The Concept of Invariant Geometry of Second Order

Marius Paun

Abstract

The study of higher order Lagrange spaces founded on the notion of bundle
of velocities of order k has been given by Radu Miron and Gheorghe Atanasiu in
[2]. The bundle of accelerations corresponds in this study to k=2. In this paper
we shall introduce the notion of general invariant frames, the reprezentation
of geometrical objects, we shall construct an N-linear invariant connection, the
movement equations of the invariant frame and the transformations laws in
changing invariant frames. Further we study the invariant covariant derivatives,
the torsions and curvatures tensors of a N-linear connection and the structure
equations.
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1 General Invariant Frames

Let us consider the bundle E = Osc? M, a nonlinear connection N with the coefficients

( N%;, N’ )andtheduals ( M% , M ) and the direct decomposition

M (2) 1 )

(1.1) Tu( Osc*M ) = No(u) ® Ni(u) ® Vao(u) Vu€E
Let be
(1.2) e :ue E— e®wu) c No(u)

eV :ue E—eV(u) C Ni(u)

@ ueE—e®(u) c Va(u)

(

i

h,v1,vy frames over E. We have e (u) = e‘(’A)i(; (A) where y 9 — ;. Denote by
Yi

fe the duals of e&A), A=0,1,2
The duality conditions are
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(1.3) < e@i, fB 5 = gish (4,B=0,1,2)
Wecall R = ( e(o)é , e(l)i , e(z)fx ) general invariant frames over E and

g*l)z I({ f(o);, f(:ia, f(z)ia ) his dual. The representation of the adapted basis of
.1) in R is given by

(14) % - f(O)"aang)a (Sy?A)i - f(Agaas(i)a 4=12
and for the cobasis

(1.5) ort = €50 5y — (AWigs(Aa 4 —1 9
having the relations

(1.6) <68(LA)Q,58<BM’> =868  (4,B =0,1,2)

This representation lead us to an invariant frames transformation group R — R
with the analitycal expressions

—(A)i _ AB (1) ,,(2)y (Ai | (B)a _ _Ba_(B)B
(17) et a = Ca (way Y )76 B f J - Cﬁf J

isomorphic with the multiplicative nonsingular matrix group

Oa
Gg 0 0
0 ¢ 0
0 0 Cg

Observation 1.1 The frames R and R* are non-holonomic and thru them we can
introduce the non-holonomic sistem of coordinates (s(®* s s(2)a) in Vranceanu
sense. The definition of the Lie bracket leads us to the introduction of the non-
holonomy coeflicients of Vranceanu

C

5 5 LS
(18) 550a * gsE| = Wb 5iow
(AB)
(A,B,C=0,1,2; A< B; summation on C).
c A
The calculus of the coefficients W, shows us that W], act like a nonlinear
(AB) (44)

connection having the expressions

I/I?'V (A 56((;4)1@ de(BA)k
o =% | 558 ~ 5@ |
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A
the coefficients W, act like tensors ( torsion tensors). The others are non-holonomic
(BB)
objects like
A (A)k A (B)k p
v _ _ q(4)adea T _pBadea BR (m)k () p(a)y
Wap =% sy 4 Was ==FU% 5005 = (amy © ¢ 8575
(AB) (BA)

B? . . .
where (A’X) are torsion tensors corresponding to Berwald connection.

2 The reprezentation of geometric objects in non-
holonomic frames

Let X € x(E) be a vector field, consider the adapted basis to the decomposition (1.1)
and the frames R and R*. Then for X we have the following reprezentations:

_ yv(©@i Y 1i_ Y (2)i
2.1) X = X O 4 XWX O
and
1) 1) )
_ (0)a D (2)a
X = X002 g xWe o g X @

So, the following relations hold X (Wi = ¢ x e ang xWe = Ao x ()i 4 =
0,1, 2. For any local coordinates transformations we have

(2:2) XA = pMag )i o p(Magk x(A)i = x (e

Proposition 2.1 The non-holonomic components of the vector field X are the in-
variant components of the h,vy and vs projections of the vector field X on the three
distributions of (1.1).

