Document a Math. 141

Isotr opy and Factoriza tion in Reduced Witt Rings
Robert W. Fitzgerald

Received: April 5, 2001

Communicated by Ulf Rehmann

Abstra ct. We considerreduced Witt rings of nite chain length. We
show there is abound, in terms of the chain length and maximal signature,
on the dimension of anisotropic, totally inde nite forms. From this we get
the ascendingchain condition on principal ideals and hencefactorization
of forms into products of irreducible forms.
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R will denote a (real) reduced Witt ring. A form q 2 R is totally inde nite
if jsgneqj < dim q for all orderings ® of R. It is well-known that sud a form
need not be isotropic. However, when R has nite chain length, cl(R), we
show there are restrictions on the possible dimensions of anisotropic, totally
inde nite forms. To be speci c,

dimg- 1cl(R) maxf] SgNe 0 g;

unlessR = Z and q is one-dimensional. The proof depends on Marshall's
classi cation of reducedWitt rings of "nite chain length.

This bound allows us to show that R, of nite chain length, satis es the as-
cending chain condition on principal ideals. One consequencef this result is
that chains of basic clopen setsH (as;::: ;an), for xed n, stabilize. Another
consequencas that non-zero,non-units of R factor into a nite product of ir-

reducible elemers (in the senseof Anderson and Valdes-Leon). This had been
previously known only for odd dimensional forms in rings with only Tnitely

many orderings.

Conversely we shaw, for a wide classof reducedWitt rings R, that the ascend-
ing chain condition on principal ideals implies R has nite chain length. The
proof relieson Marshall's notion of a sheafproduct. We closewith examplesof
factorization into irreducible elemens. Theseillustrate how the factorization

of even dimensional forms is lesswell behaved than the factorization of odd
dimensional forms studied in [8].
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142 Robert W. Fitzgerald

We set some of the notation. R will be an abstract Witt ring, in the sense
of Marshall [11], and reduced. The main caseof interest is the Witt ring of a
Pythagorean "eld. XRg, or just X if the ring is understood, denotesthe set of
orderings (equivalently, signatures) on R. We always assumeX is non-empty.

For a form q2 R and ordering ® 2 X, the signature of g at ® will be denoted
by either sgngq or §(®).

We let Gg, or just G when R is understood, denote the group of one-
dimensional forms of R. When R is the Witt ring of a "eld, G = F°"=F"2,

Forms in R are written ashay;::: ;ani, with ead a; 2 G. An n-fold P ster

form is a product hi; a;ihl;ai ¢¢¢hl; a,i, denoted by hlag;ay;::: ;asii . The

set of orderings X has a topology with basic clopen sets

H(a;;:::;an)=f®2 X :a >0 forallig;

whereeat a; 2 G. The chain length of R, denoted by cl(R), is the supremum
of the set of integersk for which there is a chain

H(ao) ( H(au) ( ¢e¢( H(ax)

of length k (eacth & 2 G).

A subgroup F % G is a fan if it satis es: any subgroup P % F sud that
i 12 P and P hasindex 2 in G is an ordering. The index of the fan is [G : F].
The setof orderingsP that contain F is denotedX =F. Note that jX=Fj = 2"i 1
if F hasindex 2". The stability index of R, denoted by st(R), is the supremum
of log, jX =Fj over all fansin G.

If Ry and R, are reducedWitt rings then sois the product

RiuR,=f(ry;r2):ir1 2 Ry;r; 2 Ry, and dimry” dimr, (mod 2)g:

E will always denotea group of exponert 2. If R is areducedWitt ring then so
is the group ring generatedby E, denotedby R[E]. Ex will denotethe group
of exponert 2 and order 2. We will always taket;::: ;tx asgeneratorsof E
(exceptwhenk = 1 whenweusejust t). For an arbitrary E weusety;ty;::: as
generators. When E is uncountable we are assumingthe useof in nite ordinals
asindices. Lastly, if S ¥2 G we write sp(S) for the subgroup generatedby S.

1. Isotr opy.

Over R aform qis hyperbolic i® sgng = 0 and isotropic i® jsgngj < dim g. The
“rst statemert holds for any reducedWitt ring but not the second.Our goalis
to 'nd alimit on the di®erencebetweenjsgngj and dim q for anisotropic forms.
We restrict ourselvesto reducedWitt rings with a "nite chain length. Recall
[12, 4.4.2] ([5] in the "eld case)that sud rings are built up from copiesof Z
by nite products and arbitrary group ring extensions. The decomposition is
unique exceptthat Zu Z = Z[E4].

