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Abstra ct. The levelquestionis, whether there existsa eld F with
Thite  squae class numker o(F) := jFE=F£? and Thite level s(F)
greaterthan four. While an answer to this questionis still not known,
one may ask for lower bounds for g(F) when the level is given.

For a nonreal eld F of level s(F) = 2", we considerthe “ltration of
the groups D (2'), 0 - i - n, consisting of all the nonzero sums of
2 squaresin F. Developing further ideasof A. P'ster, P. L. Chang
and D. Z. Djokovi§ and by the use of combinatorics, we obtain lower
bounds for the invariants g := jDg (2')=Dg (2'i 1)j, for 1 - i - n,
in terms of s(F). As a consequencea eld with "nite level , 8 will
have at least 512 squareclasses.Further we give lower bounds on the
cardinalities of the Witt ring and of the 2-torsion part of the Brauer
group of such a "eld.

1 Intr oduction

Let F bea eld. The levelof F, denotedby s(F), is de ned asthe least positive
integer m such that j 1 is a sum of m squaresin F whenewer such an integer
existsand 1 otherwise. For "elds of positive characteristic this invariant can
take only the values1 and 2, depending just on whether j 1is a squarein F or
not. Fields of level 1 , i.e. in which j 1 is not a sum of squares,are called real
“elds and an equivalent condition to s(F) = 1 is the existenceof an ordering
on F. Fields of nite level are also called nonreal “elds.

For a long time it has beenan open question which values exactly occur as
the level of some eld. The complete solution to this problem was given by
A. Pster in @] and it inspired a big part of later advancesin the theory
of quadratic forms, e.g. the developmert of the theory of P ster forms and
the investigation of isotropy behaviors of quadratic forms under function “eld
extensions.

Document a Mathema tica ¢Quadra tic Forms LSU 2001 ¢65{84



66 Karim Johannes Becher

P ster proved that the level of a nonreal eld is always a power of 2 [@ Satz
4] and further that, if F is any real eld (e.g. Q or R) and n , 0, then the
function “eld of the projective quadric X 2 + ¢¢¢+ X2, = 0 over F haslevel 2"
[@, Satz 5]. Thesewerethe rst examplesof nonreal elds of level greater than
4 and, actually, still no examplesof an essetially di®erent kind are known.

In generalit remainsa ditcult problemto determinethe level of a given eld of
characteristic zero. For an overview on what is known about levels of common
typesof “elds we refer to [E, Chap. XI, Section2]. In the samebook T. Y. Lam
also mertions the following question [E p. 333]

1.1. Level Question. Does there exist a eld F suchthat 4 < s(F) < 1
and suchthat F£ =F£ % is Thite?

Here and in the sequelwe denote by F£ the multiplicativ e group of F and by
F£ 2 the subgroupof nonzerosquaresin F. The quotient F £ =F£ ? is called the
squae classgroup of F. We call g(F) := jF£ =F*% 2j the squae class number
of F. Another subgroupg F£ of importance is the group of nonzerosums of
squaresin F, denotedas F# 2

Further, for any m 2 IN we denote by D (m) the set of elemens of F£ which
can be written as a sum of m squaresover F. P ster hasshawvn that Dg (m)
is a group Whene\erﬁ"n is a power of 2 [@ Satz 9]. We thus have the following
group Ttration for FEZ:

2

£2 i1 i P £2,
F*“( DE(@)( De(4) ( ¢¢¢( D" ( DE(2") ( ¢ttt F=": (1.2)

If F is nonreal of level 2" then we actually have D¢ (2" + 1) = P FE?= FE,
Fori , 1wedene (F) := jDr(2)=De (2" 1)j. Note that the quotients
FE£=F£? and Dr (2')=D¢ (21 1) are 2-elemertary abelian groups. Sog(F) and
& (F) are eadh either a power of 2 or 1 .

From (Q) we seethat the inequality

a(F) . &(F)cees, (F) (1.3)
holds for any n, 1. We will usethis in particular when s(F) = 2".

While an answer to the level questionis still not known, one may look for lower
bounds on jF£ =F£ %} in terms of s(F).

One approad is to seart for lower bounds on the invariants & (F) and to use
then (E) to obtain a bound for g(F). Following this idea, A. P ster obtained
in [[L1, Satz 18.d] the following estimate for a "eld F of level 2":

qF), 2= (1.4)
His proof (seealso |E p. 325]) actually shows for 1- i- n that

§(F), 2ntil: (1.5)
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Our standard examplesof elds of level 1;2 and 4, respectively, are the eld
of complex numbers C, the nite "eld F3; and Q,, the "eld of dyadic numbers.
These examples showv that (E) is best possiblefor n - 2. For higher n,
however, P. L. Chang has improved the bound using combinatorics. In [fl] he
shawvsthat g(F) , 128for a eld F of level eight and further that q(F) , 16¢§—Z
for any nonreal eld F of level s, 16. His approach hasbeenre ned by D. Z.
Djokovi in [E], leading to the following estimate:

%2 1 |~15+1ﬂ o8
. > —
S

WFy.2e s

(1.6)
i=1
Their method doesnot provide any information about the invariants &; (F).

The aim of the present work is to extend this method and to get lower bounds
for the invariants & (F) with respect to s(F) which improve (E). The com-
binatorial aspect is postponedto the two appendiceswhere a certain coloring
problem for (hyper-)graphsis considered.

We usecommonnotations and results from quadratic form theory; the standard
referencesare [B] and [[13]. (Note that the uncomfortable caseof characteristic 2
is implicitly excluded wheneer we deal with a "eld of level greater than 1.)
For isometry of quadratic forms we usethe symbol 2 . For a quadratic form '
over F we denoteby Dg (' ) the set of nonzeroelemerns of F represened by ' .
We sometimessay just \form" or \ quadmtic form" to mean\non-degeneate
quadratic form".

is 2". A neighlor of an m-fold P ster form Yis a quadratic form ' which is

similar to a subform of %and of dimension greater than 2" *. We know that

in this situation ' is isotropic if and only of ¥4is hyperbolic.

By W (F) we denotethe Witt ring of F, further by Br(F) the Brauer group and

by Bry(F) its 2-torsion part. In (B.3), (b.4) and (5.5) we shall use Milnor K -

theory. For de nitions and properties of the Milnor ring kaF and its homgenous
componerts kn,F (m , 0) wereferto [E] and [3]. Howewer, we usethe notation
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2 Sumsof squares in fields

Let F be a eld. For an element x 2 F we dene its length (over F) to be
the least positive integer m such that x can be written asa sum of m nonzero
squaresover F if such an integer exists and 1 otherwise (i.e. if x is not a
nontrivial sum of nonzerosquaresover F). We denote this valuein IN[ flg
by "¢ (x), or just by “(x) wheneer the cortext makesclear over which "eld F
we are working. Obviously "¢ (x) dependson x only up to multiplication by a
nonzerosquarein F; in other words, “g (X) is an invariant of the squareclass
xF £ % whenewer x 6 0.

