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Abstract

Let (M,g) be an orientable and compact Riemannian manifold. The aim
of the resent paper is to study the vector spaces H? (M, R) and K? (M, R) of
harmonic g-forms and Killing tensor fields of order ¢ on a compact Riemannian
manifold, where ¢ = 2,3,...,n — 2 and n = dim M.
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1 Introduction

Let (M,g) be a compact Riemannian manifold of dimension n. We denote by
K9 (M,R) the vector space of Killing tensor fields of order ¢ and H? (M, R) the
vector space of harmonic g-forms on M, q=2,...,n — 2.

The purpose of the present paper is to study these vector spaces K9 (M, R) and
H?(M,R). The whole paper contains five paragraphs. Each of them is analyzed as
follows: The first paragraph is the introduction. Special tensor fields on a compact
Riemannian manifolds are included in the second paragraph. The Killing tensor fields
on a Riemannian manifold are studied in the third paragraph. The fourth paragraph
contains harmonic g-forms on a compact Riemannian manifold. Some topological
invariants of a compact manifold are studied in the last pararaph.

2 Tensor fields on a manifold

Let (M,g) be a compact Riemannian manifold of dimension n. We consider an
atlas (Ua,Pa)oca » Where (Us, @) is a chart on M with local coordinate system
{x},...,an}.

Let w be a ¢-form on M, that is w € A? (M). Therefore w on the chart (U, ¢) with
local coordinate system {z',...,2™} can take the form
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1 ) ) .
(1) w= awimn_iqu“ Adz A .. ANdzte

where 1 < i; < iy < ... < iy <nand w,..;, the components of w on the chart (U, ¢).
The local norm of w is defined by

1 .
(2) w]® = v W'
where
(3) witle = giljl---giqjqwil...iq

This g-form w, by means of (2), gives a function |w|> on M, that means |w|” €
D (M)
Hence we have

1 2\ 2
(4) 5A (|w| ) =< 6Aw,w > — |Vu|

The formula (4) by integration implies

(5) / [< SAw,w > — |Vw|2] dM
M

where dM is the volume element of (M, g)

If w e A7(M,R), then Aw € A? (M), where A is the Laplace operator acting
on the vector space A (M,R) as a linear operator. On the chart (U, ¢) with local
coordinate system we have

q
1 .
— i v
Aw = 4 9" V;iViwg, i, — E Dy Wiy ia g viag1.iq—
: s=1
1,...,q
vy i i
(6) - E : Rit is Wit di_1 Vg1 b1 U Gag1... dg dz™ A ... Ndz'
t<s

Hence the components of Aw on (U, ¢) have the form

q
1 .
— I S N AVAVAYTIE . E v . . . .
(Aw)il___z'q - | g vlv]wh...zq + piswz1...zs_1 v zs...zq+

' s=1

1,...,q

uv
(7) + Rit iswiln-it—l uuit+1...is_1uis+1...iq
t<s

We obtain the inner product of the g-forms w and Aw, which takes the form

(8) < Aw,w >=< §Vw,w > +ﬁFq (w)

where F, (w) is the following quadratic form
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L g—1 o
9) Fy (w) = pjjw' ™ "wy, ; + TRz’jklw”zs"""wfsl...iq

It can be easily proved the following relation

1
(10) 5A (|w|2) =< Aw,w > — |Vu|® — F, (w,w)

1
(¢—1)!
The integration of (10) implies
1
(11) / [< Aw,w > = |Vu|* = ——=F, (w,w)| dM
M (g—1)!

It can be easily obtained the relation

1
(12) <Aw—(g+1)0Vw,w >= —q < §Vw,w > +qu (w,w)

The equality (12) by means of (4) becomes

1 1 1
(13) ;A <|w|2) = —|Vuw|® + i Fa(w,w) = < Aw — (g +1)6Vw,0 >

which by integration implies

(14) /M [< Aw — (g + 1) 6Vw,w > +¢ |Vw|* — F, (w,w)|dM =0

_
(g —1)!