For a 1-form field w € x* denoting w(® = w - h, WV = w-v; and W?® = w- vy we
have in the same fashion

(2.3) w = wgo)émi + wgl)éy(l)i + wz@)y@)i

w = w3 4 M gsMa 4,2 (D
So w,(xA) = e&A)ing) and converselly wl(A) = fi(A)aw&A) and we obtain that w&A) are
invariant at any local change of coordinates. A = 0,1,2 In this manner we prove that
the non-holonomic components of any tensor field are invariant at local change of
coordinates.

Definition 2.1 A liniar connection D is called N-linear connection if

i) D preserves by parallelism the horizontal distribution Ny

ii) the 2-tangent structure J is absolut parallel with respect to D, that is
DxJ=0 VX € x(E)
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If we consider a N-linear connection D with the coefficients

DL(N) = (L', Ciy, C'3F)
then

Proposition 2.2 In the considered non-holonomic frames the components of the N-
linear connection D are given by

0A sem Y
24) L}, = [ —Z + e@ieMim) A={0,1,2

§s(0)a
BA sem ) .
Cha = N 5o + e®ieMrcm | A={0,1,2 ;B={L2.

(B)

As we can see in the non-holonomic frame R we have nine coefficients instead of three
essentials.

Proposition 2. et us consider a N-linear connection D having in the frames R
and R the coe cient given by proposition ( . ). The movement e uations of the
frames R and R* are

. 0A .
(25) e(A)’l :Lga e(A)’;f(O)gL

o m

(B) AB
el =0, i A={0,1,2 ,{B=1,2

0A
(26) F O == L 01

o (B)

(3

AB (A)a
== Ch, f PR A={0,1,2 ,B={1,2

Now we can introduce the notion of h, v1, v, invariant covariant derivation operators
(B)

denoted by yand ) , B =1,2. If we consider X € x(FE) a vector field and w € x*(E)

a 1-form field then

Definition 2.2 The h, vy, vs invariant covariant derivatives of the invariant pro-
jections of the vector field X and the 1-form w are given by

(o _ SXHe 04 (4

(2.7) X = Sgg + L 5 XMW
(B) §X (Ae BA

Aa _ a A

X )B = (SS(T)@ + C BX( )
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(4) 0A
(4) _ Owy _ (A)
(2.8) Wy g = 5508 Lan
(B) S BA
(4) - a (4)
Wy )5 - 55(B)B Caﬂw

By direct calculation we prove

heorem 2.1 The h vy and ve invariant covariant derivatives of the components
XAWa gnd w((lA) are the invariant components of the covariant derivatives

What we have introduced for vector and 1-forms fields remains true also for tensor
fields for example the h invariant covariant derivative of the invariant components of
the tensor field Tg‘ is

N (5Tg‘ (OCe) (00) N
B v~ 50 + L% Ts — Lg, T°.
Torsion an rvat re -tensor Fiel s

The torsion tensor of the N-linear connection D on E

(31) ( ’ ): - - ’ ) v ) EX()

in the invariant frame R , has a number of horizontal and vertical components corre-
spondingto D , D , D

heorem .1. The torsion tensor of a N-linear connection D in the invariant frame
R is characteri ed by the d-tensor fields ith local components

T (00) (00) ((jy)
— Y Y
o = Lo = Llog = Wha
(00)
3.2
(3:2) § "
Ba — w7
(04) .
(00)
’YB (1(33 (QY)
[e% p— —
o = ka W ba
(1) (o1)
v (01) (1)
Ba — Y Y
(3.3) o L, + Wi,
(o1)
E 2
[0 j—
1z W ga

(01)
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(3.5)

(3.7)

heorem .2. The components given by Theorem

Y
Ba
(2)
Y
Ba
(21)
Y
Ba
(22)
Y
Ba  _
(11)
(2)
Y —
Ba -
(21)
v
Ba
(12)
Y
Ba
(22)
Y
Ba —

2

(2)

(20)

(0)

Y

w Ba
(02)
(1)

Ba
(01)
(2)

Ba
(02)

1)
«

(11)

(1)
Ba
(12)
(2)
Ba
(12)

2
— 1% Ba
(22)

of the d-temsor fields of torsion of the N-linear connection D

The curvature tensor field

expression

(3.8)

heorem

v Ba
(3.9)

(00)
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.1 are the invariant components

of the N-linear connection D on Osc?(M) has the

1

L+ Wy,

Ba Ty

(00)

Y

. The curvature tensor field

(10)

