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Abstra ct. The closerelationship betweenthe theory of quadratic
forms and distanceanalysishasbeenknown for certuries, and the the-
ory of metric spacesthat formalizes distance analysis and was devel-
oped over the last certury, has obvious strong relations to quadratic-
form theory. In contrast, the rst paper that studied metric spacesas
such{ without trying to study their embeddability into any oneof the
standard metric spacesnor looking at them as mere “presertations' of
the underlying topological space{ was, to our knowledge, written in
the late sixties by John Isbell. In particular, Isbell shavedthat in the
category whose objects are metric spacesand whose morphisms are
non-exm@nsive maps, a unique injective hull exists for every object, he
provided an explicit construction of this hull, and he noted that, at
least for nite spaces,it comesendaved with an intrinsic polytopal
cell structure.

In this paper, we discusslisbell's construction, we summarizethe his-
tory of| and somebasicquestionsstudiedin | phylageneticanalysis
and we explain why and how thesetwo topics arerelated to ead other.
Finally, we just mertion in passingsomeintriguing analogiesbetween,
on the one hand, a certain strati cation of the coneof all metrics de-
‘ned ona nite setX that is basedon the combinatorial properties of
the polytopal cell structure of Isbell's injectiv e hulls and, on the other,
various strati cations of the cone of positive semi-de nite quadratic
forms de ned on R" that were introduced by the Russian school in
the context of reduction theory.
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1 Intr oduction

The close relationship between distance analysis and quadratic-form theory
was known already in pre-Pythagorean times: A ceramic slab found in the
near east, for instance, preseris the triples of integers3,4,5;5,12,13;7,24,25;...
and it is very likely that theseintegerswere of interest to Babylonean builders
asthey allowed to build walls at right angleswithout any particular tool except
a long string with 12 = 3+4+5 or 30 = 5+12+13 or ... equidistant nodes (see
Figure [).

N
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Figure 1: The "gure showshow a wall can be built at a right angle with a
string of length 12.

The Pythagorean Theorem puts this knowledge into more formal terms. And
since then, the analysis of distance relationships has always been closely
intertwined with that of quadratic forms. The dewelopmen of di®erernial
geometry since Gaussas well as the developmen of geometric algebrain the
19th certury | culminating in the de nition of Cli®ord and Cayley algebras
and Hamilton's de nition of quarternian "elds | clearly testi es to this fact.

In the early 20th certury, attempts to develop appropriate conceptual frame-
works for dealing with topological phenomenaled Frechet to the de nition
of metric spaces. While this causedmost mathematicians to think of metric
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spacesas just a rather corveniert tool to de ne and to deal with topological
spaces,a few beganto study metric spacesfor their own sake. Menger and
Blumenthal in particular began developing distance geometry providing and
investigating necessaryand suzcient conditions for a given metric spaceto be
isometrically embeddable into standard metric spaces,e.g. the n-dimensional
Euclidean or somehyperbolic, elliptic, or L, space| rediscosering, by the way,
an important result of Cayley's regarding the signi cance of the now famous
Cayley-Mengerdeterminants in this cortext. While, at their time, this e®ort
did not stimulate much of a response among their fellow mathematicians, it
turned out to be crucial later on for developing algorithms that would identify
the spatial structure of proteins from two-dimensional NMR data (cf. [E]).

2 John Isbell 's Contribution

Perhapsthe rst paper that studied metric spacesas such{ without trying to
study their embeddability into standard metric spacesnor looking at them as
mere “presertations’ of the underlying topological space{ was, to our knowl-
edge,written in the late sixties by John Isbell (cf. @). Trying to capture the
decisiwe aspects of distance relationships, he proposedto de ne the category of
metric spacesas follows: Its objects | for sure| arethe metric spaces.But,
noting that

2 using continuous mapsas morphismswould createtoo °exible a category,
overemphasizingthe topological aspects and neglecting the true metric
structure (e.g. any bijection betweentwo nite metric spaceswould then
be an isomorphism)

while

2 using isometriesonly would result in too rigid a category without enough
morphisms,

he proposedto usethe non-expansive mapsfrom a metric spaceA into a metric
spaceB asthe set of morphismsfrom A to B, that is, thosemapsf : A! B
for which the distance in B between the image f (a) and f (a% of two points
a and a° from A newer exceedstheir distance in A (or, in other words, the
continuousmapsfrom A to B for which the Weierstrass+ can always be chosen
to be equalto the Weierstrass").