We introduce somenotation. Recall that Ey is generatedby ty;::: ;tx. We
"X alisting xjp;::: ;%o of the elemens of Ex as follows. The list for E; is
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Isotr opy and Factoriza tion 143

1;t;. The list for Ex+; is the list of Ex followed by tyx+; times the list for E.
We also x alisting ®;:::;®n of the orderings on Z[Ek]. For the k = 1 we
take ®, to be the ordering with t; positive and ®, to be the ordering with t;
negative. The list for Z[Ek+1 ] consistsof the orderings on Z[E] extended by
taking tx+1 positive, followed by the extensionswith ty.; negative. Lastly, we
de ne Py to bethe 2%£ 2¢-matrix whose(i; j) ertry is the sign of x; at the ®
ordering. Thus P; = i ill .
Lemma 1.1. For eachk , 1
(1) Py is symmetric.

(2 PZ=2
(3) Forg= njx; 2 Z[Ex] let s; = §®). Seth = (n1;:::nx)", whee T
denotesthe transpse,and 8 = (s1;::: ;Sx)". Then Pyh = &.

Proof. We useinduction on k to prove (1) and (2). Both are clear for k = 1.
By our construction, u 1
Pr+1 = P P
Pe i Px

Thus Py symmetric implies Px+; is also. And

M f
P2 - 2F)k2 O - 2k+l I .
kel 0 2P?2 '

Statemert (3) is simpleto chek. =

The reader may notice that ead Py is a Hadamard matrix, indeed the sim-

plest examplesof Hadamard matrices, namely Kronecker products of copiesof
11
1i1 °

Not ation. Let M (g) = maxfj ®)j:®2 Xg.

Pr oposition 1.2. Let R = Z[E], where E is an arbitrary group of exmpnent
two. Supmseq2 R is anisotropic. Then dimqg- M (q)?.

Proof. We may assumeq 2 Z[Ek] for somek. Write g=  njx; wheren; 2 Z
and the x; form the list of the elemeris of E, described above. Let A and & be
asin (1.1). Then:

th:S
2h = P2h = Pys
1
ni2: hTh: ﬁSTPJPkS
— 1 T& — 1 2
= Z—ks § x S;

P
Now for gach i we have s> - M (@)2. So n? - M (g)?. Further, jnjj - n? so
dimg= " jnjj- M(g? =
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144 Robert W. Fitzgerald

Remarks. (1) The bound in (1.2) is sharpin nitely often. Let 2 = (2;:::;2)
be a choice of signs, that is, ead 2; = 8 1. Pick a one-to-onecorresppndence
betweenthe 2 many sign choicesand the elemers of spfty.1;::: ;tokg, S&
271 X.. Then consider

X
q= xzhBqty;::0 2tk 2 Z[Ex];

2

where the sum is over all possible sign choices. At ead ordering of Z[E]
exactly one of the P'ster forms has signature 2%, the others having signature
zero. In any extension of this ordering to Z[E ] we get sgng= §2¢. Thusq
is anisotropic, dim q= 2% and M (g) = 2¢. Hencedim q= M (qg)2.

(2) The bound of (1.2) is not sharpfor M 's that are not 2-powers. For instance,
supposeq is anisotropic and M (g) = 3. We may assume(see(2.6)) that q has
signature 3 or j 1 at eat ordering. Let ¢p = (gi 1)an, the anisotropic part.
Then M (gp) = 2 and sodim - 4. Thusdimqg- 5< M (q)2.

The bound of (1.2) can also be improved if k is xed. For instance, one can
show for anisotropic q 2 Z[E3] that dimq - gM (0).

Theorem 1.3. SupmseR is a reduced Witt ring of nite chain length. Let
g 2 R be anisotropic. Then dimq - 3cl(R)M (g)?, unlessR = Z and q is
one-dimensional.

Proof. The result is clear if dimqg = 1 soassumedimqg , 2. We may thus
ignore the exceptional case. We will prove the result for R = S[E], any E, by
induction on the chain length of S. Say cl(S) = 1sothat S= Z. If E = 1then
dimg= M(q) - %M (9)? asdimq, 2. If E 6 1then we are doneby (1.2) as
cl(Z[E]) = 2.

In the generalcasewe may assumeS = S; u S,, with at leastoneof S; or S,
not Z. Then both S; and S, have smaller chain length than S and sowe are
assumingthe result holds for S;[E], i = 1;2 and any E.

First supposeE = 1. Write q= (a;b) with a2 S; andb2 S,. We may assume
that dima, dimb. Then dim gq= dima. We have by induction

dimg= dima- cl(S;)M (a)?
Lcl(R)M ()% sincecl(R) = cl(Sy) + cl(Sy)
3CI(RM (9)%;

asq(®) = a(®) or f(®) for every ®2 X sothat M (a) - M (q).

