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Abstract

The aim of the paper is to define and study some aspects of Lagramge epimor-
phisms, which are generalizations for vector bundles of Lagrange submersions.
We construct a Lagrangian on f*¢” canonically associated with a Lagrange vec-
tor bundle ¢ and an fo-epimorphism of vector bundles f : £ — ¢”. The main
result is that a Lagrangian L on £ has a locally f-projectable metric on &” iff it
is a local Lagrange submersion. All the definitions and results in the paper can
be stated in particular for Lagrange submersions.
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A Lagrangian on the vector bundle £ = (E,w, M) is a real and differentiable
function L : E — IR. A regular Lagrangian on ¢ is a Lagrangian L which has Hess(L)
non-degenerate.. All the Lagrangians considered in the sequel are regular. Notice that
every Lagrangian on ¢ define a (pseudo)metric on the fibres of the vertical bundle
V€. In local coordinates, if (z¢) and (z¢,y®) are coordinates on M and E respectively,
then Hess(L) is a bilinear form on the vertical bundle V¢, which has the matrix:

0?L

i, ay _
gbC(x Y )_ aybayc

The Legendre transform associated with the Lagrangian L on £ is:

BB L) = (o g
Oy*®

If L is regular, then £ is a local diffeomorphism. Since most of our constructions are
local, we can suppose, without loss of generality, that £ is a global diffeomorphism.

In the sequel & = (E, 7, M) and £" = (E", 7", M") are two vector bundles, fy :
M — M" is a submersion and f : £ — £" is an fo-epimorphism (i.e. f is surjective on
fibers). The restriction of the differential f, to the vertical bundle V& C 7E defines
an f-(epi)morphism of vector bundle
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1) F:Ve=a¢ - Ve = (x")"¢"

If (¢, L) is a Lagrange space, the vertical distribution and horizontal distribution of
fare Vf = kerF and Hf = (ker F) respectively, where the orthogonal is taken
according the Lagrange metric, assuming that it exists. Notice that there is a canonical
Whitney sum decomposition VE=V f® Hf.

We say that the Lagrangian L on £ has an f- projectable metric if there exists a
metric on V¢"such that the f -epimorphism F : V& — V" is Riemannian, i.e. the
fibers of H f are isometric with the fibers of V¢".

We say that f: & — &' is a Lagrange epimorphism if there is a Lagrangian on £”
such that the induced f-epimorphism F : V¢| — V¢" is Riemannian on fibres.

We use in the sequel local coordinates adapted to the submersion fy and the
epimorphism f: (z?) = (z%,2%) on M, (%) on M", (z*,2%,y%,y?) on E and (z%,y?)
on E" such that fo and f has the local forms (z%,z%) — (z%) and (z%,z%,y%,y%) —
(2%, y®) respectively. We denote as {sy, sz} and {si} the local bases of sections in
the vector bundles V¢ and VE" respectively. If g is a (pseudo)metric tensor on V¢,
then we denote as {9i;} = {9uv, 9av = 9va, Jas } its components using the above base.
Notice that {s,} is a local base of sections in V f and {5z = sz — §““gvasSu} is a local
base of sections in H f, where (§%¥) = (guy) ! as matrices. It is easy to see that we
have g(3a, 55) = gav — gaud™’ Jvo-

The annihilator of the vector subbundle V f C £ is a vector subbundle V f* C &*,
defined by the linear forms in £* which are null on vectors in V. If (2%, 2%, p,, pa) and
(z®, pa) are local coordinates on E* and E"* respectively, then the local coordinates
on V f* are (z%, z% p;) and the inclusion V f* C &* has the local form (z%, z%,
pa) = (2%, %, pa, 0). Since £ is a diffeomorphism, then WE = L~Y(V f*) C E is
a submanifold. Notice the manifold W E has as coordinates (z%, z%, Q%(z*, 2%, y?),
y®), such that

@) oL _

6ya (mu’wﬂJQa(quxﬂ7ya)Jya) = 0'

Let us observe that fiwp : WE — f§E" is a diffcomorphism, where f3E" is the
total space of the induced bundle:

VAL
TT‘.II
EII

Indeed, the local form of fjw g is
(3) (z*,2%, Q" (z", 2%, y"),y") — (", 2", y").

Let us define
S = fl;‘}E : f{;E” - WE

and B
L"=LoS:7*E" - R.
In local coordinates
E”('Z.u7 xa7 ya) = L($u7 xﬂ? Qu(xu7 $ﬂ7 ya)7 ya)'

Notice that
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The map S is a section of the fibered manifold defined by the epimorphism E fi>f

fGE" of vector bundles over M.

The couple (f3¢"”,L") is a Lagrange vector bundle and we call L the canonical

Lagrangian on f§&" (induced by L and f).