C

v
1)

of a N-linear connection D in the in-
variant frame R is characteri ed by the follo ing d-tensor fields on Osc? (M)

(00) (00) (00) (00)

+ L L, - L,Lg4
(2) (20)
+ Wi, C,
(00) (2)
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(10)
C
i (10)  (0o)  (o0) (10)
v Ba :i -+ C — L _
(3 10) (1) o 7¢] o Yo B
: (1) (1)
0 (o0 m (10) &) (20)
~Ws, L, + Wy, C, + Wy, C,
(01) (o1) 1) (01) (2)
(20)
C
7° (20)  (00)  (00)  (20)
sa @ _F _
(3.11) (;) - ——t B a va B
: (2) (2)
©  (o0) M (o) @ (0
~Ws, L, + Wz, C, + Wy, C,
(02) (02) (1) (02) (2)
(10) (01)
C C
(;’)ﬁ (;’)" (10) (10) (10) (10)
3.12 (31)&1 - - + Cp Cou = G Cp -
(3.12) SO MY (CONMNGY
(1 (10) (2) (20)
o Wﬁa C’Y Wﬁa Cv
(11) (1 (11) @)
(20) (10)
C C
(;)B (;Y)a (20) (10) (10) (20)
3.13 o= - + Cp Co = Ca Cp-
(3.13) @ o @
(1) (10) (2) (20)
- Wﬁa C’Y - Wﬁa C’Y
(12) 1 (12) 2)
(20) (20)
C C
(;’f o (200 (20) (200 (20)
3.14 oy = - + Cp Cou = G Cp -
(3.14) @ @ @ @
(2) (20)
o Wﬁa C’Y

(22) (2
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heorem . . The components given by Theorem . are the invariant components
of the d-tensor fields of curvature of the N-linear connection D

heorem . . In the frame R the essential components of the curvature tensor field
are those given by Theorem

tr ct re ations

Let (Cc) c: — Osc®?M , C = ¢ be a smooth curve parametrically given on
Osc?M and let ¢ be the tangent field.

Proposition .1. The covariant di erential of the vector field X in the frame R is

A A A
dX e s IXD  yp IX D
0s(0)8 os(1)B 0s(2)8

A
558 4 x(n a9

DX = 7T §s(Aa

A€{0,1,2 summation on ) here

(A) (04) (14) (24)
(4.15) wt = L2658+ C% 6sWP 4+ Oy §5P

1 2)

(4)
1-forms w(f',‘ will be called invariant 1-forms of connection for the N-linear connec-
tion D, depending only on D.

heorem .1. The e terior di erentials of the 1-forms §sV2 are given by

(0) (0)
(53(0)7):1 W3, 650 5508 1 W 55O 5518 4
(00) (01)
(0)
+ W, 850 §55P
(02)

(1) (1)
sy = 1 Wy 5500 6508 4 WY, 5@ 5508 ¢
(00) (01)
(1) (1) (1)
+ W], 650 as@m% W1, 6502 5508 4 W gsDa 5s®0
(02) (11) (12)
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(2) (2)
W], 65« 5508 1 Wi 55O 558 4
(00) (01)

(6s@7) = 1

2) L@ 2)
+ Wi, 6s@x 558 = Wi a5 s 4 Wi gD 558

(02) (11) (12)

;@
4.16 += WD s 5528,
2 B
(22)

sing the invariant 1-forms of connection for the N-linear connection D we prove
the following fundamental theorem:

heorem .2. The structure e uations of the N-linear connection D on the total
space in invariant frames are

(A)a ws @ — _ W
(4.17) (0s'M*) — s wh = —
(4) (4 (4 (4)
(4.18) W% — Wl W% = — %
(4)
( 1 ) here the -forms of torsion ¢ are given by

a:§ T%, 5508 550 4 . 5508 55 4 X 5508 §s@v 4
(0) 1 @)

N (&Z% RN RUCIP NUCTRE AR ROCI X CIE S NOCI N

(01) (11) (21)

1
+§ o §sWB s 4 @ §sVB sy
(1) (2)

—~
®
N
| =

+ 9= 5 % 5508 550y 4 @ 5508 55 4 % 5508 552
(02) (12) (22)

_{_% o §5sWB s 4 % §5sWB sy
(21) (22)

1 .
(419) +§ aﬁ’y (SS(Z)'B 63(2)’7
(2)
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