Next supposeE 6 1. Sinceq has only _nitelyp many entries we may assume
that g2 (S; u Sy)[Ek], for somek. Write q=  (a;h)x;, whereeah & 2 S;
and b 2 S, and the x;'s are our listing of the elemeris of Ey. Set

X X
=( axi;0)+r(0; bxi) 2 (S1[Ex]u S[Ek][E1]:
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Isotr opy and Factoriza tion 145

Now
X
dimqg= maxf dim a;;dimbg
X X
dim' = dima; + dimb , dima:
We ched the signatures. Iﬁ,® 2 Xs, and ® is an extension of ® to R =
(S1 u SP)[Ek] then §(®) = &(®)?; (here?; = §1 depending on the sign of
Xj in thepextension). Similarly, if ~ 2 Xs, and ~ is an extensionto R then
a )= B
We may alsoview ® asan extensionof ®to S;[Ex] and henceto S;[Ex]uS,[Ex].
Let &* denotethe further extensionto (S;[Ex]u Sy[Ex])[E1] with r positive.
We also have the other extensions®i ;" °* and ~°i . Then:

) X
N®T) = a(®)?
X

NG = a3
—24 X —
) = Xﬁ( )?
N =0 B
ThusM('F): M (g). p
Set'1=  aXxj 2 Si[Ex]and’' 2 = hXx; 2 S;[Ek]. Then by induction we

have:
dim' 1+ 1cl(S))M (' 1)?
dim' 2 %C'(SZ)M (I 2)2:
The previouscomputation shavsthat for any ordering ° of (S1[Ex]uS2[Exk])[E1]

that "*(°) equals”(®) or § ",(" ) where° restricts to either ® on S;[Ex] or —
on Sy[Ex]. ThusM (") - M (") fori = 1;2. We obtain

dim' = dim' 3+ dim' - 1(cl(Sy) + c(S)M (" )?
= C(R)M (' )?;

using [12, 4.2.1]. Lastly, we have already cheded that dimqg - dim' and
M (qg) = M (" ), giving the desiredbound. =

Remarks. (1) The bound of (1.3) is sometimesachieved. For example, in

R = (Z[E2] u Z[Ez] u Z[E))[E2];
where the last E, is generatedby s;;s,, let ' = hl;ty;t,; titoi and setq=
("; 0;0)+ s1(0;"; 0)+ s2(0;0;' ). Then qis anisotropic, dimg= 12,M(q) = 2
and cl(R) = 6. Thusdimg= 3cl(R)M (q)>.
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146 Robert W. Fitzgerald

(2) BrAdker [3] has a result that looks similar to (1.3) but is apparertly unre-
lated. There, in the version of [12, 7.7.3], if q is anisotropic, §(®) = § 2¢ for
al ®andY = f®: §(®) = 2¢g is the union of basic open setsead of stability
index at mostk + 1, then dimq- 2% = M (g)2.

(3) Bonnard [2] also has a result that looks like (1.3), which in fact uses
BrAdker's result in the proof. In our notation, her result is: if R has Tnite

stability index s and g 2 R is anisotropic then dimq- 25 M (g). Her bound
is slightly better than this. Chain length and stability index are independert in-

variants so again there is no apparernt connectionbetween(1.3) and Bonnard's
result.

Recall that a form q is weakly isotropic if mq is isotropic for somem 2 N.

Corollar y 1.4. Let R be a real Witt ring (not necessarily reduced) of -
nite chain length. Let q 2 R be a form of dimension at least 2. If dimq >
%C|(R)M (0)? then q is weakly isotropic.

Proof. Let ¢ = g+ R{ 2 Ryeq, the reduced Witt ring. Then g is isotropic
by (1.3). Henceq ' hi;j i + ', for someform ' ; = ' + R{ 2 R;eq. Then
2<q" 2¢nL;j 1i + 2¢' , for somek, and so q is weakly isotropic. @

2. Chains of princip al ideals.
We usethe standard abbreviation ACC for asending chain condition.

Pr oposition 2.1. If ACC holdsfor the principal ideals of R then R has nite
chain length.

Proof. Supposewe have a tower
H(ay) 1 H(a2) 1 ¢¢ H(a,) T ¢e¢:

Setq, = hl;1;a,i. Then ¢,(®) is 1 or 3, with §,(®) = 3I®®2 H(a,). In
particular, for every n we have ¢,+1 (®) divides ¢, (®), for every ® 2 X . Then
Oh+1 divides g, by [7, 1.7]. Thus we have a tower of principal ideals:

() M () B CCCU (0n) M CCC:

The ACC implies there existsa N sudc that (qy) = (gy) for all m > N. Then
O (®) divides ¢, (®) for all ®2 X andsoH (ay) = H(am), forallm> N. o

We need sometechnical terms for the next result.

Definitions. A fan tower is a strictly decreasingtower of fans F; > F, >
¢ee> F, > ¢¢¢, eadh of nite index plus a xed choice of complemeris C,
whereG = C, £ F,,. WesetF; = \F,. A semrating set of fan towersis a
“nite set of fan towerss;;::: ;s with s; = fFj, g sud that

(1) Givenany g2 R there exists m, possibly depending on g, such that all
entries of g arein Ciy, Fj; , for eadh i betweenl and .
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(2) GivenK % Z and forms qu; ¢ 2 R, there exists N, depending on o
and g but not K, such that if for somen > N

LK)\ (X=Fin) = 6 H(K)\ (X=Fin)
for all i then ¢ *(K) = @, *(K).