For m , 1, Dg(m) is by denition the setfx 2 F£ j “(x) - mg. Our
investigation into lengths of "eld elemeris is basedon the following famous
result [10, Satz 2]:

2.1. Theorem (Pfister). For any i, 0, Dg(2) is a sulgroup of F£.

A simple proof within the theory of P ster forms can be found in [12, 4.4.1.
Lemma]. As a consequencedf this theorem one gets an inequality linking the
lengths of two elemers to the length of their product. We include a proof of
this result, which is [10, Satz 3].

2.2. Lemma. For any x;y 2 F we havethe inequalities "(x + y) - “(x) + “(y)
and “(xy) - "(x)+ (¥)i L

Proof: The rst inequality is obvious from the de nition of the length.

The secondinequality is trivial if xy is zeroor if X or y is not a sum of squares.
Sowe may supposethat both x and y are nonzerosumsof squaresin F. Let
then r be the least nonnegative integer such that x;y 2 Dg (2"). We will prove
“(xy) < “(x) + “(y) by induction onr. If r = 0then x;y and xy are squares
in F and the inequality is clear. Supposenow that r > 0. SinceDg (2") is a
group we know that “(xy) - 2'. Sothe inequality is clearif 2" < “(x) + “(y).

Otherwise, we may supposethat “(y) - 2'i 1. By the choice of r we then have
2l < *(x) - 2 and may therefore write x = a+ z with a;z 2 F£ sud
that “(@) = 2i Y and “(z) = “(x)j 2" t. 2" 1 By the induction hypothesis
we have “(zy) < “(y) + "(2). As Dg(2"1 1) is a group we have “(ay) - 2 1,
Sincexy = ay+ zy, usingthe rst inequality of the statemert we obtain nally

(xy) - @)+ (zy) < 2T+ () + (@) = )+ () a

According to the de nition we gave in the introduction, the level of F is the
length of | 1in F. We may also concludethat "¢ (0) = s(F) + 1. Therefore,
from any of the inequalities of the lemma we obtain immediately:

2.3. Cor ollar y. For anyx 2 F wehave (x)+ "(j x), s(F)+ 1. o

2.4. Cor ollar y. Letas;:::;am 2 F%. If the quadmtic form hay;:::;ami over
F representsthe elementx 2 F nontrivial ly then “(a;) + ¢¢¢+ “(an), “(X).
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may supposethat x; is nonzerofor 1- i - m®and zerofor m°< i - m. From
the rst inequality of the lemma we obtain “(x) - “(a;x2) + ¢¢¢+ ~(amox2,) =
“(ag) + ¢¢C+ "(amo). o

For i

B

2.5. Proposition. Fori, 2 leta;b2 D (3@ %)nDg (21 ) andc2 D (2')
suchthat "(a+ b+ c) > _2'*1. Then the elementsa;b and c of Dg (2') are
independent modulo D¢ (2'i 1).

Proof: We haveto show that a;b;c;ab;ac;bc;abc2 D (2 1). For a and bthis
is already given. We put x := a+ b+ c¢. Each of the quadratic forms ha; b;ci,
ha; b;abd, hl;ab;ad and hac;bc;li over F represens one of the elemens x,
abx, ax and cx and neither of these elemerts lies in the group D (21*1). We
obtain from (2.4) that eadh of the numbers “(a) + “(b) + “(¢), (a) + “(b) +
“(abg, 1+ “(ab) + “(ac) and “(ac) + (b9 + 1 is greater than 2*1. Since
“(a) + “(b) - 3¢2'i 1 and ab;ac;bc2 D (2') we obtain “(c); (abg , 2'i 1 and
further “(ab) = “(ac) = “(bg = 2'. a

For the rest of this sectionwe X a sum of squares

X = X2+ ¢¢¢+ x? (2.6)
with xq;::::% 2 FE, x 2 F and | = "¢ (x). For a subsetl % f1;:::;lg we
denotex; := ,,, x2. If | is not empty then we have *(x;) = jl].

For a real number z we denote by dze the leastinteger , z.

2.7. Theorem. Letl and J be nonempty proper subsetsof f1;:::;1g. Letr

ke a nonnegative integer suchthat x, x; 2 Dg (2"). Then the following hold:
(i) Iiz'—,im: IJ;—Jm in particular jjlji jJjj< 2,

@) jindj;jInlj - 2 (xx3)i 1< 2%,

i) jJlpIji jrN3Jj - 27+ (xyx3)j 1 - 362§ 1.

Proof: The hypothesisimplies that x; and x; are nonzeroelemers of F. We
setm:= "(x;xy) anda:= 3L. Then ‘(@) = m - 2.

If © is an integer such that jlj - °2' then we can write x; asa sumof - °
elemerts of Dg (2"). As Dg(2") is a group, x; = ax; can also be written as
a sum of - © elemerns of D¢ (2") which meansthat jJj = “(x;) - °2'. By
symmetry we obtain for any © 2 IN that jlj - °2" if and only if jJj - °2".
This shaws (i).
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We compute X;3 = Xjng + X3 = (1+ @)X,y + ax;y 3 and then substitute
y:= (1+a)X;ny and z := axj\j to havex;[3 = y+ z.

If y 6 0 then we have “(y) - m+ jl nJj by (2.2), but also “(y) - 2'*!
sinceDg (2'*1) is a group. If z & Othen (2.2) yields “(z) - m+jl \ Jji 1.
Therefore, if at least one of y and z is nonzerothen we obtain the inequalities
(y+2)- jlj+2mj land (y+2z)- 2°*' + m+jl\ Jjj 1. Both inequalities

remain valid in the casey = z = 0, sincethen necessarilya = j 1, whence
(y+2z)="(0)=m+ 1 Asjl [ Jj= “(y+ z) weobtain (ii) by symmetry from
the “rst and (iii ) from the secondinequality. o

For m = 1 this leadsto an obsenation madein the proof of [1, Theorem 1]:

2.8. Corollar y (Chang). Letl andJ be asin the theorem. If x; and x;
lie in the samesquaee classthen hoth setshavethe samecardinality and di®er
by at most one element. o

2.9. Corollar y. Letl andJ beasin the theoremwith jlIj = jJj = 2‘_, i, 2
If x, and x; representthe sameclassmodulo D¢ (2" 1) thenji \ Jj, 212+ 1.

Proof: If x, andx; lie in the sameclassmodulo D (211 1) then *(x; x;) - 2 1.