Isbell then wert on to shaw that a unique injective hull existsin this category
for every one of its objects, providing an explicit construction of this hull for
all spacesand noting that it comesendawed, at least for nite spaceswith an

SActually , Cayley's original paper dealing with these determinants was the st to intro-
duce the present notation for determinan ts.
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intrinsic polytopal structure.

More precisely Isbell preseried the following intriguing obsenations:

(i) There exist injective metric spaces,that is, metric spacesX = (X;d) =

(ii)

(iii)

(iv)

(X;d:X£X ! R)sud that, for every isometric embedding®: X | X?°
of (X;d) into another metric space(X % dY), there exists a non-expansive
retract ® : X°! X, that is, a non-expansive map ®° from X % into X
with @+®= | dy:

Every metric space(X; d) canbe embeddedisometrically into an injective
metric space(X; d).

Given any suc isometric embedding®: X | X of a metric space(X ; d)
into an injective metric space(X ; @), there exists a unique smallestinjec-
tive subspace(X ;d) of ()@;d) cortaining ®X). This subspacedepends
{ up to isometry { only on (X;d):

2 The map
X1 R %7 (hy: X! R:x7!d(®&x);%))
is easily seento de ne an isometric embedding of X into the set RX
of all maps from X into R endaved with the supremum norm (or
I; metric)

jifrgiia = sup(f (x) i g(x)j:x 2 X) (f;g2 R*):

2 And its image consistsexactly of all thosemapsf 2 RX that satisfy
the condition

f(x) = sup(d(x;y)i f(y):y2X)
forall x 2 Xg.

In [E], this subsetof R* has also been called the tight span T(X;d) of
(X;d) | atradition that we will follow is in this paper, too.

In addition, the above embedding identi es X with the set
fhy : X I R:y7ld(y;x):x2Xg
and, hence,with the subset
TOX:;d):= ff 2 T(X;d):02f(X)g
of T(X;d).
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(v) The above de nition/construction of T(X;d) identi es it with a subset
of the cornvex set

P(X;d):=ff 2 R* :f(x)+ f(y), d(x;y) forall x;y 2 Xg;

more precisely it identi es it with the setof all minimal mapsin P(X;d)
(relative to the partial order P(X;d) inherits from the partial order of
RX dened, asusual,byf - g () f(x)- g(x)forall x2 X). Thus,it
consistsof a locally "nite collection of (low-dimensional) facesof P (X ; d)
wheneer this convex set is actually a corvex polytope (i.e. determined
by a “locally nite' collection of half spaces)which is surely the caseif X
itself is nite.

(v) T(X;d) is always cortractible. More precisely there exists always a con-
tinuous family f; (t 2 [0; 1]) of non-expansive maps

fe:TX;d)! T(X;d)
with fo = Idy(x.q) and #f1(T(X;d)) = 1.

Although thesenotions may appear to be somewhatstrange at “rst, the tight
span of small metric spaces(X;d) can be described in simple geometric terms
as follows: In caseX consistsof just two points of distance c, its tight span
is exactly the interval of length c, its end points being just the two points
from X (thusthe name\tigh t span”). In caseX consistsof just three points
of distance c;; cy; cs3, its tight span is the union of three intervals of length
(ci+ i €3)=2; (c1+ i C)=2;and (co+ c3j ¢1)=2, respectively, all identi ed

at one end point while the other three end points are the three points from X .
In Figure E we picture the tight span of a generic4-point metric space:

In general,the tight spanof a nite metric space(X;d) coincidesexactly with

the union of all compact facesof the polytope P(X;d). Using this fact, it is
possibleto determine the polytopal structure of the tight span for a generic
metric spaceof cardinality up to 5, cf. [E]. For "nite metric spacesof larger
cardinality, it is alsopossiblein principle to determine their tight span,though
it canbe a tricky combinatorial problem to do this explicitly for any particular

given metric space(seee.qg.[1}, q).