Example. For a simple example,let R = Z[E] with E countably in nite. Let
Fi = spfti+1;tis2;:i:gand C; = spfj 1;t1;:::;tjg. Then ead F; is a fan of
“nite index, each C; is a complemer and the F; are strictly decreasing.Hence
fFig is a fan tower. Note that here F; = 1. This fan tower is a separating
(singleton) set of fan towers. A given form g has entries involving only a "nite

number of t;'s and soits ertries lie in someC, ; this is the "rst condition. If we
are given two forms ¢ and ¢ then again all of their ertries lie in someCy . So
the signaturesof the g depend only on the signsof ty;:::ty in that ordering.
Henceif ¢ and & agreeon X=Fy then they agreeat every ordering. This is
the secondcondition.

Roughly, our fan towers will look like this example. When there is a product
we will needonetower in ead coordinate, hencea separating set.

Lemma 2.2. If R has nite chain length then R has a semrating set of fan
towers.

Proof. We prove this by induction on the chain length. When cl(R) = 1 then
R = Z and the result is clear. We rst considerthe caseR = S; u S;. Write
G; and X; for Gs, and Xs, and similarly for G, and X,. Let fsi;:::;s'g
be a separating set of fan towers for S;. Here si = fF g with complemens
Cl. SetFyi = FL £ Gy, which is afanin G = G; £ G, with complemert
Cvi = CLE L Thenfor1- k- "1, rq = fFgis a fan tower. Note that
Fk1 = Fkll £ Gz.

Similarly, let fs?;::: ;s?zg be a separating set of fan towers for S,, with
s = fFAgand complemerts CZ. SetF . i = Gi1£ F3 and C .+ = 1£ CZ.
Then for 1 - k - "5, r,+x = fF,+kig is a fan tower. We ched that

ra;iii;r 45000+, iS aseparating set of fan towers for R.

We ched the “rst condition. We are givenaform q= h(ag;by);:::;(an;hh)i 2
R. By induction, there existsa m; such that ay;:::;a, 2 Cg, Fgy for all k.
So

(a;;b1); it (@nith) 2 CkmyFir = Cgm, Fia G2;

for all k with 1 - k - ;. Similarly, there exists a m, suc that by;:::;b, 2
Cén,Fé . forall1- k- 5. Hence(a;bi);:::;(an;th) 2 Ckm,Fi1 for all k
with "1 < k- "1+ 7,. Sotake m to be the maximum of m; and mo.

We next ched the secondcondition. We are given K % Z and forms q; =
(u1;v1) and G = (Uz;Vv2). Note that @) *(K) = 0} *(K)[ 0] }(K) %2 X1[ X2, a
disjoint union. By induction there exists a N; satisfying the secondcondition
for K, u; and u; and a N satisfying the secondcondition for K, v, and vs,.
Let N bethe maximum of N; and N,. Supposefor somen > N we have

G H(K)\ (X=Fin) = 6 (K)\ (X=Fin);
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forall1- k- "1+ 5. Forl- k- “; wehave:

6 (K)\ (X=Fn) = 6 "(K)\ (X1=F)
= 0 1K)\ (X1=FL):

We thus obtain
0f F(K)\ (X1=FRG) = 05 1K)\ (X1=FR);

forall 1- k- “;. By the secondcondition on S; we have 0} *(K) = aj*(K).
Similarly, ¢ 1(K) = ¢, %(K) and so g }(K) = ¢, }(K).

Now supposeR = S[E]. SetT; = spftisi;tisz;:::0. Let fs;;:::;sgbea
separating set of fan towers for S where sy = fF2 g and the complemeris are
C2. Then Fy; = F2T; is a fan of Tnite index in R with complement Cy; =
Cospfty;:::;tig. Thenry = fFy;gis afan tower. Note that Fx; = F2 . We
show that frq;:::;r-gis a separating set of fan towers for R.

For the rst condition weqf,egiven aform g2 R = S[E]. There existsa p suc
that q 2 S[Ep]. Write q = aX;j whereead a; 2 S and the x;'s are somelist
of the elemers of E,. By induction, for ead i there exists a m(i) sud that
ewvery ertry of & isin CJ, ,F¢; forallk,1- k- *. Let m be the maximum
of the m(i) and p. Then every entry of every a; liesin CJ . F® % CymFi1

and eadh x; liesin spfty;:::;tp,g % Ckm. Soevery entry of g liesin CymFys ,
for all k.