Applying part (iii ) of the theoremforr = ij 1 weobtainjl [ Jji jlI \ Jj-
3¢21 1 1. But our hypothesisheregivesjl [ Jj = 2¢2'j jI \ Jj. This together
implies jI \ Jj > 2'i 2, a

3 The invariants §

For a nonreal "eld F of level 2" we are going to study the invariants & (F) =

jiDE (2)=Dg (2 Hj for 1 - i - n. In particular, we are interested to know
whether P ster's bounds (1.5) can be improved.
First we note that the bound &,(F) , 2, obtained from (1.5) for i = n,

just takes into accourt that j 1 represens a nontrivial classin the group
De (2")=Dg (2" 1). In spite of the simple argumert, this bound is optimal
for every n , 1. More precisely for any n, 1thereisa eld F of level 2" such
that F€ = D (2"1 1)[ j Dg (2" 1). The construction of such an example will
be included in a forthcoming paper of the author.

We now turn to considerd,; 1(F). Fori = nj 1, (1.5) givesé,; 1(F), 4. The
exampleF = Q, shaws that this bound is optimal for n = 2.

3.1. Theorem. LetF bea eld of level2" with n, 3. Then &,; 1(F), 16.

Proof: Since’(0) = 2"+ 1andn , 3, wemay chooseelemerts a;;a,;az 2 F£
sudh that a; + ay+ a3 = 0and 2" 2+ 1. “(g) - 3¢2"i 3 fori = 1;2;3.
Then by (2.5), a;;a, and az are independert modulo Dg (2"i ?). Let H bethe
subgroup of D (2"i 1) generatedby D¢ (2"i 2) and the elemerts a;; a, and as.
SincejH=Dg (2" 2)j = 8 it remainsto shav that H 6 D¢ (2" 1).
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To this aim, we will calculate in the Milnor ring keF. For i = 1;2;3 we
"X the symbols ; = fajaras;ag and °; = fj ajaras;i ag in koF. Let
" denote the elemen fi 1g in k;F. Sinces(F) = 2" we have "" 6 0. As
aj;ap;az 2 D (2" 1) weobsenethat 1+ o+ 3 = fj 1;a;ayazgis annihilated
by ""i 2andthat ""i 2(7;+°;) = ""i 2(fayazas; i 1g+fi 1;ag+fi 1;j 1g) = ""
fori = 1;2;3.

If ""i 27, 8 0in k,F for somei then by the above relations we may suppose

that ""i27;, 6 Ofori = 1;2and"" 2 3 6 "", ie. ""i2°3 6 0. Using
that a; + a + ag = Owe computefj ap;j asg= fas;j axazg= "1 and equally
fi a1;i asg = . Sincenone of "1, ~» and °3 is annihilated by ""i 2, the

symbols ""i ?f; ay;i azg, "" 2fj ai;i asg and ""i 2fj ajay;i azgin k,F are
all nonzero. Therefore the P ster forms 2"i 2£ tay: asii, 2"i 2£ tmay; asii and
2"i 2t 1hay ay; asii areanisotropic. Further, 2"i 2£1nl; azii 2 2"£hli is anisotropic
sinces(F) = 2". This shovsthat j 1;j ai;j az;j a1@ 2 D (2" 2£ Hagii). As
the group D (2"i 2£ Hmagii) contains the subgroup D¢ (2" 2) and the element
az we concludethat Dg (2"i 2£ Hagii)\ j H = ;. On the other hand, since
(i a3) - T(an)+ (@) - 3¢ 2 wecanwrite | a3 = X+ y with x 2 Dg (2" 1),
y 2 DE (2" ?) and obtain | x = y+ a3z 2 Dg (2" 2£ Hagii)\ | Dg (2" 1).
Now we study the casewhere ""i 27, = 0 fori = 1;2;3. As "Ni 27, =
"Ni 2fi ajapas;aig, this meansthat the Pster form 2" 2 £ Weyarasz; aii
is hyperbolic for i = 1;2;3. We concludethat H ¥ D¢ (2"i 2 £ ta;ayasii).
As the P7ster form 2"i 1 £ lhejarazii 2 2" £ hli is anisotropic we have
i 12 Dg(2"1 2 £ Heyazasii) and therefore Dg (2" 2 £ Hayazazii)\ j H = ;.
Since ajapaz = aZa, + asa; we have “(j ajaxaz) - “(ap) + “(ag) - 3¢2"i 2
and may thereforewrite | a;apaz = x+y with x 2 D (2"i 1) andy 2 Dg (2" ?)
to obtain this time | X = y+ ajapaz 2 D (2" 2 £ hayapasii)\ | D (2" 1).
In both caseswe have found an elemert x 2 Dg (2" 1) nH. o

While the lower bound on &,; ; of the last theorem is based upon sewral
algebraic argumerts, the improvemert (with respect to (1.5)) for the lower

boundson §(F) for 2 - i - nj 2 which we present now, is obtained by
combinatorial reasoning,developed in appendix A.
For integersO - k - | we denote by P| the set of subsetsof f1;:::;1g with

exactly k elemerts.

3.2. Theorem. LetF bea eld of level2". Then

3 27 for i=nj2, 3;
M 1 < . a.
g(F) , 2(n,. I.)(Z‘i 2+:|.)+1 for %< i . nj3:
2 DET AL for 2. . D3R
Proof: We X elemens X1:::::Xon 2 F£ sudh that X2 + ¢¢¢+ x3, = i 1. For
a subsetd %2 f1;:::;2"g we denotex; := i2 sz.
Let 2- i- ™ML, We considerthe mapf : PZ" i! Dg(2')=Dg (2 *) which

sendsa 2'-subsetJ Y% f1;:::;2"gto the classx; Dr (21 1). By (2.9), if J1;J5 2
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P2" aresud that f (J1) = f(J2) then jJ1\ Jpj, 21 2+ 1. Therefore (A.8) in
appendix A shows jDg (2")=Dr (2'i 1)j, jim(f)j> 2" forr := (nj i)(2'1 2+ 1).
Since Dg (2')=Dg (2'i ) is a 2-elemenary abelian group it must then have at
least 2'*! elements. This establishesthe third casein the statemert.

In the remaining caseswe cannot apply (A.8) directly fori and m := n. In the
case%< i- nji 3wehaven, 8andi, 5anddenen®=2(nj i+ 1) and
i%:=nji+2= "7°+ 1. Inthecasei = nj 2andn, 5wesetinsteadn®:= 5
andi®:= 3= “OT” Note that in both casesn®j i°= nj i.

