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Abstract

In this paper one expanded class of parametric complex vector partial linear
functional equations is solved. The results presented here generalize the results
given in [3].
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0 Introduction

First we introduce the following notations. Let V, V' be finite dimensional com-
plex vector spaces and Z;, ¢ € N, be vectors in V. We may assume that Z; =
(zin(t), -+, 2in(t))T, where z;;(t) (1 < j < n) are complex functions and =
(,---, )¥ is the ero-vector in V or V'. We also denote by V' the subspace of all
real vectors in V (thus V=V iV ), and by (V ,V') the space of linear mappings
Vv V.

n the present paper we will solve the following simple complex vector functional
equation

1 gz n 1 jrz. . 1 jmg. P
(1) Zz 'R Zz e Zz nj —
i1 J J J

(Z n i Zi; € C)a

where C is the field of complex numbers and : V V' is an un nown complex
vector function.

he above equation for = wassolvedin 3. Iso, the functional equation (1)
for =1 was solved in 1 under the hypothesis that the function and variables are
real.

he generali ed functional equation




will be also solved here.

o ution o t i unction u tion
ow we will solve the functional equation (1) in the following cases.
.Let = 1. f we introduce the notations
3) S = Z;
i1
and
() (, .89=1«0, .8 ),
then the equation (1) becomes
n 1 n 1
Jj1 J J
f we introduce new variables ; (1 <4< n 1) by the equalities
S
i =2Z; 1<i< n 1),
n
i.e. L
S n
V4 n = Ve
n i
then the equation (5) becomes
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the equations ( ) becomes
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he complex vector function has the following properties:
1. f n and n , then the following relations hold

(11) (, )=

(12) (., ) ) ., )=
(13) (>, ) (., )=,
(1) ()= ) G O )
(15) () C )=

(1) (> )= 0, ) ) ()

), (15) and (1 ) hold.
), (15) hold and



1) (., ) (, ) ;)=
. f  nm=,then (11), (12), (13), (1 ) and (1 ) hold.

5. f =mnand?2 , then (11), (12) hold and
1) () C,) ) ;)=

.f =mnand2 = ,then (11), (12) and (1 )hold

.t =n and 2 , then (11), (12) and (1 ) hold.

. fn and n ,then (11), (12), (15), (1 ), (13) and (1 ) hold.
9. fn and n =, then (11), (12), (15), (1 ), (13) and (1 ) hold.
1 . fn and n , then (11), (12), (15), (1 ), (13) and (1 ) hold.
1. fn = , then (11), (12), (15), (1 ) and (1 ) hold.

12 . f =mn= |, then (11), (12) and (1 ) hold.
ow, we will prove the theorems which treat the functional equation (1).

heorem . =1, ,n , =n n=
(.5 ) = ) m
( ) m
( ) n—-g,
( ) n——m—,,— >
itV Y, v)ya<i<)
roo Let n and n . n the basis of the expressions (1 ) and (1 ),
we obtain that the complex vector function satisfies the equation
( ) O )=, ) ., ) (., ) (,)
and hence we get
(>, ) (,)="1 ! ;
where ', "€ (V ,V') are arbitrary continuous functions of S.
hus, the equation (1 ) has the form
(19) (.= 0, ) ! !

f we substitute the function determined by (19) into (1 ), on the basis of the
expression (13) we obtain

fweput 1= |, = and ;= (j=1, )into (2 ), then we obtain



and hence we deduce

(21) ( > ) = )
where € (V ,V') are arbitrary complex vector functions of S.
n the basis of the expressions (21) and (19), we obtain
(22) ( ) ) = 1 ’
where = ' and = " .
Let n and n . n the basis of the expressions (1 ) and (1 ), we
get

:(a)(a)(a)(a)(a)(a)a

and hence we can calculate that

(23) (., ) (,)= ;

where , € (V ,V') are arbitrary complex vector functions of S.
n the basis of the identity (23), the equation (1 ) becomes

(2) (> )= ) o)

f we substitute the function determined by (2 ) into (1 ), we obtain

(25)

where
( 3 ): 1

n the basis of this, the equation (2 ) becomes (25).
Let n and n . n the basis of the equations (1 ) and (1 ) we
obtain

( 7)(5 ):(a)(a)(a)(a)a

from where it follows that

(2) (,) (,)=1 !



n the basis of the equality (2 ), the equation (1 ) becomes

2) ()= 0, ) !