We use a new expression of the quadrate form F, (w,w), which can be written

— RB.. . ... oaniita..iq, J172...7
(15) Fq (waw) - Bhlzmlq aJlJ2-~~qu ‘w ¢
where
(16) B s s o= .._}_q;R...‘ o .
i1da...0q , j1j2---dq — |\ Pi1 j19ia jo D) i1i2 j1j2 | 9is jz---Yiq jq

where the indices satisfy the inequalities
(17) 1 jil,ig,...,iq jn 1 jjl;j?;---;jq jn

Proposition 1 The tensor fiel B = Bji,. i, j1js..5a ON e nn n n ol
(M,g) ss etr th res e t to (i162,71j2) n threseto n ot omn es
(3w, Jv) =3,4,.¢g n s el s thresetto (i1,92,...0g) 1 (J1,J2, s Jq)
There ore the rt or s s etr th res e t to (i1,i2,..94) N
(j1;j27---;jq)

Proo 1 It is known from the properties of the Rici tensor field p, the curvature
tensor field R and the metric tensor field g, we have the following relations

(18) Diiji = Pjri1 5 Pisjo = Pjaia » Ri, iy J1j2 = le Jo i1 iz

(19) Givgs = Girin > Jinje = Gjain » Gisjs = Gisis > Jigia = Yiqia
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rom (7) and (8) we conclude the first part of the proposition. The other part,
that means the symmetric property of the tensor field with respect to the pair

(20) (i17i27"'i4) ) (jlana"'ajq)

is a consequence of the same relations (18) and (19)

ow, we intrude a new quadratic form F, (w,w) on the vector space A7 (M, R)
as follow

(21) Fq (w,w) =B it lagylida

i1.0dq G1.dg
with the condition that the symbol (i1, 12, ...4,) means

1j7:1<7:2<...<’1:an

or this reason we form the tensor field

_ ki..kg cl1..0lg
(22) B i1..4q J1eede Bkl---kqll---lq‘sil...iq (Sjl...jq
where

k1...kq l1..lq
(23) Oiy i, and ;70

are the Kronecker s generalized symbols which are given by the formulas

k1 kq 1y lq

T R

k1...kg = reeeeeeeeees I1..0g  eeessereanes

29 bii T DGR T
k l

Oiteeeni 0 Yy

ow, we can prove the following proposition

Proposition  The tensor fiel B = (B itoiq 1eeda ) ss etr th res e t to
(i1.-1q) 5 (J1--erJg)

Proo According to the proposition 1 we have

(25) Bi,..kg,11..1g = Bly. 1, k.. kg

rom the properties of Kronecker s tensor field we conclude that

; 1 if di=y
(-
(26) %= 0 if i=j
1y.dq ki...kq
(27) G5y gy = 00y,
rom (25), (26) and (27) we have
(28) Bil...iq J1---dq =Bj1...jq i1...4q
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ow, under the introduction of the tensor field the quadratic form F, (w,w)
becomes

1
(29) Fy (w,w) = mle...jq i1.0ig

where the indices satisfy the inequalities

witta dr---da

(30) 1Ri1<iz<..<ig=3n 1=Xj1<ja<..<j,=3n

The relation between the quadratic forms Fj (w,w) and F, (w,w) is the following

(31) Fy (1,0) = Py (w,0)

ow, we can prove the following theorem

heorem et (M,g) ¢ o t e nmnn mnol o ensonn n 3

Then llt o the rt or F,(ww) s lo 1l roert

Proo Let (U,¢) be a chart on M with local coordinate system z!,...,z" . We

assume that the nullity of Fy (w,w) on (U, ¢) is , that is

(32) n i F,(ww)=
If ( , ) is another chart on M with local coordinate system !,... ™ such
that U = 0, then the components {w "¢} of w on  are connected with
the components {w -} of won  with the relations
_— ™ xla
i1...0q __ [1...1
(33) w 't = —h—lqw 1ete
The relations (33) are valid on U and the local coordinates z',...,z" and
L ..., ™ are connected by the relations
(34) =gt 1., " g"=g" .., 0"
The quadratic form Fj, (w,w) on the local coordinate system ! ..., ™ and by