Consider again the f-epimorphism (1), denote as I : WE — E the inclusion and
consider the vector bundle I*H f (i.e. the fibres of H f along the submanifold W E).

Lemma 1 The restriction Flwg : I"Hf — f5&" is an fiwg-isomorphism which is

an isometry on fibres according to the Lagrangians L 1+gy and L" respectively.

Proof. We use local coordinates. The local form of fjw g is given by (3). The local
correspondence of bases of sections by mean of fwp are 55 = sz— 3*gras. — su.

We have
(4) 9(5a, 55) = 9ap — 9209985
and 27111
—//(8// y)_ 0°L
a’”b/ Oyaay’;’
where 9L 5
_ 7mu,xﬂ, a — ~ 7Lm",ma, axu’mﬁ, &, E.
6yaayb( y*) Doyt ( Q*( ¥*),y*)
But 5 I
__L(xu,xﬁ’Qa(mu’xa’yb)’yb) = __(xu’xa’Qb(xu,xﬁ’yb),yT))
oyb oyb
thus
O (a5, e, 0%y, 57) =~ (5%, %, QY (0", 2%, 7), )+
ayaayb ) ) ) ? ) 6yaayb 7 7 ) ) )
Q¢ . 0%L - oo oQ°
+ aya ($u7xu7ya) 8y,uayc ($u7mu7Qa($u7mu7ya)7ya) = 9ab + 8—yagﬂc'
Differentiating partially the relation (2) with respect to y® we obtain that
g
aQa ~ab
aya - g gb(i;
where
() = (gap) "
Thus

"

9"(53,5%) = 9ab — 9aad"" 9u-
Comparing with relations (4), the conclusion follows. O

Notice that using a linear algebra computation we obtain the following equality

of matrices:
~ab ap) !
(905 — 9005 908) = (9) -

Using the Lemma 1 we obtain:
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Proposition 1 If f is a Lagrange epimorphism then & fi; 15€" is a Lagrange epi-
morphism, where the canonical Lagrangian L' is considered on f3€".

Using also Lemma 1 we obtain:

Proposition 2 Let f : £ — £" be an epimorphism of vector bundles over the same
base and L be a Lagrangian on & which is non-degenerate on V f and has an f-
projectable metric.

Then f is a Lagrange submersion.

We say that a Lagrangian L on f3&" projects on £" if there is a Lagrangian L"
on &" such that L' = L" o h, where h : f3&" — £" is the canonical fo-morphism which
is the identity on fibers.

We are going to give sufficient conditions in order to induce a Lagrange submersion.

Proposition 3 Let f : £ = £" be an fo-epimorphism and L o Lagrangian on £ which
is non-degenerate on V f. Consider on f3&" the canonical Lagrangian.

If ¢ Tof f5&" is a Lagrange epimorphism and the canonical Lagrangian on f3€"
1s projectable on " then there is a Lagrangian L" on £ such that f is a Lagrange
submersion.

Proof. Since ho f§ f = f, the conclusion follows using the composition of the Lagrange
epimorphisms

e e b,
which is a Lagrange epimorphism. O

Lemma 2 Let fo: M — M" be a submersion, " = (E", ", M") be a vector bundle
and g : f3&" — &" be the canonical fo-morphism of vector bundles.

Assuming that a Lagrangian L" on fi&" has a g-projectable metric on £", then
L" projects locally on £".

Proof. Consider local coordinates (z*, z*) on M, (z*) on M" and (z*, y*) on £,
thus g has the local form (z%, z% , y%) — (x%,y®). The condition that L' has a g-

271

projectable metric on £ reads that the local functions do not depend on z*.

oy oy’
It follows that there are local and real functions L" : £}, — IR, where U"” C M" and
&l is the restriction of the vector bundle " to U”, such that

BZE// B B 62LII L
ayaayg(x » T 7y )_ 8ya‘8y5(x 5y )

Using Proposition 3 and Lemma 2 we obtain the main result:

Theorem 1 Let f: £ — £" be an fo-epimorphism and L a Lagrangian on £ which is
non-degenerate on V f.

Then L has a locally f-projectable metric on £ iff it is a local Lagrange submer-
sion.
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Let L : TM — IR be a regular Lagrangian on M and f : M — M" be a surjective
submersion. Notice that all the definitions and the results stated above for vector
bundles apply in this case, for example:

f is a Lagrange submersion if f, is a Lagrange submersion;
A Lagrangian L on M is f-projectable if it is f.-projectable.

The case when f is flat (i.e. the horizontal distribution H f, is integrable) is need
to Lagrange foliations (see [4]).

A theory of Lagrange submersion, in an analogous way of Riemannian submersion,
will be done elsewhere.
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