Forl- ©. 22°letJo := f(ej 1)¢2ni N4 100150 ¢N nogandyo = X3, . This
yields y; + 6¢¢+ y,0 = j 1and “(yo) = jdoj = 2" " for 1- © . 2", Now

we considerthe map f °: Pzzino0 i! Dg(2")=Dg (21 1) which sendsa 2°-subset

gupposethat fON1) = fYN,) for NaiN2 2 Pgnoo. For lf-): 1,2 let Iy =
o2n,Jo 2 P2 . Sinceby hypothesis o,y ¥e = X, and o,y Yo = X, lie
in the sameclassof D¢ (2')=Dg (2'i 1), (2.9) shavsthat jl;\ 1,j, 22+ 1and
it follows that jNy\ Npj, 212 (in%) 4 1= 2%24 1
Having establishedthis intersection E)roperty of f 9 we obtain from (A.8) that
iDE (2)=Dg (211 1)j . jim(f9j > 2 holds for r®:= (n% %21 2+ 1). As
before, we concludethat jDr (21)=Dg (2'i 1)j . 2'*1. This Tnishes the proof
sincer®= 6in casei = nj 2andr®= (nj )" ' + 1) otherwise. a

4 Nonreal fields with & equal to the level

From (1.5) we know that & (F) , s(F) holds for any nonreal "eld F. This
bound is optimal for “elds of level 1;2 and 4 as the standard examplesshow
(seeintroduction). For nonreal elds of higher level, however, there is still no
known examplewhered;(F) < 1 .

We shaw that é,(F) = s(F) < 1 is a rather strong condition, with seweral
consequencesn the quadratic form structure of F. In particular, for s(F) , 8

it implies that &p(F), C)° (4.9).

Let » be an elemen of length | | 3 of F. We x arepresenation of » asa sum
of | squares

»= X2+ ¢0¢+ x? (4.1)

(nonordered) pair of distinct i;j - | to the squareclassof x2 + sz. Considering

the elemerts of D (2)=F% % asa set of colors, we can interprete f asan edge-
coloring of a complete graph in | vertices vi;:::;v;. We denote this graph
together with its edge-coloringf by G. If in this graph two edges[v;;v;] and
[Vio; vj o] are of the samecolor (with fi; j g; fi%j% 2 P}) this meansthat x? + x?
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and x% + ijo lie in the samesquareclassof F, which by (2.8) implies that the
setsfi; jgand fi%] % intersect. In other words, two edgesof the samecolor in
G needto have a vertex in common,i.e. Gis a CC-graph in the terminology of
appendix B.

We get from (B.1) that at least|j 2 colors appearin G. Furthermore, since
x% + ¢¢¢+ x? is of length |, no sum x? + x? with i 6 j can be a square. This
givesa proof of [13, Theorem 1]:

4.2. Proposition (Tor t). In (4.1), the partial sumsx?+ x? with 1- i<j - |
representat least | j 2 di®erent nontrivial classesof D¢ (2)=F£% 2, o

Let now F be a nonreal eld of level s = 2". We then can choose» := 0, which
is of length s+ 1 over F, and write (4.1) as

0= x2+ ¢¢¢+ x2,, : (4.3)

By the above proposition the partial sums x? + sz (with 1- i<j- s+ 1)
represen at leasts 1 nontrivial classesof D (2)=F% 2. This shows:

4.4, Cor ollar y. Let F be anonreal "eld of levels. Then & (F), s. More-
over, if & (F) = s then, given any representation (4.3) of zem asa sumof s+ 1
nonzeo squaesover F, every nontrivial classof D¢ (2)=F% %is representa by
a partial sumx? + x? with 1- i<j- s+1 a

Given a subgroup G ¥ F £ =F£ % of nite order 2™ we may choosean irredun-

only depend on G and not on the particular choice of the a;. If we choose
the a such that a;;:::a, areindependert modulo F# 2 then Y& iIs equal to

Yo () for Ye with G := D (2)=F£ 2.

4.5. Proposition. Let F be a nonreal "eld with s(F) > 1 and & (F) < 1.
Then Y (») is hyperbolic.

Proof: Let s := s(F). Given a represenation (4.3) of zeroassumof s+ 1

squaresover F wedene a; := x3;, ; + x5 for 1. i - s=2. By (2.8) the & lie
in distinct nontrivial squareclasses.Sincea; + ¢¢¢+ ag_, + x2,; = 0 the form

form Y (), which then must be hyperbolic. a

4.6. Lemma. LetH be a sulgroup of F£ containing F£ 2 suchthat H=F£ ? is
of order 2™ with m , 2. If a;b;c;d 2 H, lie in distinct squae classesthen

B
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Proof: It is easyto verify that, given four distinct elemerns t; u;v;w in a
2-elemenary abelian group G there exists a subgroup K of index 4 in G such
that t; u; v; w represen the four classesof G=K.

We apE)Iy this fact to the squareclassesaF £ %; bFE %;cF£ % and dF£% in G :=

H=F%£°. A subgroup K with the stated property must have order 2™ 2. We
chooseelemerns az;:::;an 2 F£ sud that their squareclassegorm an F,-basis
of K. The rest is clear. o

4.7. Proposition. LetF bea eld with &(F) = s(F) = 2", n,
a; b;c;d be elementsof D (2) which lie in distinct squae classes.

2, and let

(@) If a2 F£% then De (ML 1)\ Dg (ML ai) = f1;agFE >

(b) If x2 De(hL;ai)\ De(hL;bi)\ Dg(hl;ci) then “(j x) = 2".

() De(ha;bi)\ De(hc;di) = ;.

(d) If n, 3thenDg(ha;bi)\ Dg(ha;ci)\ Dg(Hbjci) = ;.

(e) If x 2 De(hl;ai)\ De(hl;bi) then“(cx) = 4or "(j x), 2" L

Proof: (a) Givena and b lying in distinct nontrivial classesof D¢ (2)=F% 2

neighbor of the P'ster form ¥ 2y which is hyperbolic by the last proposition.

So "' s isotropic. Now b 2 Dg(hl;ai) would imply that ' is isometric to

hl; 1;ab;az:::;axm; 1i which is a subform of 2" £ hli. This is impossiblesince
the latter form is anisotropic by the hypothesisthat s(F) = 2".