It is worthwhile to note that Isbell's construction doesnot really needa metric
d to perform its task. It alsoworks just aswell for every map D from the set
P (X) of all "nite subsetsof asetX into R:= R[ filg (rather than only
the mapD = Dq: P (X)! RdenedbyD(Y):= d(x;y) in caseY = fx;yg
for somex;y in X, and D(Y) := j1 else): Indeed, if such a map D is given,
we may de ne

X
P(X;D):=ff 2 R* : f(x), D(Y)forallY 2 P3 (X)g
x2Y
and
T(X;D) =
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u

Figure 2: The tight span of a generic metric d on the setf u; v; w;yg for which
d(u;w) + d(v;y) is the largest of the three sums d(u; w) + d(v;y); d(u;v) +
d(w;y), and d(u; y) + d(v;w); it consists of eight 0-cells, eight 1-cells, and one
2-cell.

X
ff 2 R® :f(x) = sup(D(Y [ fxg) i f(y)) forall Y 2 P, (X i fxg)g
y2yY

just as before (sothat P(X;Dg4) = P(X;d) and T(X;Dg) = T(X;d) holds for
every metric d and the map Dy assaiated with it accordingto the de nition

above). It is then not too ditcult to establish, in this much more general
setting, most of the results collected above in the special case considered
originally by John Isbell.

Perhaps a bit surprisingly, this generalization can be usedto construct atne
buildings of GL-type. Assumethat K is "eld with a valuation

val:K ! R
that satis es the usual conditions
@) val(x)=i1 () x=0,
(i) val(xy) = val(x) + val(y),
(i) val(x +y) - max(val(x); val(y))

for all x; y 2 K and consider,for somenatural number n, the setX := K" and
the map D : Psin (X)! R dened by

D(Y) = val(det(xy;:::; Xn))
if Y =fxy;Xxpgandn = #Y, and
D(Y)=i1
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else(Y 2 P4 (X)). Then, it is easily seenthat T(X;D) coincides| together
with its induced polytopal structure { with the atne building assiated with
GL(n;K) provided the valuation in question is discrete while, in general,
it provides at least a useful generalization that should also coincide with
generalizationsproposedso far for non-discrete valuations [@].

We expect that, in addition, the following exampleis of relevancein the context
of symplectic and orthogonal groups: Let X be any vector spaceover K on
which a sesqui-linearform hdj ¢i from X £ X into K is de ned and assumethat
hdj ¢i is also\almost symmetric" (i.e. that hxjyi = 0 () hyjxi = 0 holds
for all x;y in X). It is then easyto seethat the map D de ned by

P+ (X) into R to which Isbell's construction can be applied. We have not yet
cheded, but expect T(X; D) to coincidewith the corresponding atne building
of the symplectic group Sp(2n; K ) if X is of dimension2n and the form hdj ¢i is
non degenerateand skew-symmetric. We are not so sure about what happens
in casehdj ¢i is non degenerateand symmetric. But we know, of course,that
Isbell's construction at least provides in any casea nice contractible spaceon
which the symmetry group of (X;hdj ¢i) acts in a canonical fashion (cf. [E]).

3 Phylogenetic  Anal ysis

Isbell's construction was rediscovered in 1982 (see [E]) when the processof
(re)constructing phylogenetic trees from distance data was scrutinized to
dewvelop methods for cheding the suitability of data for and to improve the
reliability of phylogenetic analysis (and, curiously enough, it was rediscovered
againin 1994in a completely di®erert context, cf. [E]).

The goal of phylogenetic analysis is to derive a complete, consistert and,
hopefully, true picture of the ewlutionary branching processthat produced
a classof presert | and, sometimesalso someextinct | speciesfrom their
last common ancestor, e.g. the ewolution of all the various forms of tetrap odes
from the rst amphibialike beingscrawling out of the seaaround 400 million
yearsago.

