On the Randers Spaces of Second Order

Marcel Roman

Abstract

The geometry of Randers spaces of order one has been investigated since fifties
by G. Randers [9], using Riemannian techniques, only. A Finsler approach of
this Randers space was given by R. Ingarden [4]. A fully Finslerian treatment
was developed by R. Miron in [6,7]. In this paper we define and study the
geometrical theory of a Randers space of order two, using the theory of the
bundle of accelerations of order two, T2 M.
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1 Introduction

The first examples of regular Lagrangians of order greater then one were given by
R.Miron. These are the prolongations of order k, (k > 1) of a Riemannian, or a Fins-
lerian metric. Using the prolongation of order two of a Riemannian metric vy;; and
a globally defined covector field A; on the base manifold, we define the fundamental
function F of a Randers space RF(®) = (M, a+ ). Then we determine the fundamen-
tal tensor g;; of RF®) and the relation between d-tensors 7vi; and g;;, that is similar
with the k=1 case. As this Randers space is a Finsler space of order two, we use tech-
niques of Finslerian geometries of higher order to determine the canonical nonlinear
connection, the canonical metrical N—connection. We may notice here that all the
geometrical objects depend on the electromagnetic tensor F;; of the space RF®.

2 The notion of Randers space of order two

Let M be an n-dimensional, smooth manifold and R™ = (M, ~;;(x)) be a Riemannian
space. We denoted by Prol?R™ = (T2M,QG) the prolongation of order two of the

space R"™, [8]. The nonlinear connection ]% of the space Prol?R™, [8], has the dual
coeflicients
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and W;k(x) are the Christoffel symbols of the Riemannian space R". Between the
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coefficients of the nonlinear connection N7, N} and the dual coefficients M}, M’ we

have the relations:
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Having the coeflicients of the nonlinear connection N we can write its adapted

basis, { 0 0 0

5ot SyF Gy } given by
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The dual basis of the previous adapted basis is given by {dmi,g y(i, 5 yiy,

where:

° 1y i °. ,
5y = dyf )’+J(\/If)}da:7,

gy(z)i — dy(2)i+ MJI dy(l)j+ M; dx.
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We consider the Liouville d-vector fields, [8]
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The following theorem is known

Theorem 2.1 The function a? = ;; (w)z(2)iz(2)j is a differential Lagrangian. It has
the properties:

1) a2 is global defined on T2M = T2M \ {0};

2) o® is a regular Lagrangian;

8) a® depends on the metric v;j, only;

4) The Lagrangian o is homogeneous of order 4 on the fibres of T>M;

5) The fundamental tensor field of a® is given by

8%a?

1
(1.6) EW = i (2)-

Let us consider the functions
(L.7) Blz,y™M,y?) = ()2
where A;(z) are the electromagnetic potentials on the base manifold M. Clearly, the

function § has a physical means.
Let us consider the function F': T?M — R which is given by F = a + f3, i.e.

(1.8) F(a,y™M,y®) = /755 (2)2®Piz®3 + 4;(2)2*)
and the square of this function
(1.8) L(z,y™,y®) = (a + B).

We can formulate

Theorem 2.2 a) The function L = (a + B)? is a differentiable Lagrangian of order

2
b) F is 2-homogeneous and L is 4-homogeneous on the fibers of T?>M ;
¢) The fundamental tensor field of the Lagrangian L = (o + B)? is given by
(1.9) 9ij = (pvij +lilj) —p lil;
o Oa o a+f
where ;= W, I =l; +4;, p= o

Proof. a) L is of C*°-class on T2M and continuous on the null section of the projec-
tion m : T2M — M because o and 8 have these properties.

b) Tt is known that (2 is 2-homogeneous of the fibres of T2M.
¢) By a straightforward calculus we obtain the formula (1.9). O

Theorem 2.3 The pair F" = (M, F = o+ ) is a Finsler space of order 2.
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Proof. We must show the f/(ll_l/owing properties:
1. F is of C*°-class on T2M and continuous on the null section;
2. F is positive on an open set, where 8 > 0;
3. F is 2-homogeneous on the fibres of T?M;
4. The Hessian of F? with the elements:

1 PP
95 = 9 5y @igy @i

is positively defined.