For the secondcondition we are givenK % Z and twodorms qu;p 2 R. I:,fi\gain
there exists a p such that o;p 2 S[Ep]. Write cp = ajxj and p = bx;
with a;;b 2 S and the x; as before. Let 2 2 f§ 1g° be a choice of sign for
ti;::0;tp. Let 2(x;) be the resulting sign of x;. Set:

2 X 2 X

= ar(xi) = bEXx);
both forms in S. For ead 2 there exists a N. sothat condition 2 holds for ¢
and ¢,. Let N be the maximum of the N- and p.

If ®2 Xs we let & be the extensionof ® to S[Ep] with tj > 0 i® 2(t;) = 1.
Then we claim that:

i1l :[ 2\ 1 2,
& “(K)\ Xs, ()" “(K)I':

2

Namely if & 2 Xg,; and @ (®) 2 K then
2 X 2
W(®) = &(®2(x) = G(®):
Hence® 2 (¢;)! 1(K)*. The reverseinclusion is similar.
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Now let ®&® denote any extensionof ® to R = S[E]. Then by the claim we
have:

A I o
, [ .
(2.3) ¢ 1K) = (&) (K]

S0 H(K)\ (X=Fn) = & 1(K)\ (X=Fyn) implies that
(@) MK\ (Xs=F&) = (@) H(K)\ (Xs=F);

for all sign choices2. Henceby condition 2 applied to S we obtain (67)! }(K) =
(&) 1(K) for all 2. Then (2.3) gives¢ }(K) = ¢, }(K). =

Lemma 2.4. SupmseR has a seprating set of fan towers fs;;::: ;s g. Let
g2 R and K ¥ Z. Let m be the index such that every entry of q lies in
CkmFk1 . forall1- k- °. Letn> m. Then for each k we have:

- . jXZFk j i ..

ja KN (X=Fn)j = o=l HK) N (X=Fm)j:

JX—kaJ

Proof. Pick a k with 1 - k - °. Fgn ¥ Fxm are both fans of "nite index
sowe can write Fyy, = H £ Fygn with H spannedby hy;:::;hp, where 2P =

JX=FgnjgX=Fxmj. Every ® 2 X=Fn has2P extensionsto X =Fy,, onefor eact
choice of signs (8 1) for the h;. Speci cally, if 2 is a sign choice for the h; and
h 2 H, let 2(h) be the resulting sign of h. SinceG = Cyn, H Fkn, the extension
of ® 2 X=F¢m to X=F, via 2 is: & (chf) = ®&)2(h), wherec2 Cym, h2 H
andf 2 F¢,. We thus have

[ .

2

Write g = hag;ap;:::i. By assumption, ead @ is in CymFk1 ¥ CimFkn.
Hence® (a;) = ®&a). Thus:

6 HK)\ (X=Fe) = g ! Fen)
kn q (K)\ (X ka) :

2

Soj§ LK)\ (X=Fxn) = 2Pj§ Y(K)\ (X=Fgm)j, and the result follows. =
Lemma 2.5. Let g 2 R be a form of dimension n. Let F be a fan of nite
index and let K %2Z. Then :

i1 ko

j4 (KN (X=F)j = SriX=Fj;
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for someintegerk, 0- k- 2".

Proof. Write q = hag;:::;a,i. Then § Y(K) is a disjoint union of
H(21a1;:::;2,an) for various choices of 2 = (24;:::;2,) 2 f§8 1g". Set
% = hRja;;:::;2ha5ii . Then by the easyhalf of the represenation theorem

%(®) ~ 0 (mod jX =Fj)
®2 X =F
2"[H (2181511 ;2ha0) \ (X=F)j = kejX =Fj;

for somenon-negative integer k.. Then :

P l(K)\ (X:F) - X &X:F - kX:F
Jq J 2rIJ J 2n] Jl

2

for somenon-negative integerk. =

The following is essetially from [9]. For a form q = hay;:::;ani the dis-
criminant is disq= (j 1)"("i D=2g, ¢¢¢a,. This is sometimescalled the signed
discriminant.

Lemma 2.6. Let g be an odd dimensional form.
(1) disgq>e 0i® §(®) ~ 1 (mod 4).
(2) sgmedis(g)g” 1 (mod 4) for all ®2 X.
(3) If 06 a= bcand &(®) = §®) for all ®2 X with &(®) 6 0 then there
existsd 2 G suchthat hdia= b

Proof. (1) Supposen = dimq. Let s = §(®). If r is the number of ®negative
ertries in g then

n(nj 1

L= ) i 2. oy
sgredisq= (i 1)"M D¢, 1y = (j 1) 2 +052_ (i D% 9=2.

This is positivei®n?j s~ 0 (mod 4). As n is odd we get that the discriminant
is positive i® §(®) = s~ n?” 1 (mod 4).