The rst sudh phylogenetic tree encompassingall plant and animal kingdoms
then known was constructed in 1866 (see Figure H) just sewen years after the
publication, in 1859, of Charles Darwin's (1809-1882)The Origin of Spaciesﬂ
by the German biologist Ernst Haedel (1834-1919),the most ardent supporter
of Darwin in that time in Germarny. While Darwin never made much e®ort

4 or, more correctly, On the Origin of Species by Means of Natural Selection, or the
Preservation of Favored Races in the Struggle for Life
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to construct phylogenetic trees explicitly (even though he was, of course,fully
aware that his theory implies the existenceof such a tree and remarked \ As
we have no record of the lines of des@nt, the pedigree can be discovered only
by observing the degrees of resemblane between the beings which are to be
classel"), it was not too dixcult for Ernst Haedel to design his tree. All he
had to do wasto give a Darwinian dynamic interpretation of the static systems
previously put forward (in form of tableaux) by Carolus Linnaeus (1707-1778),
GeorgesCuvier (1769-1832)and others.

Linnaeus had becomefamousvery early in his life for his analysis of genderin
plants, thus recognizingan amazing universality of certain basic laws of life in
the then known living world. In his SystemaNaturae, Sive Regna Tria Naturae
Systematie Propositaﬂ, published in 1735 in Leiden, Linnaeus followed the
most rigorous scierti ¢ traditions of his time. These had been established by
John Ray (1628-1705)in his writings since 1660, culminating in his Methodus
Plantorum Nova from 1682 and his posthumously published Synopsis Avium
et Piscium from 1713. Ray was probably the “rst sciertist to recognizeand to
conceptualizethe invariance of speciesasthe fundamertal basisof life science.
Linnaeus followed Ray's insights and constructed a whole binary hierarchy of
phyla, kingdoms, genemn, families, subfamiliesetc. to classify biological species
accordingto their intrinsic similarities.

These ideas were then taken up by sciertists like August Quirinus Rivinus
(1652-1723) in Germarny and Joseph Pitton de Tournefort (1656-1708)in
France as well as, a little later, by Linnaeus in Sweden. Like Ray, Linnaeus
insisted that the living world (except for a few speciesdoomed by the great
deluge and documerted in the fossil record) had been created in that very
order in which it presens itself to us today and that the task of taxonomy
was to seart for a \natural system" that would re°ect the Divine Order of
creation. Darwin's ideas allowed to reinterpret Linnaeus' classesas clades
i.e. ascollectionsof all those speciesderived from one commonancestor. Thus,
the static Linnaean system could immediately be transformed into Haedel's
dynamic tree.

Howevwer, there are always many details in suc treesthat are hotly debated,
and the evidencethat can be used for tree (re)construction is often scarce,
inconsistert and contradictory. For instance, it is not yet fully known whether
the monotremata| the Australian duck-billed platypusand the spiny anteaters
(echidna aculeata and echidna Bruynii ) | are more closelyrelated to the mar-
sumlia (opossums, kangaroos, etc.) than to us (the placental mammals or
eutheria) or whether, the third alternative, the placertal mammals and the
marsupalia are more closelyrelated to ead other than both are to the platypus
and the edhidnas (even though the most recert molecular data appearsto sup-

5The System of Nature, or the Three Kingdoms of Nature Presented Systematically
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Figure 3: Haedel's tree of life (1866).
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port the rst alternative). And even lessclear are at presert the phylogenetic
relationships among the various groups of placertal mammals (cf. [28 and
also http://ph ylogery.arizona.edu/tree for fascinating up to date information
regarding the preseri view of Haedel's Tree of Life®).

Consequetly, biologists have always been looking for further evidence{ in

addition to morphological evidence,from all parts of the organismin all stages
of its developmert, and metabolic peculiarities { on which phylogenetic con-
clusions could be based. So, when the amino acid sequenceof closely related
proteins from distinct species(and encaled by related though not identical

genesall supposedlyderived from one commonancestralgeneby accunulating

successie mutations) becameknown in suxcient abundancein the late 1960's,
some biologists realized quickly that such documerts of molecular ewvolution

might provide the most cornvincing evidenceon which to build phylogenetic
trees.