(b) Letx 2 Dg(hLai)\ De(h;bi)\ De (L ci) wherea;b;c2 Dg (2) are dis-
tinct modulo squares.Then clearly "(x) - 3 and we have alsox 2 D¢ (hl; abd)

(with j a;j band j c alsoj abcliesin Dg (hL;j xi)). It follows from (a) that

“(x) 6 2. If x is asquarethen “(j x) = “(j 1) = 2". Otherwise we must have
“(x) = 3. Then noneof a;b;c;abccan be a square. Further “(j x), 2" 2hby
(2.3). Thus(4.2) shawvsthat, in arepreseration of j x assumof “(j x) squares
over F, the partial sums of length two lie in at least 2" j 4 distinct nontriv-

ial square classes.As jDf (2)=F% 2j = 2" by hypothesis, at least one of these
squareclassesnust alsobe represenied by one of a; b;c or abc Without lossof
generality we may supposethat j x = y + at? with “(y) = “(j X) | 2. Writing

x=u?+avyieldsO0=xj x=y+ u?+ a(t?+v?). Thus2"+ 1. “(y)+ 3
and2" - “(y)+2="(j x). Thenj x= (j 1)¢ 2 Dg(2") implies "(j x) = 2".
(c) By the abovelemmathere areas;:::;a, 2 Dr (2) sut that ¥ (») is equal

Supposenow that there existsanx 2 Dg (ha;bi)\ Dg (hc;di). Then ha;b;c;di 2
hx; abx;x; cdxi, which is similar to hl;1;1;abcd. Hence Y (5 is similar to

the form (2"i 1 + 1) £ hli is a P~ster neighbor of %, (2)» henceisotropic since
Y® (2) is hyperbolic. This is a cortradiction to s(F) = 2".
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(d) After multiplying by a in the statemert we may supposethat a= 1.
Suppose that there exists x 2 Dg(hl;b)\ Dg(hLl;ci)\ Dg(hb;ci). It fol-
lows i b;j c2 D (hl;j xi), thusbc2 Dg(hL;j xi)\ Dg(hL; i) Y2 Dg (hL; xi).
Therefore we have hl;b;c;bd 2 hi;x;bcx;bd 2 Hoc;bex;bex;bd, whence
hl;b;c;bd 2 hl;1;x;xi. Next we choose az;:::;a, 2 Dg(2) suc that

is cortradictory sinceYy, () is hyperbolic but s(F) = 2".

(e) Let x 2 De(hl;ai)\ Dg(hL;bi). Then, certainly, x and cx belong to
De(4). If "(cx) - 2then "(x) - 2 and (2.3) yields "(j x) , 2" 1. Suppose
now “(cx) = 3 and write cx = e+ t2 with t 2 F2 and e 2 Dg(2). We
have cx 2 Dg (hc;aci)\ Dg (hc;bd)\ Dg(hl; ei). Sincel;c;ac and bcrepresen
distinct squareclasseswe concludewith (c) that e and c lie in the samesquare
class. Thereforex 2 Dg (hl;ai)\ Dg(hL;bi)\ Dg (hL; ci), which by (b) implies
(j x) = 2. o

4.8. Theorem. Let F be a nonreal eld of level s, equal to & (F). Any re-
presentation (4.3) of zem as a nontrivial sum of s+ 1 squaesover F may be
reordered in such way that the following holds: for fi;jg;fi%j% 2 P5* the
partial sumsx? + x? and x5 + x% lie in the same squae classif and only if
maxfi; j;3g= maxfi%;j% 3g.

Proof: Let G be a complete graph in s+ 1 verticesvi;:::;Vs+1 and with the
edge-coloringgiven by f : PS* I Dg (2)=FE%:fi;jg 7! (x? + x?)F £ % (seeat
the beginning of this section). We know from (4.4) that exactly sj 1 colors
appear in G. Further, G does not contain any triangle with three di®eren
colors; indeed, such a triangle would correspond to a partial sum of three
squaresx = x2 + xj2+ x2 with 1- i<j<k- s+ 1wherea = xZ+ xj2,
b:= x?+ xZ and c := x? + xZ lie in three distinct square classeswhich is
impossibleby part (b) of the last proposition since *(j X) = sj 2. Therefore
by (B.3), Gis a total CC-graph.

SinceG hasprecisely(s+ 1) j 2 colorswe obtain from the de nition of a total
CC-graph in appendix B and the subsequeh remarks: the verticesin G (and
at the sametime the x;) may be renumberedin such way that for fi; jg2 P3**
the color of the edgebetweenv; andv; (i.e. the squareclassof x?+ xj2) depends
precisely on maxfi; j; 3g. o

4.9. Corollar y. Let F be a nonreal eld of levels = &(F) , 8 Then

2
&(F). %
Proof: Let 0= x%+ ¢¢¢+ x2,, be arepresenation of zeroasa nontrivial sum
of s+ 1 squaresover F. By the theorem we may, after reordering the indices,
supposethat for fi; jg2 P§+l the squareclassof x2 + xj2 dependspreciselyon
maxfi; j; 3g.
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Dening & = X2, + x2, for1- i- sj 1, we geta systemof represetativ es
a;;:ii;as 1 of the s 1 nontrivial classesof DF(2)=F£2. Further we set
Gk = X§+ XAy + XE,p forl- j<k- sj L

Supposenow that by = oo for b2 De(2) and 1 - j°< k°- sj 1. Then
Goko 2 Dp(hl;ajoi) \ Dr(hlakei) \ Dr(Ho;bayi)\ Dr (ho;bai). In view of
(b), (((:)) and (d) of the proposition this is only possibleif b2 F£ 2 j =j%and
k = k"

This shows that the elemens ¢ for 1 - j < k- s ¢ represen distinct

nontrivial classe®f D¢ (4)=Dg (2). Thereforeép(F) > 15‘21 . Sinces is a power

. . — . . 2
of 2, at least 8, and &(F) is a power of 2 or innite we obtain &(F), 5. @

5 Lower bounds for the square class number

We start this sectionwith Djokoviff's proof of his bound (1.6), rephrasedin the
terminology of appendix A.

5.1. Theorem (Djok ovifl). If F is a nonreal eld of levels, 8 then

2 H f

qF) . 26Dr(s=2)=FE% | 2t L Tsr1n
- s+ 2j i I

Proof: The st inequality is clear sincejF£ =Df (s=2)j , 2.
Next we consider a represettation 0 = x% + ¢¢¢+ x2,, of zero as a sum of
s+ 1 nonzero squaresover F. We denote by P the set of nonempty subsets
of f1;:::;s+ 1g of cgdinality not greater than s=2. We dene f : P !
De(s=2)=F£%;J 7! ( (2 x]?)Fﬁz. For 1 - k - s=2 we write fy for the
restriction of f to Pf*l. By (2.8), for k 6 kO the imagesof f, and fyo are
disjoint. Also by (2.8?, fk¢is (ki 1)-connectedfor any k - s=2 and therefore

iImfWi. eoer St by (A4, ). All together we obtain

%2 %2 M 1
. —Av_r£ 2. . . 1 s+ 1
S e R L TR T
k=1 k=1
which shaws the secondinequality. o

5.2. Remark. For an integers , 8, let P (s) denote the term on the right
hand side in the inequality of the above theorem. Djokovi§ shaved by an
elemerary courting argumert that (s) > % [2]. As was pointedput by
David B. Leep, the argumert may be improved to obtain the bound  (s) >
% for every evens , 8. Under the hypothesis of the last theorem one has

thus q(F) > 25: ; further, sinces = s(F) is a power of 2 and q(F) is also a
power of 2 or in nite, it follows that q(F) , 25: .
Our calculations have shown that, at Ieaslpfor s a power of 2 in the range

between8 and 213, actually onehas Z— < = (s) - £
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However, for level 8 and 16 we get stronger bounds on g(F ).