Since the properties 1,2,3 holds in virtue of the properties of @ and 8 we have
to prove the property 4. In order to do it, we calculate the contravariant g* of the
fundamental tensor field of the Lagrangian L.

The contravariant g*/ of g;; is given by:

1 .. 1.°° ~ % o
(1.10) g7l =AY = S[I'P (1-12)+ 1" AT+ 1P A",
p p
- 1 ..
where [2 = 1—7’)/“lz'lj.
Moreover, det||g;;|| = p"T'det||vi;|| where p = % > 0. O

The Finsler space RF®" = (M, F) is called the Randers space of order two.

Theorem 2.4 The nonlinear connection ]if of the space Prol®>R™, from (1.1), is a
nonlinear connection for the Randers space of order 2 RF®™ determined only by the
fundamental function F = a + (.

3 Nonlinear connection of the space RF®n

Let us consider the mixed form Fi(z) = v™(z)F,,;(z) of the electromagnetic tensor

J
04A; 04,

Theorem 3.1 The Randers space RF)™ = (M, a + ) has a nonlinear connection
N, whose dual coefficients are given by

(2.1)
Mi=M ~Ffl|yO],
1 @
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Mj=Mj —T(FjllyDl) + 5 (M5, F* + M Fi)lly ™Dl = Slly™ P FLE
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where |[y™V|| = \/7ij(x)yDiyMi.

Indeed, M ]’ has the same rule of transformation with respect to changes of coor-
¢y
—— °. 1 . .
dinates on T?M like M} and M}= §(I‘ M; + Mg, M").
(1) (2 (1 @ @
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The nonlinear connection (2.1) will be called canonical nonlinear connection of
the Randers space RF®)™, o
The relations between coefficients (N}, N7) and dual coefficients of the nonlinear

1 2
connection N are given by:

Ni=M,
@ )

(2.2) ) ’ L
Nj= 5(T M} + My, M7= Mj,MJ'= Z(T N} = N, NT").

2) CO R CO NG R C R @ M@

We use this canonical nonlinear connection in study of the canonical metrical
N-connection.

4 The canonical N-linear connection

Let us consider d-tensor field

3.1) 7] =TE Ny + Flly™WI| = (M, Ff* + M7 F)lly @]+ [ly ™1 Fn Fy
(1) )

. é 0 0
The adapted basis {5, W, W

be expressed in the following form

} of the canonical nonlinear connection can

(6 5 5§ 1. 8
ozt ozt + Flly ||5y(1)1 + 27 9y’
(3.2) ) TR
o = 5o + F IOl o
6:1/(1)1 (5y(1)l ? 6y(2)J
o 0
L 5y(2)1 - 8y(2)1

Of course, this adapted basis depend only on the fundamental function F' = a+
of the Randers spaces of order two, RF(®™,

Using a very known method we can determine the canonical N-linear connection
D on T?M metrical with respect to fundamental tensor g;;, which depend only on
the fundamental function F' of the space RF()".

We have:

Theorem 4.1 1) There exists an unique N -linear connection D on T?M which ver-
ifies the following axioms:
1° The nonlinear connection N is specified by (2.2).
2° 956 =0, 9 &y =0, g » =0,
ij |k ij |k
¢ B )]
3° T}, =55,=55,=0.
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2) This connection has the coefficients given by the generalized Christoffel symbols:

( Lz — l is 6gsm 695]' _ 5gjm
Jm 2 oz dxm bz
i _ 1 is 09sm 5gsj 5gjm
(3-3) y §m = 3¢ {(sy(l)j toym ~ 5ys [
i 1 s 09sm agsj 6gjm
[ & T 2 {521(2)7 Ty T gy |

3) This connection depend only on Randers space RF)".

The metrical connection from the previous Theorem is the canonical connection
of the Randers space RF®" = (M, a + j).
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