The “rst paper exploiting this idea that appearedin Sciencewas written by
Walter Fitch and Emanuel Margoliash almost thirty "ve years ago. It was
entitted simply Construction of Phylogenetic Trees (cf. [19]) and it causeda
revolution in taxonomy. It usedthe amino acid sequencesf cytochrom C, a
protein of decisive importance in oxygen metabolism in all eucariots, derived
from more than 20 speciesfrom all eucariot kingdoms. Fitch and Margoliash
estimated the genetic distance d(S;;S;) between any two of these sequences
S; and S; in terms of the easily computed number of mismatchesbetween S;
and S, relative to a multiple alignment of all of the sequencesn question that
had been constructed simply by hand | in this speci ¢ casea comparatively
simple task in view of the large overall similarity of the sequences.

They then constructed their tree automatically by employing the following very
simple standard algorithm from cluster-analysistextb ooks:

Given a nite set X together with a symmetric map d from X £ X into R,
one de nes the set V(X ;d) of nodesof the tree Tg g (X; d) to be constructed
to consist of those subsetsY of X that constitute, for somereal number c,
a connected componert of the graph j . := (X;E;) whosevertex set is the
given set X and whoseedgesconsist of all pairs of elemers x; y from X with
d(x;y) - ¢ And two such nodesY:;Y, are connectedby an edgeif and only
if Y1 Y2 Y, holds and there is no Y in V(X;d) with Y; 2 Y % Y, | or,
equivalently, if #fY 2 V(X;d): Y1 1 Y U Yog= 2 holds.

At that time, most taxonomists were appalled by this approac. The de nitiv e
result of a scholar's whole life of researt could apparertly now be produced
in lessthan a minute by an insightless machine. Others, impressedby the
obvious potential of this new approac (which had almost simultaneously also
been conceiwed independertly by at least one further researé group) took

60r just visit the American Museum of Natural History in New York where the fourth
°oor has been devoted to actually spreading out all along the °oor our present version (or
vision?) of that tree!
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immediately to the road to visit the authors of that paper.

Today, essetially every paper dealing with phylogeneticso®erstrees produced
automatically from sequencedata by appropriate computer programs. It also
becameobvious in the meantime that suc trees are not the end of scienti ¢
investigation in taxonomy. Rather to the cortrary, it needsthe full knowledge
and expertise of experiencedsciertists to discussthe computer-generatedtrees
and to point out their weak aswell astheir strong points.

Clearly, the obvious idea any tree-reconstruction algorithm must use is that,
given any three sequenceshat have beenderived by the processof replication,
mutation, and selection from one common ancestral sequence the last com-
mon ancestral sequenceof the two more similar among those three sequences
should have existed later than the last common ancestral sequenceof all three
sequences. This suggeststhe following tree-construction algorithm: First,
identify ead sequenceS from the set X of sequencesn question with the
corresponding one-elemen clade f Sg consisting of S, only. Then, using any
appropriately de ned dissimilarity measured: X £ X ! R (e.g. the mismatch
or Hamming distance employed by Fitch and Margoliash), seart for those two
sequencesS;; S, that have minimal dissimilarity and, supposing that no other
sequencein X can be an o®spring of the last common ancestral sequenceof
S; and S, fuse S; and S; into one larger d-cladefS;g[ fS,g. Then replace
the set X by a smaller set X © represeriing all maximal, preserily identi ed
(d-)clades((that is, the one d-clade of cardinality 2 and the additional, not yet
processedsingle-elemen cladesat that stage) and de ne a new dissimilarity
measureon those clades by de ning the distance d(Y1;Y>) of any two suc
cladesY;; Y, to be somefunction of the dissimilarities d(y;;y2) with y; 2 Y;
and y2 2 Y,. And then, repeat the above processto identify the next two
cladesthat areto be fusedinto one new, larger d-clade, and so on. Obviously,
if d(Y1;Y2) is de ned by d(Y1;Yz2) := minfd(y:;y2)jyr 2 Y1;¥2 2 Yog for any
two d-clades Y7, Y, this will lead exactly to the tree Tegm (X;d) described
above.