5.3. Theorem. LetF beaeld. If s(F) = 8thenq(F), 512 If s(F) = 16
then q(F) , 2.

Proof: Under the hypothesiss(F) = 8 we have ég(F) , 2, &(F), 16(3.1)
and éy(F) , 8 (1.5). Moreover, by (4.9) one of the last two inequalities must
be proper. From jF€ =F£%j & (F) 0t (F) ¢4 (F) we get thereforeq(F) , 512,
sinceF£ =F£ 2 is an elemertary abelian 2-group.

For s(F) = 16 we have by the previous sections &,(F) , 2, &(F) , 16,
&p(F) , 32and & (F) , 16 and one of the last two inequalities must be
proper. As jF£=F£% & (F) ¢tté(F) this leadsto q(F) , 25. o

For s(F) = 2" with n , 5the analogousargumerts are not sutcient to improve
Djokovi§'s result. For s(F) = 32, for example, we may get in this way q(F) ,
225 while (5.1) yields q(F) , 22°.

5.4, Theorem. LetF bea eld of level2" with n | 3. Then jk,; 1Fj, 128
More precisely, the sulgroup fi 1g" 2k;F of ks, 1F is of index at least 4 and
order at least 32,

Proof:  Again, we use the notation " = fj 1g 2 kyF. The homomor-
phism F£ | fj 1g"i ?ksF which maps x 2 F£ to the symbol ""i 2 ¢fxg,
has kernel Dg (2" 2). Since&,(F) , 2 and &, 1(F) , 16 by (3.1), we have
jFE=Dg (2" 2)j , & (F) ¢&,; 1(F), 32. Thereforefj 1g"" ?k;F has at least
32 elemerts.

To shaw that the index of this group in k,; 1F is at least4 we just needto nd
®,;° 2 kn; 1F nfi 1g"i 2ksF such that ®+ ~ + ° 2 fj 1g"i 2k;F.

By the hypothesis there are a;b;c 2 Dg (3 ¢2"i 3) n D¢ (2" 2) sudch that
a+ b+ c = 0. In koF we compute fj a;j bg+ fj a;j cg+ fi b;j cg =
fi a;bg+ fa;j by = fj 1;abag. Therefore we are nished if we show that
none of the symbols ""i 3f; a;j bg;"" 3fj a;j cgand ""i 3fj b;j cgin kn; 1F
lies actually in fj 1g"i 2k.F.

If this is not true we may by casesymmetry supposethat ""i 3fj a;j bg =
"Ni 2f; xg for somex 2 F£. Then the (nj 1)-fold P ster forms 2"i 3 £ Ia; bii
and 2"i 2 £ lxii over F are isometric, i.e. the quadratic form ' = 2"i 3 £
hl;x; x; i a;i b;j ab over F is hyperbolic. It follows that any subform of '

of dimension greater than %dim(' ) = 3¢2"i 3 s isotropic. In particular, the
form 2"i 2£ hjaxi ? 2"i 3£ hli ? Hdi, similar to a subform of ' , must be
isotropic. It follows that ax 2 Dg (2" 2) ¢Dg (2" 3£ hli ? Hoi) Y2 Dg (2" 1)
whencex 2 Dg (2" 1). On the other hand, ' 2 2"i 3 £ nl;x; x; c;abc;j ab
shaws that 2"i 2£ hxi ? 2"i 3£ Wi ? hdi is isotropic. This in turn implies that
i X 2 De(2" 2) ¢De (2" £ Nl ? hoi) Y2 De (2" 1). Together this leads to
i 12 Dg (2" 1) which contradicts s(F) = 2". a
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5.5. Cor ollar y. LetF beanonreal eld with s(F), 8 Then|Br,(F)j, 128
and jW (F)j, 2'8.

Proof: If s(F) = 8 then the theorem shows jk,Fj , 128. But this is also
true if s(F) = 2" > 8 sincethen already the subgroup fj 1gk;F, isomorphic
to F£ =D (2), hasorder at least &, (F) ¢&,, 1(F) ¢&,; »(F) which is suzciently
large by the results of section3. By Merkuriev's theorem, Br,(F) is isomorphic
to koF, soin particular we have jBr,(F)j , 128. (In fact, the argumerts to
estimate the size of koF work similarly for Br,(F), soit is not necessaryto
invoke Merkuriev's theorem here.)

Let | denotethe fundamental ideal of W (F) andlet I := 11=1"* fori , 0. For
i = 0;1;2 it follows from [9] that ' 2 kiF. Thusjf% = 2,ji'Yj = q(F), 512
and j2j | 128. Moreover, s(F) , 8 implies i3] , 2. Therefore jW(F)j ,

jloj ¢jiLj ¢ji2j ¢jii3j , 218, o

A Hyper graphs with connected colorings

In this appendix t; k and n denote nonnegative integerswith t - k - n. We
brie°y say k-set for a setof cardinality k. A k-hypergraphisasystemH = (V;E)
whereV is a setwhoseelemeris are called vertices and E a collection of distinct
k-subsetsof V called edges. A graph in the usual senseis then just a 2-
hypergraph.

Let H = (V; E) beak-hypergraph. Its number of verticesjVj is called the order
of H . We say that H is complete if eac k-subsetof V is actually an edge,
ie. if E= fE LV jJE]j = kg. By an edge-oloring of H we mean a function
f :E! C. Weconsiderthe elemeris of C ascolors and for E 2 Ewe call f (E)
the color of E. Fort > 0 we say that the edge-coloringf is t-connected if any
two edgesof the samecolor meetin at leastt vertices, i.e. if for any E;E°2 E
with f (E) = f (E9) we have jE\ EY, t.

A.1. Problem. Lett;k;n be nonnegative integerswitht - k- n. LetH =
(V; E) be a complete k-hypergraph of order n. What is the least integer m such
that there exists a t-connected edge-oloring f : E! C on H with jCj=m ?

The integer m which meetsthe condition in the problem dependsonly on the
valuesof t, k and n and will be denotedby M (t; k; n). We recall our notation

m such that there exists a function f : P ! C where jCj = m and suc
that f(X) = f(X9 implies j)X \ X9 , t for any X;X%2 PJ. To study
M (t; k; n) asa function in t; k and n we usethe theory of intersecting families
in combinatorics. S T

Let F be a family of sets. We write F (resp. F) for the union (resp. the
intersection) of all setsbelongingto F. If jJU\ Vj, t holdsfor every U;V 2 F
then we say that the family F is t-intersecting (just intersecting for t=1). A
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coloringf : E! C of a k-hypergraph H = (V;E) is thus t-connectedif and
only if fi 1(fcg) is a t-intersecting family for every c2 C.