(2) is easyto chek. For (3), let A= f®2 X : &(®) 6 0g. Then &(®) = §1
for all ®2 A. In particular ¢ is odd dimensionaland &(®) = 0i® ®) = 0.Let
d = disc. Then hdic has signature 1 for all ® 2 A by (2). Hencehdibcand b
have the samesignature at ead ® 2 B, and also at each ® 2 A (as both have
signature O there). Thushdia= hdibc=bh. =

Theorem 2.7. Let R be a reduced Witt ring. Then ACC holds for principal
ideals i® the chain length of R is "nite.

Proof. (2.1) gives(j! ). For the corverse,let (q) % () %2 () ¥2 ¢¢¢ be an
ascendingchain of principal idealsin R. Note that asead ¢ divides g we have
M(g) - M(g). Let M = M(q). Then (1.3) givesdimg - %Cl(R)M 2 for all i
(note g is not one-dimensionalelseall () = R).
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We beginwith somesimple reductions. If all g are O then the result is clear. If
somegq is not zerothen all the later g's are not zero. We may start our tower
there, that is, we may assumeq 6 0. For a non-zeroform ' de ne deg' to be
the largest d such that 29 divides "*(®) for all ® 2 X . Sinceg.: divides g we
have degg+1 - degqg. Let dp be the minimum of the degreesof the g. We
may start our tower at a ¢ of minimal degree,that is, we may assumethat
degq = degq for all i. Now we may write g= ¢' ; for someform' ;. We chedk
that ' ; is odd dimensional. If instead ' ; is even dimensional then 2 divides
" (®) for all ® and so29*! divides §(®) for all ®, cortradicting our reduction
to a tower of uniform degree. Hence' ; is odd dimensional. In particular,
G®=0I®§(® = 0.
Let D be the set of integersd > 1 that divide somenon-zero §(®), ® 2 X.
Write D = fd;:::;d,gwith dy < dp < ¢¢¢< d,. SetA(i;di) = § *(8d).
Let d¢ be the largest elemen of D (if any) for which fA(i; d¢) : i, 1gis not
“nite. Our goalis to show that there is in fact no such dy. Our assumptionon
dq meansthat for eadj > k we have at; sud that A(t; d;) = A(tj; d;) for all
t, t;. Let T bethe maximum of the t;, j > k. Then by starting our tower of
ideals with qr, we may assumeA(i; d;) = A(1;d;) forallj > kandall i, 1.
We “rst ched that A(i + 1;dy) ¥2 A(i; d¢) for any i. Namely, g = g+1 ' for
someform ' . Soif ®2 A(i + 1;dy) then 8 dy divides §(®). Also j§ (®)] is not
of the d; with j > k else® 2 A(i; d;) = A(i + 1;d;), which is impossible as
®2 A(i + 1;dk). Thusjg(®)j - dx and is divisible by dx. Hence§ (®) = 8 di
and ® 2 A(i; dg) asdesired.
Let s = fF,g be onefan tower in a separating set of fan towers for R (which
existsby (2.2)). The rst condition for a separatingset, plus a simple induction
argumert, shows that for ead i there exists a least m(i) with ewery entry of
Gi;::: G in CyyF1 . Note that m(i + 1) , m(i). Let p(i) be the number of
distinct values of

JAG:d) N (X=Fm@))i .

IX=Fn iy

()
overj with 1- j - i. Now, by (2.4)

JAGd) V' (X=Fn(i+a) )i

°(i+ 1)) = . -
( 1 IX=Fmi+1 ]
_ IX=Fm(i TIAG ) N (X=Fm(i))]
IX=Fm i IX=Fm(i+1) ]

IDE

Hencep(i + 1), p(i), with only °(i + 1;i + 1) possibly being a new value.

Sinceevery dimg - icl(R)M 2, (2.5) implies eadh p(i) - 2¢(RIM =24 1. Hence
there is atg sudh that p(t) = p(to) for all t, to. Let p= p(tg) and m = m(top).
Say °(to;j1);:::;° (to;]p) are the distinct °-valuesover1- j - to. Lett> tg
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and setn = m(t). Then °(t;t) = °(to;js) for somejs. That is,

JA(G d) N (X=Fn)j _ jAGs )\ (X=Fn)i
JX=Fq] JX=Fn]

JA(s;d) \ (X=Fn)j.

JX=Fq] ,

using (2.4) again. Further, A(t; dy) %2 A(to;dx) %2 A(js; dk) sothat we have
JA( di) \ (X=Fq)j = jA(to;d) \ (X=Fn)j;

and this holdsfor all t | to.

We can repeat this argument for ead fan tower in the separating set. Let
fsi;::: ;s g bethe separatingsetand let s; = fFj, g. Hencethere exist an N
and a T sudc that jA(t; dx)\ (X=Fin)j = JA(T; d)\ (X=Fy)jforal 1- i- °
and all t | T. By the secondproperty of a separating set we have A(t; dx) =
A(T;dg) for all t , T. This contradicts our choice of d.