f we substitute the function determined by (2 ) into (1 ), we obtain the following
equation

(2) ) A ) n i j

By putting ;= , n= and ;= (j=1, n) in (2 ) we have

from where we conclude that

( ) ) =
n the basis of this, the equation (2 ) becomes (22).
Let n and n . n the basis of (1 ) and (1 ), we obtain that the
function satisfies the functional equation
( ) (O ) (s ) =
=(,) (>, ) C,) C,) C, ) ()
herefore, the function ( , ) C, ) ( , ) is determined by
(29) () C, ) (,)=1
he equation (1 ), on the basis of the equality (29), becomes
G3) (., )= (0, ) L, ) !

he function needs to satisfy the equation (1 ). f we substitute (3 ) into (1 ),
we get

n 1 n 1
) i g 3 n i j
i1 7 i 1 J
1
(31) 1 1 n 1
3 i J ) nij —
i1 7 i n 1 J
fweput 1= , , = and ;= (j=1,n ) into (31), we obtain
(, )=, ) ()

from where it follows that



n the basis of the last equality, the equality (3 ) has ust the form (22). onse-
quently, in all four cases the function is determined by (22).

We denote the arbitrary complex functions ; (1<i<n)of Sby ;(S)(1<i<
). n the basis of that, the equality (22) and the transformations (9), ( ), ( ) and
(3) there follows the proof of the theorem.

heorem 2. =1 =n n =
(s ) = > )
" )
1( ) -
( ) - ;
1V V' % v,V (=12
roo Let n. s in the proof of the previous theorem, on the basis of the

expressions (1 ) and (1 ), we may show that the function has the form determined
by (19). f we substitute the function determined as previously into (1), on the basis
of the expression (13), we conclude that the equality is valid and consequently, the
function ( , ) may be arbitrary. ccording to (13), for ( , ) we can put

()= 0) ()

where is an arbitrary continuous function.

n the basis of this, the equality (19) becomes
(32) (, )= ) ) 1

Let n . s in this case the equalities (1 ) and (1 ) hold and the function
has the form determined by (19). f we substitute (19) into (1 ), we obtain that the
equation (1 ) holds, which means that ( , )is an arbitrary function for which (13)
holds.

n the basis of this, we obtain that the function in this case has the form
determined by (32).
f we put that the arbitrary continuous complex vector functions ; and are
1(S) and  (8S) respectively, on the basis of the expressions (9), ( ), ( ) and (3),
there follows the proof of the theorem.

heorem . =1 n =



n n s
X ) n———
( ) —
VRNV VYY) (=1,2)

roo  n the basis of the equalities (1 ) and (1 ), as in the proof of heorem 1,
we conclude that (23) holds, i.e. (2 ) holds. f we substitute (2 ) into (1 ), since

n = , we obtain an identity which means that for ( , ) we may ta e an arbitrary
continuous function.

n the basis of this, for the function ( , ) we obtain
(33) (., )= ( ) () 1

From (33), on the basis of the transformations (9), ( ), ( ) and (3) and putting
that 1 and are arbitrary continuous functions of S, we obtain that the function
has the form given in the heorem 3.

heorem . =1 n =
(., ) = C n—
1( ) -
( ) —,
Y V' itV Y ,V) (=12

roo  nthe basis of (1 ), (1 ) and (29), we obtain that the function satisfies the
equation (3 ).

f the function determined by (3 ) is substituted into (1 ), then the equation (1 )
becomes an identity, which means that ( , ) can be substituted by an arbitrary
continuous function ( ).

n the basis of this, the equality (3 ) has the form

3) (> )= ) )
ccording to the transformations (9), ( ), ( ) and (3), from the equation (3 ), by
putting 1 = 1(S) and = (8S), it follows that the function has the form

which is given in this theorem.



heorem . =1

Y Z

roo Let 2

f from these three equalities we eliminate

we obtain

( ) O

i

Y

)

(

f we substitute this value of

i.e. the equality (3 ) has the form

C )

ence, it follows that

?