The crucial result on intersecting families is the ErdAs-Ko-Rado theorem [4]
which we state in the slightly stronger version of [14]:

A.2. Theorem (Erd ds-Ko-Rado). Letn, (kj t#+ 1)(t+ 1). If Fisa

t-intersecting family of k-subsetsof an n-set then jFj - EI' ¢
This theorem givesthe optimal bound. Indeed,if N isann-setand T at-subset
then F .= fU %2 N jjUj = k; T %2 Ug is a t-intersecting fami_IP/ with precisely

Ri{ elemers. However, under the additional condition j = Fj < t, better

boundson jF j can be given. In the caset = 1 this is the following main result
of [6]. (A short proof of this can be found in [5] where the caset > 1 is also
treated.)

A.3. Theorem (Hil ton-Milner). Let F be a family of pairwise intersecting
k-subsetsof an n-setsuchthat = F = ;. ThenjFj- Ri1 | ”ikikill + 1.

Now we begin with the investigation M (t; k; n) asa function in t; k and n with
0<t- k- n. We rst treat the easycaseswhent and k take extremal values.
Part (c) is implicitly shown in [2].

A.4. Pr oposition. (@ M(t; k;n) = 1is equivalentton - 2k t.

¢

(b) M(t;k;n) = ' is equivalentto k = t.

i ¢
c) M(kj L;k;n M (nj ki L;nj k;n .;I“ for1- k- n=2
(c) M( . nlT K

Proof: (a) M(t; k;n) is equalto 1 if and only if P/ is t-intersecting; this is
the caseif andonly if n - 2k j t.
(b) Each condition holds if and only if any nonempty t-intersecting family of

M (ki L;k;n) = M (nj kj 1;nj k;n). T

For a(kisl)-intersecting family F %2 P} it is easyto ched that eitherj Fj,

ki 1orj Fj- k+1.In the rst casewe concludejFj- nj k+ 1andin the
secondcasejFj- k+1- nj k+ 1. Ifnowf :P?! Cis (ki 1)-connected
then P? is cwe&ed by the (kj 1)-intersecting familiesf i 1(f cg) for ¢ 2 C, which
impliesthat ', = jP?j- (nj k+ 1) ¢Cj. o

A5. Examples. (1) The function f : P2 ! P K*1 which ass@iatesto X 2
P? the setof the t smallestnumbersin X is a t-connectededge-coloringof K. .
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(2) If n, 2kj 1then a 1-connectededge-coloringof K} is given by
f PRl fl::i;nj 2k+2g; X 77 max (X [ f2kj 1g)j 2k + 2:

(3) Lett< k<n. Iff :P?! C bea t-connectededge-coloringof K and
g:Pg,, ! CPisa/(t+1)-connectededge-coloringof K{,, , where C and C°are

disjoint sets,then a (t+ 1)-connectededge-coloringof KE:% is de ned by

1
“f (Xnfn+1g) ifn+12 X,

. n+1 A 0.
h:PLii! CLCY X7 g (X) otherwise.

From these exampleswe conclude: . )
A.6. Proposition.  (a) M(tk;n)- "K'
(o) f n, 2kj 1thenM (L;k;n) - nj 2k+ 2.
(c) If t<k<nthenM(t+1;k+1;n+1):- M(t k;n)+M (t+1;k+ 1;n).

For lower bounds on M (t; k; n) we rst considerthe caset , 2.

A.7. Theorem. Let2.- t< k. Thenforn, (kj t+ 1)(t+ 1) we have

M (t; k;n) ,

Proof: Letf : P? ! C be a t-connected edge-coloringof K with n |
(kj t+ 1)(t+ ). For eath c2 C we have then by the Erdés-¢Ko-Radotfaeorem

fitfegi - Rp . AsPP = " ,cfit(feg) weget [ - jCj¢ QI

Therefore jCj , % ¢2il¢eeli*l and an easycomputation shows the second
. . 1 I
inequality. o

For the purposesof section 3 we state the following particular case:

A.8. Cor ollar y. Leti and m be positive integers satisfying either 2- i -
or3- i= ML or 5. j= M+ 1 Then M (2 %+ 1;2;2™) > 2(mi DR" *1),

Now we cometo the caset = 1.

A.9. Lemma. For k > 1 we de ne the polynomial

1 A 1 1 !

Fe(X) = Xii)i k(Xij 2k+1) (Xii)i (Xj ki i)+ (kj 1)!
i=0 i=1 i=1

If k- nandf : P} ! Cissuchthat fiZl(fcg) = ; for everyc2 C then
either jCj, nj 2k+ 2 or Fg(n) - O.
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Proof:  Suppose th¢at f has the stated property. Then the Hilton-Milner

theorem |mpl|es- Eq: - jCj e[ ! i ’]'ki"'lsl + 1]. On the other hand,
(k)i L ¢F(n) = 'Q i (ni 2k+1)¢ }1 7 “ikikill + 1]. Thus Fx(n) > 0
implies jCj > (nj 2k + 1). a

A.10. Remark. The polynomial Fx de ned in the lemmais monic of degreek.
In particular, we have F¢(n) > 0 for all n suzciently large. Computation for
small values of k yields: F(X) = X2 7X + 18, F3(X) = X3 21X? +
140X | 240and F4(X) = X4 54X %+ 731X ?; 3534X + 5880. Thus we have
F2(n) > O for any n 2 IN, F3(n) > Ofor n, 3 and F4(n) > O0forn,B 37
whereasF4(36) < 0.

B

A.11. Theorem. For any k , 1thereis a constantc,, 2k 2 suchthat for
all n 2 IN suzciently large we have

M (L;k;n)=nj c:
For k - 3 we have, more precisely, M (1;k;n) = nj 2k+ 2forn, 2k 1

Proof: For k = 1 there is nothing to shawv sinceM (1;1;n) = n. Fork , 2let
F«(X) be dened asin the lemma. By the above remark we may choosethe
leastintegerny , 2kj 1suc that Fy(n)> Oforalln, ngi 1.In particular
we haven, = 3andng = 5. Let ¢ := ngj M(1;k;ng). Then (A.6, b) implies
¢ , 2k 2andwe chek that equality holds for k = 2; 3.