Hencewe have a T sudh that A(t;dj) = A(T;d;) forallt, T andall dj 2 D.
Thus ¢(®) = 86Gr(®) for all ® in the union of the A(T;d;), that is, for all
® with ¢(®) 6 0. By our early reduction, (®) 6 0 i® ¢(® 6 0. Thus
G(®) = 8¢ (®) for all ® with ¢r(®) 6 0 and also g divides gr. By (2.6) we
obtain (q) = (gr), forallt, T. o

Corollar y 2.8. Let R be a real (but necessarily reduced) Witt ring. If R
has "nite chain length then ACC holds for principal ideals geneated by odd
dimensional forms.

Proof. Every ideal containing an odd dimensional form contains the torsion
ideal R; by [7, 1.5]. Hencepassingto the reducedWitt ring maintains a tower
of principal ideals generatedby odd dimensional forms. This reduced tower
stabilizes by (2.7). Hencethe original tower stabilizes. ©

Cor ollar y 2.9. Let (G;X) be a space of orderings. Let S denote the collec-
tion of subsetsof G of order n. If X has nite chain length then any tower

H (S1) Y2 H (S;) ¥ 06¢H (Sy) Y2 ¢¢:

with each S 2 S, stabilizes.

Proof. Suppose S; = faj;;:::;ang. Setqg = hlayy;:::;anii + 1. Then
G(X) = f1,2" + 1g and § (2" + 1) = H(S;). Thus §.1 (®) divides §(®)
forall ®2 X. Soqg.+; divides g by [7, 1.7]. We thus have a tower of principal
ideals (q1) ¥2 (@) Y2 ¢¢¢. This stabilizes by (2.7) and so the tower of H(S;)'s
also stabilizes. ©

Document a Mathema tica C¢Quadra tic Forms LSU 2001 ¢141{163



Isotr opy and Factoriza tion 153

3. Factoriza tion.

Anderson and Valdes-Leon[1] have se\eral notions of an assaiate in a commu-
tative ring R. We needthree of these. Two elemeris a and b are assaiates if
their principal idealsare equal, (a) = (b). They are strong assaiatesif a = bu,
for someunit u 2 R. Lastly, a and b are very strong assaiatesif (a) = (b) and
eithera= b= 0ora6 0anda= brimpliesr is a unit.

An non-unit a is irreducible if a = bc implies either b or c is an assaiate
of a. Similarly, a is strongly irr educible (very strongly irr educible) if a = bc
implies either b or c is a strong ass@iate (respectively, very strong assaiate)
of a. Lastly, R is atomic if every non-zeronon-unit of R can be written as a
“nite product of irreducible elemens. De ne strongly atomic and very strongly
atomic similarly.

Pr oposition 3.1. Let R be a reduced Witt ring and let a;b2 R. Then a;b
are assiates i® a;b are strong assaiates. In particular, R is atomic i® R is
strongly atomic.

Proof. Strong assciates are always assciates so we ched the converse. Sup-
pose(a) = (b). Write a= bxand b= ay. Thena= axy anda(lj xy) = 0.
Let Z = f®2 X :4(®) = 0g. Then for all ® 2 Z we have *(®) = §1. From
a= bx and (2.6) we get hdia = b for somed 2 G. Clearly hdi isaunit. =

Strong assaiates neednot be very strong assaiatesin a reducedWitt ring. If
8§16 g2 G then hl;gi is not even a very strong assaiate of itself. Namely,
hl;gi = hl;gihl;1;i gi and hl;gi 6 0 and hl;1;i gi is not a unit. So, except
for R = Z, R will not be very strongly atomic.

Cor ollar y 3.2. Let R be a real Witt ring (not necessarily reduced) and sup-
poseR has nite chain length.

(1) Every odd dimensional form can be written as a nite product of irr e-
ducible forms.
(2) If R is reducd then R is atomic.

Proof. Theseare standard consequencesf (2.8) and (2.7), see[1, 3.2]. =

We are unable to prove the converseto (3.2)(2) for all reduced Witt rings R.
However, we can prove the corversefor a wide classof rings. For this we need
Marshall's notion of a sheaf product [11]. Start with a non-empty Boolean
spacel, a collection of reduced Witt rings R¢, one for eac clopen C % |
and a collection of ring homomorphismsrescp : Rc ! Rp, de ned whenewer
D % C are clopenin |. We assumethe usual sheafproperties, namely,

(1) R, =Z=2Z and Rc 6 Z=2Z if C 6 ;.

(2) res.c is the identity map on C.

(3) If E¥%D %Cthenrexce = reperesop.-

(4) If C=1[;C; andif r; 2 R; are given sud that

resc;;c;\ ¢ () = resc,icpn ¢ (r);
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for all j;k, then there existsa unique r 2 R¢ sud that rescc, (r) = 1y,
for all j.