W,V (=12

)

Y

~
—~~

(

into (1 ), we get

’

n the basis of the expression (1 ), we obtain

Y



hus we obtain that the function ( , ) is determined by

or
) (,)=0) () ;
where we have put ( )= ( , ).
Let 2 . fweput 1= | = and ;= (j=1, )into (35), we get
(39)
(.,) ) C =m»C,) (,)

( D N O )y (o) C ) ()=,
and hence for = we obtain (3 ), i.e. the equality (39) has the following form

( ) (O )=, ) ) C,) ()

ence it follows that the function has the form (3 ).
hus, on the basis of the expressions (3 ), (9), ( ), ( ) and (3), we conclude that
the function has the form given in the theorem.
heorem . =1 2 =2n=

(,,)=(, )(7 )( 7)(7 )7

, =V V!
roo From the equation (35), which holds in this case, there immediately follows
the equality
( ) ) ( ) ) ( ) ) ( ’ ) =

i.e. we may put

() () (,)=20) 2 )

where is an arbitrary complex vector function.
ince by virtue of (15) it holds

2(, )=
( ) (s ) ) () ) ()
on the basis of the expression ( ) we have
(1) (,)=0) () ) ),

where we introduced the notation



From the equalities ( 1), (9), ( ), ( ) and (3) there follows the proof of the theorem.

heorem . =1 =n=

:V V!
roo fweput ;= |, 1= and ;= (=1, 1) into (1 ), then we
obtain
(. ) C, ) ( SES

ccording to 2 the general solution of this equation is given by

(2 ()=, (, ),

where :V V' is an arbitrary complex vector function.

n the basis of the expressions ( 2), (9), ( ), ( ) and (3), we conclude that the
function is determined by the form given in the theorem.

. Let n  =1. fweput

n 1 n 1 1
! JZz 7 " ! 'Z i J ! jZ n i j
i1l J J J
n 1 1 1
n 1 iy i n 1 ig, ni n 1 JZz’ i
J J J
1 n 1 n 1
1 i ni n 1 ]Zz j n 1 i i o= ,
J J J
ie.
n n 1 n 1
Z 1y, Z o1,
i J J
n 1

his transformation of the equation (1) is possible since m  =1. f we intro-
duce new variables ; by the relations

n 1
i = Z 15 (1<i< no),
J

then the previous equation becomes



n

) (i;in;in):

i1

ow we will give the following results.
emma .

L. (., )=06) ) ()
(=n= =, =n , n=
2 (> )=06) () )
(=n= =, =n
3 (., )=06) ) (,)
( =n= = , n=
(., )=06) () ()
( =n= = , =
5 (.5 )=06,) (,)
( =n=, =n

( =n=, =
9 (5 0=, ) ()
(= =n, n=
1 (5 )= ,) (,)
(= =n, n=
1. (> )=06,,) (,,
( =n=),



roo ince the proofs of the particular cases are similar or completely the same,
we will prove the lemma only in the cases 3 and

3 . f all variables in ( ), except for Z;, Z; , and Z; , , are equal to some
constant, we obtain

(Zi,Zi n,Z; n )= (Z; n ) (Zi,Z; »),

ie.
(5 (., )=0) (,)
ence, the equation () becomes
n n
(Z;) (Zi,Zi ») =
il it
fweput Z = ( =4,4 n)in the above equation, we have

(Z;) (Z; ) (Zi,Z; 1) (Zi n,Z;)=

.fweputZ = ( =4,5 mn,i n )into ( ), then the equation ( )
becomes

(Z:,Z; n,Z; » )= (Zi;,Z; ) 1(Zi n,Zi ) (Z; » ,Z;),

h (., )= () a(. ) (.

where , , Y V' are arbitrary complex vector functions.
By a substitution of the value obtained for into (), we get

n n n

() (Z;,Z; ,) (24, Z; ) (Z;,Z; ») =

i1 i1 i1
ence, for Z ( =1i,i ) we obtain
(Zi,Z; ) z: ,Z;) (z) (Z; )= ,

where :V  V'is an arbitrary complex vector function.
From the above equation it follows that the function has the form

() ()=, ., ) ()



where :V V' is an arbitrary complex vector function.
fwe put () into (), we obtain

n

() ' (2:,Z; n)  1(Z4,Z; ) (Z;) =

n) from the above equation we obtain

()=, ) 2(0) 2 ()

By putting the above obtained value of 1 into ( ), we have

i.e.

n the basis of the previous equalities, the function is determined by

(aa):(a)(a)(a)(a)

ccording to the previous lemma and the transformation ( 3), we obtain the
following theorems.

heorem . =1 = n = = n
)

heorem 0. nooo=1,



heorem . noo=1,

(,, )=
( n
( n
y vV 1%
heorem 2. n =1
( s ) = (
( n
vV V!
heorem noo=1,
(.5 )= (
( n
( n
(
, VY 1%
heorem . =1,
(.5 )= (
( n
Vv V'
heorem noo=1,
( ’ ) = (
( n
( n
( n
, VY %
heorem . noo=1,
(., )= (



, =V V'

heorem . no =1 =n=

( n n n )
’ ’ ?