meaning of (33) and (34) takes the expression

(35) Fy (w,w)=
where
(36) =w l1...lq :L'il xiq — iL'jl .'L’jq w 1. g

51 lq ’ 1 q

The change of the local coordinate system z!,...,2™ on the chart (U, ) to the

L .., ™ on( , ) brings a change into the base
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(37) {d*Ad 2A..Nd )}
of the vector space A?(U |, R), which is determined by the relation
it gt

. . . iq
(38) dz't Ade® A ... A da't = e Zd A AL A
q

5 153

This expression implies

g g zla n
(39) n <—l1—12 lq) = ( q )
rom (35) by means of (39) implies that the nullity of the quadratic form F, (w,w)
is constant and equal on the whole manifold.

illin tensor fields

Let (M,g) be a compact Riemannian manifold of dimension n. Let T be an antisym-
metric tensor field of type (0,q). It is known that for T we can associate an exterior
g-form w. This exterior g-form w is called Killing if it satisfies the relation

(40) (g+1)Vw =dw

The relation (40) implies that the tensor field Vw is antisymmetric and the same
time
(41) w=0

The tensor field is called Killing if the associated exterior g-form w is Killing.

Let (U,¢) be a chart on (M,g) with local coordinate system z!,...,z" . Let
{wi,..i, } be the components of w on (U, ¢). If w is a Killing, then {w;,. ;, } satisfy
the relations

1 1
JINT NV s s _E Yoy s . . _E VU 4y . . . J—
g vjvlwll...lq+q piswzl...zs_lvzs+1...zq+q Rjt 1o Wi di1 V41— Whst1...0q =0
s=1

t<s
(42)
and
(43) 9"V jwiyiy.i, =0

on the chart (U, ¢).
If w is a Killing exterior g-form, the formula (11) takes the form

(44) /M [q |Vw|2 - ﬁFq (w,w)| dM

ow, we can prove the following theorem
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heorem et (M,g9) e o torent le e mn n nol o ens on
n e ss eth tthe rte or Fy(w,w) sse mne t eonthe hole n ol
e lso ss ethtonone hrto the n It o F, (w,w) se [to the
n ero lnerl neenent rlleleteror or so orer then the es on
o Kq(M,R)o lln eteror or on s en
(45) dim K, (M,R)=n It F, (w,w)

Proo Let w be a Killing exterior form of order g. nder the assumption, we have

that the quadratic form Fj, (w,w) is semi-definite on the whole manifold. rom the
formula (44) we obtain

(46) Vw=0 F, (w,w)=0

It is known that if €D (M)and A Oor A =<0,then =
rom the relation (8), the equation Aw = (¢ + 1) § Vw and the above remark we
conclude that

47) lw|>*=, = constant

We assume that on the chart (U, ¢) of the manifold M with local coordinate system
zl..z™ the nullity of the quadratic form F, (w,w) is equal to and there are
linearly independent di erent than zero exterior g-forms, w ; i2.ig =12,.. ,
which satisfy the relations (46). These exterior g-forms are parallel and the same time

Killing
Let w ! be another parallel exterior q-form di erent than zero, which satisfies
the relation

(48) Fq(w bw 1)=0

L can be written with a unique

We shall prove that the exterior g-form w
manner as a linear combination of w irin.. i =1,2,..., with constant coe cients

..dq
on the chart (U, ¢).
We assume that

1
(49) Witigig — Z ¢ Wiy,
=1

where ¢ are functions of z',z2,...,z™ . If we apply the operator of covariant di er-

entiation V; on the relation (49), we obtain for every j the system

(50) Z it i1d2... =0

=1

which has a number ( Z ) equations with  unknown
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(51) j¢17 j¢27"'7 J¢

rom our assumption we know that the degree of the matrix

(52)

irig...iq

of the coe cient of the unknown is equal to
Therefore for every point of U, there exists at least one determinant of order
di erent than zero, the referred above matrix. The corresponding homogeneous

system, which has as matrix of the coe cients the determinant which is di erent
than zero. Hence, we obtain

(53) j¢ =0 ( =1,2,... ) forevery j=1,2,..n
which imply

(54) ¢ = =1,2,...