Howevwer, this procedure is obviously bound to make mistakes: Assume, we
have four sequencess;; S;; S3; S4 and that, during the ewlution of those four
sequence$rom their commonancestorsequenceS, there were rst two distinct
o®springssequencess® S® of S sothat S; and S, were later derived from S°
and Sz and S, from S% Assume furthermore that S; remained very similar
to S° and Sz remained very similar to S®and S, as well as S, diverged very
far from their respective ancestor sequences.Then, the above algorithm will
inevitably form a wrong cladefS;; Szg (seeFigure 4).

Many algorithms have therefore been designedto deal with this particular
problem. And quite a few of them accept the dissimilarities computed from
the input sequencessa starting point, yet they seard for a tree that provides
the best global approximation of the given dissimilarity pattern, i.e. a tree
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Figure 4: As explaing in the text, the incorrect clade f S;; S3g is formed by
the agglomeation algorithm and the 'true topology' of the tree is not found.

whose leaves are labeled by the elemens from X, and to whose branches
appropriate edgelengths are attached sothat the resulting induced tree metric
(that assaiates to any pair of elemers x;y from X the total length of the
unigue path from the two leaves labeled with x and y) matches the given
dissimilarities in toto as closely as possible.

To imagine the task one hasto perform using the approad it is worthwhile to
obsene that the space olf il possibledissimilarities that can be de ned on an
n-set X has dimension ’; while the subspaceof tree-like dissimilarities that
can be de' ned on X hasdimension2n i 3 (the maximal number of branches
in a tree with n leavesyand forms a rather complex low-dimensional network
of large codimension r21 i 2n+ 3 within this cone. Consequetly, while trying
to identify the best global “tree-like' approximation of the given dissimilarity
pattern, there may be many rather distinct, yet essetially equally good
tree-like approximations to a given arbitrary dissimilarity d and to nd the
best one will naturally be very hard (e.g. the tree-like dissimilarities form a
spaceof dimension 17 and, hence, of codimension 28 in the 45-dimensional
spaceof all dissimilarities that can be de ned on a set of 10 points | so its
much worsethan looking for a needlein the hay stack, a codimension 2 (or, at
most, 3) problem | or than trying to nd the closestriver mouth to a given
point on earth).
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4 Tree Reconstr uction and the Tight Span

Nevertheless, this approad suggestsa number of interesting, purely mathe-
matical questionswhich to pursue might still be helpful in this context: E.g., it
leadsto the questionwhich dissimilarities are tree like dissimilarities, i.e. which
dissimilarities would 't exactly into a tree, and whether that tree would be
completely determined by those dissimilarities. Fortunately, these two ques-
tions have simple answersthat have beendiscoveredin the sixties and se\erties
of the last certury independertly by various mathematicians (cf. [5, 29, 30]):

(i) A dissimilarity d is tree like if and only if
d(x;y) + d(u;v) - maxfd(x; u) + d(y;v);d(x; v) + d(y;u)g
holds for all x;y;u;v from X.

(i) If this condition is ful'lled, there is only one tree that "ts the given
dissimilarity (up to isomorphism, and except for additional branchesnot
involved with the given data).

Remarkably, once we de ne a metric on all points of that tree (whether a
branching point, an end point, or just a point somewhereon somebranch) by
assiating again to any two suc points x;y the total length of the unique
path from x to y, the resulting metric space,necessarilyan Rj tree (by the
very de nition of Rj trees) actually coincides with the injective hull of the
metric de ned on its leaves. This establishesnot only the uniquenessof the
tree in question; it can also be used to study the structure of that tree in
terms of the metric de ned on its leaves. More importantly, it suggeststo use
the injective hull in any case,whether or not the input dissimilarities satisfy
the above four-point condition, as a good substitute for the tree in question
| atleast, it is always simply connected(though not always of dimensionone).