We want to prove by induction that M (1;k;n) = nj c« for n , ng. For
n = ng this is trivial statemert. Supposeit is truel-for ni 1, ng. Let
f : P2 ! C bea 1-connectededge-coloringof K. If ~ fil(fcg) = ; for eath
c 2 C then by the lemmawe have jCj, nj 2k + 2r, nj ¢. On the other
hand, if there is ¢ 2 C sud that the intersection i (fcg) is not empty
then we may supposethat it contains the elemen n. Then the restriction
fO:Plit1 Cnfcgoff to P! isa l-connectededge-coloringof Kpi t. By
the induction hypothesiswe have [C nfcgj, M(L;k;ni 1) = (nj 1) c
and thus jCj, nj c. This implies M (1;k;n) , nj c. But (A.6, c) shows
M (L;k;n) - M(L;k;nj )+M(O;kij 1;nj 1) = nj ¢ sinceM (O;kj 1;nj 1) =
1. HenceM (1;k;n) , nj cx which nishes the induction step. a

A.12. Question. DoesM (1;k;n)=nj 2k+ 2holdfor all n, 2k 1, even
if k>37?

B CC-Graphs

In this appendix we study connectededge-coloringsfor usual complete graphs.
Here we are not only interestedin the minimal number of colorsbut alsoin the
distribution of the colorsin the graph.
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edges. The distribution of colorsin G can be equivalerntly represerted by an
edge-coloringof K5 (seeappendix A), i.e. by afunction f : PJ ! C, whereC
standsfor the set of colorsin Gand f assaiatesto fi; jg2 P} the color of the
edgebetweenthe verticesv; and v .

A set of all the edgesof a certain color shall be called a color-component. If
such a color-componert consistsof r | 3 edgesall together having a vertex x
in commonwe call it an r-star and x its center. By a triangle in G we meana
complete subgraph of order 3 of G. A triangle is said to be monochrome (resp.
three-lored) if the three edgesare of the samecolor (resp. of three di®eren
colors). A secondcomplete colored graph G° of order n is said to be equivalent
to G if there is a bijection betweenthe sets of vertices of G and G° such that
the induced bijection on the sets of edgespresenesthe color-componerts (in
both directions).

We call G color-connected or a CC-graphif in G any two edgesof the samecolor
are adjacert. This is equivalert to the edge-coloringf being 1-connected The
only possiblecolor-componerts in G are then single edges,pairs of edgeswith
a vertex in common, stars and monochrome triangles.

Theorem (A.11) saysthat M (1;2;n) = nj 2for n, 3. This correspondsto a
result of [13]. We rephraseit as follows and give a direct proof.

B.1. Proposition (Tor t). A CC-graph of order n | 3 hasat leastnj 2

colors.

B

Proof: For n = 3 the statemert is trivial. If n > 3 and G has lessthan n
colorsthen one of its color-componerts must be a star. Deleting the certer of
this star yields a CC-graph G° of order n j 1 with lesscolors. By induction
hypothesisG® has at leastn j 3 and therefore G at leastn j 2 colors. o

For any n , 3 the complete graph K35, whose vertices are the integers
1;:::;n, together with the 1-connectedcoloring f, : P§ I f1;:::;ni 2g;
fi;jg 7! maxfi;j;3gj 2de nesa particular CC-graph G, of order n with nj 2
colors (compare with example (A.5, 2)). The color-componerts of G, are one
monochrome triangle and onei-star for eadr 3 - i - nj 1. For3- n - 5,
every CC-graph with nj 2 colorsis equivalert to G,. This is not true for n = 6,
sincethere is a CC-graph of order 6 with color-componerts a triangle and three
4-stars.

B.2. Proposition. Let Ghbea CC-graphwith n, 3 verticesandnj 2 colors.
Then G has as color-components one monochrome triangle and n j 3 stars.
Moreover, each vertex of G lies either on the monachrome triangle or is the
center of exactly one star.

Proof: Let G° be the complete subgraph spannedby all vertices of G which
are not the certer of a star in G. We want to shov that G° is a monochrome
triangle. Then the vertices of G outside of G° will be the certers of nj 3 stars
and asG hasjust nj 2 colorsthe entire statemert follows.
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Let n®be the order of G°. The nj n° vertices of G outside of G° are all certers
of stars whosecolors do not appear in G As a consequence@G° has at least
ni nPcolorslessthan G. Then by (B.1), G® hasexactly n°; 2 colors. Since G°
is a graph without stars ead color appearsat most three times, counting the
edgesyields 3(n°; 2), ”O(“—;'l) whencen®- 5. As G’ hasn®; 2 colorsand
cortains no star, we have n®= 3 and G° is a monochrome triangle. o

A CC-graph G will be called total if there is a permutation %2 S, sud that
for any fi;jg 2 P} the color of the edgebetweenv; and v; dependsonly on
maxf ¥{i); ¥{j )g. After renumbering the vertices G we may then supposethat

a way that the color of any edgelinking v; and v; dependsonly on maxfi; j g.
Then Ghasat mostnj 1 di®eren colors. From (B.1) it followsthat the number
of colorsin Gis eithernj 2ornj 1. Further, by (B.2) the number of colors
isnj 2if and only if vi;v, and vs form a monochrome triangle and then the
color of the edgebetweenv; and v; dependspreciselyon maxfi; j;3g. In both
casesthe enumeration of the vertices is unique up to changing the rst three
respectively the rst two indices. Moreover, G cortains exactly n j 3 stars.
More precisely for each 4 - i - n there is exactly one (ij 1)-star in G whose
center is v;. It is clear from the de nition that a complete subgraph of a total
CC-graph is also a total CC-graph.

B.3. Proposition. A CC-graph Gis total if and only if it contains no three-
colored triangle.

Proof: The necessiy of the condition follows from the de nition of a total
CC-graph. Supposenow that G is a CC-graph with n vertices with no three-
colored triangle. We shaw by induction on n that Gis total. For n - 3this is
evidert. If n, 4 then any complete subgraph with 4 vertices contains a star
since otherwise it would cortain a three-coloredtriangle. Sowe can choosean
r-star in G wherer is aslarge as possible. For the easeof imagination say, it
is of red color. We may supposethat v, is the certer of this star. Let G° be
the complete subgraph of G with all the vertices of G exceptv,. Then G is
alsoa CC-graph with nj 1 verticesand cortains no three-coloredtriangle. So,
by the induction hypothesis, G is total, i.e. its vertices can be enumerated as

an edgeof red color. Sowe just have to show that r = nj 1. Supposethat
r < nj 1. Then certainly n > 4 sincer , 3 by the de nition of an r-star. But
Vn; 1 isthe certer of annj 2-starin G say of blue color. By the maximality of
r we seethat the edgebetweenv,; 1 and v, cannot be blue and that r = nj 2.
Sothere must be exactly onevertex v with 1- k- nj 1 which is connected
with v, with an edgeof color di®erert from red. It cannot be of blue color
either sosay that its color is green. Now we seethat there is a triangle of colors
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red, blue and greencortained in G, formed by vi;vn; 1; Vo if K< nj 1and by
V1;Vn; 1;Vn if k= nj 1, which givesthe desired cortradiction. o
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