® 410 3n® —1623n 47 0) p?
n(2n —1) B n(2n —1)
_ (10n —117n® + 362n% — 1 3n — 60) p? 3(n—1)p?

= — (4n® — 62n + 240)

n(n+1) nn+1)(2n—1)
10n —117n3 + 362n% — 1 3n — 60) p? .
_ (10n n T+ so%n n—60)p — (4n2 — 62n + 240) B 2.
n(n+1)

While on M we have
2
(10n? — 125n + 300) p® + (—4n® + 362n — 10 0) Ric

2
(22.) +(4n* —62n+240) R

10n —117n3 + 362n% — 1 3n — 60) p? 2
_ (10 - - n=60)p + (4n® — 62n 4+ 240) B
n(n+1)
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Then from (1.3.4), (2.2.7) and (2.2. )

(2.2.)
10n —117n® + 362n? — 1 3n — 60) p?
(10n e %n n=60)p — (4n? —62n+240) B > dM
n(n+1)
(10n —117n® +362n* — 1 3n — 60) p? ) 2
= + (4n® —62n+240) B dM
n(n+1)

Once again the result follows as before.
Corollary 1 . f(M,g,J) is Hermitian and conformally flat and M,g,J is Hermi

tian semi a ler Finstein it pec? (M,g,J) = pec? M,g,J foranyt o al es

of pe{0,1,2} t en (M,g,J) and M,g,J are flat Hy and locally a ler

nowled ements. Lecture given at the Third Conference of the Bal an Society of
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