In particular, if there exists some subset K of small diameter within this
injective hull T not containing any leaf, yet such that its complemen T j K
has se\eral connectedcomponerts, the (labels of the) leavesin at least all but
one of thesecomponerts have a good chanceto form one of those cladeswithin
X that phylogenetic analysisis designedto nd.

It was exactly this obsenation which lead to the rediscovery of Isbell's
construction in 1982 mertioned above. And it also motivated and initi-
ated many further investigations regarding the structure of injective metric
spacesand their relevance in phylogenetic analysis (cf. [10, 11, 13, 14)).
In particular, the analysis of injective hulls of nite metric spacesmade it
obvious that the injective hull of a sumd = d; + d, + ::: + d¢ of k metrics

di;dp;:::;d¢ dened on a nite set X is closely related to that of the sum-
mands d;;d,;:::;d¢ provided these metrics form a coherent decomposition
of the metric d, i.e. provided there exist, for every map f : X ! R with
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)+ f(y), di(xy) + da(x;y) + :::+ de(x;y) for all x;y 2 X, somemaps
fifo;iif i X 1 Rsudthat fi(x)+ fi(y), di(x;y) holdsfor all x;y 2 X
and for all i = 1;2;:::;k (cf. [2, 24, 25, 26)).

Moreover, de ning a metric d to be

- asplit| oracut| metric if there are exactly two subsetsof X in the
set X =d of equivalenceclassef elemeris of X relativeto the equivalence
relation ' denedonX by x' y, d(x;y) =0, and

- a split-prime metric if it cannot be decomposedinto a coheren sum of a
split metric and another metric,

it could be shown that

every metric d de ned on a nite set X hasa unique cohereri decompo-
sition | also called the canonical split decomposition of d | into a sum
d=dy + dy+ :::+ d¢ + dy of pairwise linearly independent split metrics
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scaling { exactly those split metrics d® de'ned on X for which dj d®is
alsoa metric and the two metrics d% dj d°form a coherert decomposition
of d,

if d is a tree-like metric, then the split-prime metric dy in the correspond-
ing canonical coherent decomposition d = d; + d + :::+ d¢ + dp of d

correspond in a one-to-onefashion to the branchesof the assaiated tree
(cf. Figure 5).

This was of considerableinterest within the context of phylogenetic analysis:
If a split metric d® occurs as a summandin a coherert componert of a metric
d derived from a family of phylogenetically related sequencesthere is a good
chancethat at least one of the two equivalenceclassesin X =d is one of those
cladeswithin X that we want to nd.

In particular, givenany metric d de ned on a set X of cardinality n, the linear
independenceof the split metrics occurring in the ganonical decomposition of
d implies that there exist, up to scaling, at most '}, split metrics d° such that
(i) dj d%is also a metric and (ii) the two metrics d%d d°are coheren, {
clearly too many to 't into a tree (becausea tree with n leaves has at most
2n i 3 edges),but surely much lessthan 2"i *j 1, the number of all split
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Figure 5: A tree with leaveslabelad by the nite setf1;2;3;4;5g. The branch
sevrating the vertices 1; 2 from the vertices 3; 4; 5 correspndsto a split metric
d with X=d= ff 1;2g;f 3; 4; 599.

metrics that, up to scaling, can be de ned on an n-set.

In addition, it might even be helpful when analyzing a given data setto realize
that sewral competing ewlutionary interpretations of the data are possible
(as indicated by the existence of two split metrics d%d® in the canonical
decomposition of d for which #( X =(d°+ d°J) = 4 holds) or that, at least, some
additional feature (e.g. somesort of convergen®) might be presert in the data.

Consequetly, algorithms were developed to compute, given any metric D,
all split metrics d for which the above conditions are ful'lled as well as to
visualize the resulting split network (cf. [3, 12, 22]). The resulting SplitsTree
program has proven useful in diverse phylogenetic applications. Moreover, as
Figure 6 shows, it canaswell be applied to all sorts of distance data: The split
networks in Figure 6(left) was computed for the distancesbetweenthe towns
of Wellington on the North Island, and Christchurch, Greymouth etc. on the
South Island of New Zealand that were taken from a mileage chart. If one
comparesthis graph with a map of New Zealand a good correlation between
the distribution of vertices and the geographical locations of the towns is
obsened. It hasalsobeenapplied to analyzethe perceived similarity of colors
and | in stemmatolagy| the \kinship" relations betweenthe various hand-
written versions of Chaucer's Canterbury tales written by Geo®reyChaucer
about 100yearsbeforebook printing wasinvented (in certral Europe) (cf. [4]).