. f ™ =1, this case is very di cult and up to now we are not able to
solve the functional equation (1).

outiono t nr i d unction u tion

Further, we will consider the solving of the functional equation (2). For the equation
(2) we will determine the general solution only if moo=1.
ow, we transform the equation (2). f we put

(9 it 5 )
:l( ) " n’ " )7

then the equation (2) becomes

n 1 n 1 1
1 n 13 1
i JZ@ i 3/ i J VZ n i j»
i1 J J J
n 1 1 1
n 1 j n 1 n o1 i
IZ i j o/ n i j ]Zi 'E
J J J
1 1 n 1
1 n 1 3 n 1 —
S/ n i jJ ]Zi J 1Z 2 B
J J J
i.e.
n n 1 n 1
(5) i g, Z o nvigs



ince the linear forms

n 1
i= Z 4. (1<i< no)
J

are linearly independent, it is possible to introduce new variables ; which are deter-
mined by the above relations.

herefore, the functional equation (5 ) ta es the following form
(51) z( iv i ny i on ):

For the last equation the following lemma holds.
emma 2.

L. w(, » )=43C) wn C) C) &+ C) &






' . ' '

o iV oV, iV v itV v
i n = i in = i

i in = i

roo ince the statements of the lemma for particular cases may be proven in
a similar way, therefore it is su cient to prove the lemma only for some cases, for
example and 5 .
. fin (51) all variables, except ;, ; , and ; , , are equal to some con-
stant, we obtain

ie.
(52) 1( o ) = 1( ) z( ) )7
where ; and ; (1<i< n ) are arbitrary complex vector functions.
n the basis of the equation (52), the equation (51) becomes
n n
z( z) z( i iom ) = 5
i1 i1
ie.
n n
i n( i n) z( i iomn ) =
i1 i1
f we put = ( =% n,i n ) into the previous equality, we obtain
i ( in oy 4 n) i =

where ; are arbitrary constant complex vectors.
From (53) we obtain

(s )=« ) iaC) aa ) &,

i.e. the equation (52) ta es the form

such that

f we introduce new functions ; by



the previous equations ta e the following form

i.e.

where ; and ; are arbitrary complex vector functions.
n the basis of the relation (5 ), the functional equation (51) becomes

n n
z( i 1 n) z( i ny in ): 3

i1 71

i.e.
n n

(55) i( i i on) i n( is ion)=
i1 il

fweput = ( =4,i n)into (55), then

(5) i( 6 im) i O i) in( in)=

where ; and ; are arbitrary complex vector functions.
n the basis of the above equation ( 5), the equation (55) becomes

n n
z( Z) Z( z) =
1 i 1
from which we obtain
z( z) = z( Z) i i =
1 1

herefore, the equality (5 ) ta es the form
i(i;in) i (z;zn) z(z) zn(zn) i n—

n the basis of this equality and (5 ), we have



i.e.

where we put
i, )=, ) ial) i= i n

n the basis of Lemma 2 and the transformations ( 9), there follow the theorems
which treat the functional equation (2).

heorem . noo=1, =n= =, =n , no=
= n

it 5 )=l " ") i ( " )

i : " ) A<i< ),

it 5 )=l " ") i ( " )

i ( " : ) ( 1<i<2),

i =
i 1
iV VY itV V' i
i =
i1

heorem 20. =1, =n= = =n

i( ; " ) 1<i< ),
z(aa ): z( " n) i ( " )
i ( " , ) ( 1<i<2 ),
PR VAR Vi iV V! i
i1
heorem 2 =1, =n= = n =



iy 4 -

~—

heorem 2 .



heorem 2 .

heorem 2 .

= n
)
)
n
)
)
n
,i:
i1
=n n =
n
n
i:
i1
=n n =
n
)
n
n
)
n
,i:
i1
n=



i ( " ) ’ " " )
@ 1<i<3),
i~ 1% VI
f =1or ™ =1( =1), then the solution of the functional equation (2)

is very complicated and up to now we cannot obtain it.
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