Hence, we have

1
(55) W irig.ig — E : W g ig
=1

On the other hand, by means of the formulas of changing the local coordinate
system we easily conclude that the linear conection (55) with constant coe cients is
valid on the whole manifold.

inally, since every exterior ¢g-form w  satisfies the relation

(56) w = =0

and taking under consideration the theorem 3, we conclude that the exterior g-form
w =1,2,... are the only non-zero linearly independent Killing exterior q-form
on the whole manifold

armonic forms
Let w be an exterior g-form. This is called harmonic if it satisfies the relations

(57) dw=0, dw=0

or equivalently

(58) Aw =0

Let (U, ¢) be a chart on the manifold with local coordinate system z'...z™ . Let
{wi,...;, } be the components of w on U. If w is harmonic, then its components satisfy
the conditions
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q 1l...q
g'V;iViws, . i, — Z R} Wiy 4y vigyr.ig — Z RS Wiy iy y wisgr.iot wisproiq = 0
s=1 t<s
(59)
The integral formula (14), if w is a harmonic form and by means of (59), takes the
form

(60) /M [|Vw|2 + ﬁFq (w,w)] dM =0

The following results are known. If F; (w, w) is semi-definite on the whole manifold,
then every harmonic form is parallel. If Fj (w,w) > 0, then there exists no harmonic
form and the q etti number is zero, then

(61) (M) =0

ow, we can prove the following theorem

heorem et(M,g) e norent le n o t e nmmnn nol o en

sonn e ss ethtthe rt or F, (w,w) s se ost e on the hole
nol M n thes et ethenllt o Fy(ww) se U ththen ero
Ilnert neenent rlleleterorq or s thenq ett n ero M se llto

then llt o Fy(wyw) tht s (M)=mn i (Fq (w,w))

Proo rom the assumption the Fj (w,w) is semi-positive on the whole manifold
M, we conclude, by the meaning of the formula of (60), the relations

(62) F, (w,w)=0, Vw=0

rom the equation (10) using the known resultif € D (M) and A 0 implies
= constant we conclude that |w|* = .
If we use the same method as in the theorem 3 we conclude that there are
linearly independent paraller exterior g-forns, which are the only harmonic g-forms
on the manifold. Therefore we have the equality dim H9 (M,R) = , =

etermination of t e etti num ers

Let M be an orientable and compact manifold. It is known that the ¢ etti number
q is a topological invariant.

One problem of algebraic topology is to determine (M), ¢ =1,2,..,n—1,
where n = dim M. In some cases we use Riemannian metrics on M to determine
qg=1,2,..,n—1.

This method connects Algebraic Topology and i erential eometry.

Let H (M) be the set of all Riemannian metrics on M. It is known that H (M) is
a ancach space of infinite dimension.

Let g € H (M) be a Riemannian metric on M. If w € A? (M) then we can form



108 Gr. Tsagas and Gr. Bitis

(63) Fy (w,w)
If
(64) F, (w,w) 0 and Vw=0

then w is parallel and the same time harmonic. If there are  exterior g-forms
wi, Ws, -.., w such that they satisfy

F, (wi,w1) 0 Vw, =0, Fy (we,w2) 0 Vwe=0,...., Fy (w,w) 0 Vw =0
(65)

then ;= . rom the above we have the proposition.

Proposition et e norent le n o t mnol o ensonn e
ss eth tthere re e teror or swy,ws,.,w n e mn n etr s

s hth tthes or s re rllel thres ettothe t onnetonV n the

s et eFy(wjw;) 0, j=1,..., then 4=

The above proposition permits to determine the etti numbers on an orientable
and compact Riemannian manifold.
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