These examplesillustrate that split networks can give meaningful represen-
tations of data even if they are not necessarilytree-like in character. Within
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Title: south.nex
Date : Friday, 18 May, 2001 04:34:35 PM
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Figure 6: Split networks for a mileage chart of New Zealand (left) and a
hemtitis C virus data set (right).

biology, non tree-like distances often arise when analyzing viral data sets, a
phenomenonthat is probably causedby more complex evolutionary processes
such as reconbination. In Figure 6 (right), we presert a split network that
was computed for a hepatitis C data set which was preseried in [1]. In this
graph, a complex relationship betweenvarious viral sequencegrepreseried by
the labeled vertices) is obsened. However, there is a clear separation between
the three sets of vertices labeled with pre xes 204, 77, and 24, and indeed
this re°ects the fact that the viruses correspnding to vertices pre xed by 204
and 77 were taken from recipients of blood transfusionsfrom a donor who was
infected with the viruses corresponding to the vertices pre xed by 24.

For more applications of the SplitsTree program to biological data seee.g.
[8, 12, 16, 21, 27]. The latest version of SplitsTree, written by Daniel Huson,
can be obtained from:

http://www.mathematik.uni-bielefeld.de/ » huson

There is also a www version of the program running at:

http://bibiserv.tec hfak.uni-bielefeld.de/splits

Somefurther referencesand discussionsof related topics can be found on the
following www pages:

http://lwww.fmi.mh.se/ » vince/publications/publications.h tml
http://www.mathematik.uni-bielefeld.de/ » terhalle
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and further phylogeniesby Haedel can be found on the following web pages:

http://www.b oga.ruhr-uni-bochum.de/spezbot/F olien/
Abbl_Stammbaum_Haedel.html
http://genome.im b-jena.de/stammbaum.htmi

5 Back to Mathematics and Quadra tic forms

In addition to these applications, there are also striking analogies between
split-decomposition theory and the theory of positive semi-de nite quadratic

forms as deweloped by the Russianscool: In both “elds, one considersa large
convex cone(either consisting of all metrics de ned on a nite set or consisting
of all positive semi-de nite quadratic forms de ned on some nite-dimensional

vector space), one has good reasonsto decompose this cone| in one way

or the other | into a family of nitely generatedcorvex subcones,and one
wants to understand the combinatorics of the resulting strati cation of the

large cone. In split-decomposition theory, it is the concept of coherence that

gives rise to the strati cation in question: given any two metrics d and d°

de ned on a xed nite set X, onemay de ne the metric d°to be a coherent
specialization of the metric d if there exists some positive real humber %2
such that d® := %d; d°is also a metric and the two metrics d%d® form a
coherent decomposition of d. One can shaw that, given any metric d de ned

on X, the collection of metrics d° that are coheren specializations of d forms
a nitely generated corvex subcone C(d) of the cone of all metrics de ned

on X . Moreover, some(not at all obvious) conditions on d are known from

split-decomposition theory which imply that C(d) is a simplicial cone while
this doesnot seemto hold in generalfor every metric d.

Very similar problems have been(and still are being) studied in the theory of
positive semi-de nite quadratic forms while trying to understand the process
of reduction of quadratic forms (cf. [17, 18]). And in both areas,the extremals
of the corvex conesin question| the positive semi-de nite quadratic forms
of rank one on the one hand and the split metrics as well as somefurther, not
yet well understood metrics on the other | appearto be of special signi cance.

Thus, it might prove rather useful trying not only to dewvelop both theories
in parallel, but alsoto understand the deeper reasonfor the striking analogy
betweenthem.

Ackno wledgment The authors would like to thank Olaf Breidbach for his
very helpful commerts on the historical part of this note.
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