For xed i 2 | we form the stalk

Ri = lim Rc¢:
s ¢

Each R; is a reduced Witt ring. V\@ call the reduced Witt ring R, the shaf
product of the R;'s and write R; = ~;,, Ri. When | is nite and discrete this
is the usual product of Witt rings.

We next de ne a sequenceof classesof reduced Witt rings (which is slightly

di®erent from the sequenceof Marshall [11, p. 219]). Let G denote the class
of “nitely generated reduced Witt rings. Inductively de' ne G, to be sheaf
products of R;[E'], whereE' is a group of exponert two (not necessarily nite)

and R; 2 G, for somem < n. Lastly, let G be the union of all G,. This is a
large class. Already G, contains all SAP reducedWitt rings and G cortains all
reduced Witt rings where X hasonly a nite number of accunulation points
[11,8.17].

We will provethat R 2 G atomic implies R has nite chain length. We begin
with a lemma.

Lemma 3.3. Let S = R[E] and let T ¥ Gs be a fan of nite index. Set
T0: T\ GR.
(1) Tois afanin Ggr.
(2) SupmseXr=Ty = fP;Qg. Then Xs=T consistsof extensionsof P; Q to
S. If x 2 Gs nGg then either none, exactly half or all of the extensions
of P that lie in Xs=T make x positive.

Proof. (1) Write T = ToH for somesubgroup H of Gs with H\ Gg = 1.
Extend H to subgroupL of Gs such that Gs = Gr £ L. SupposeP ¥ Gp is
a subgroup of index 2, containing Tg but not | 1. Then PL is a subgroup of
index at most 2 containing T. If 12 PL then for somep2 P andy 2 L we
havej p=y2 P\ L = 1. But thenj 1= p2 P, acontradiction. ThusPL is
an ordering in Gg. It is easyto ched that P is then an ordering in Gg. This
shows Ty is a fan.

(2) The rst statemert is clear. SupposeP;;:::Pny;Qq;:::; Qn arethe exten-
sionsof P; Q that lie in Xs=T. Pick a2 Gg with &4(P) = 1 and &(Q) = j 1.
Let k be the number of P; for which x is positive. From the easy half of the
Represemation Theorem [11, 7.13]

X
sgmehta; xii © 0 (mod 2m)

®2Xs=T
4k~ 0 (mod 2m):

Som divides 2k and clearly k - m. Hencek = 0; %m orm. o©
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Our proof that R 2 G atomic implies "nite chain length is not the usual
induction argumert sincewe are unable to showv R[E] atomic implies R atomic.
Instead we explicitly construct aform which doesnot factor into a nite product
of irreducibles. Unfortunately, the construction requires considerablenotation.
We introduce this notation by rst looking at a special case. Let o denote a
group ring extension. A ring in G, looks like

Y
R = W (®)"°
®2A;
Y l‘l Y ﬂn
= W(®; )"
®2A1 T2A,(®)
Y l‘l Y l‘l Y ﬂuﬂn
= W@ )

®2A1 T2AL(®) °2A3(®)

where eah A;; A>(®) and A3(®; ) is a Boolean spaceand each W(®; ;°) is
in Gy, forsomem - nj 3.

Supposewe want to single out the product over Az(®y; o), for someparticular
®y and . We set:

Y —_— e}
Ry = W (®; 0;°)
°2A3(®; o)
y H oy 1.
R, = W (®;;°)"
T2A2(®) °2A3(®; )
6 o
Y l_l u Y ﬂuﬂu
R3 = W(®;_;o)u
®2A1 T2A,(®) °2A3(®)
®6 ®p

Then R = ((R] u R5)” u R3)".
We will want to single out the rst in"nite sheafproduct. We have:

R=(:::(RIUR)*URSu: )" uRd;

with R; aninnite sheafproduct, say

Y
Ry = W(H%
2 A

and eah W () in someG,, m - nj s. Wewill needexplicit extensiongroups.
We usethe notation

R = (:::((Ru[E'Tu R[FNE? u Rg[F?PIE®]u :::u R[F ! ME®]:
We further take ft! g as generatorsof E'.
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Lastly, we need notation to expressthe orderingson R. Let X; denote Xg, .
Let X1(21) denote the extensionsof X; to Ri[E!]. Here 2, is an arbitrary
choice of signs. The extension is determined by the valueszl(tjl) 2 f§ 1g.
To save on indices we will write 2,(j) for 21(tjl). Next, X,("1) denotesthe
extensionsfrom R, to R,[F1]. X1(21;2,) denotesthe extensionsfrom R; to
(R1[EYuR1[FI]DIE?], with 2, a sign choicefor E2. Continue with this pattern.
We obtain for Xgr

[
, X1(P1:032) [ Xo(1i225000329) [ Xa(T 23235000 528) [ o[ Xs((si 1528)]

2
f

Theorem 3.4. SupmwseR 2 G . The following are equivalent:

(1) R has nite chain length.
(2) R has ACC on principal ideals.
(3) R is atomic.

Proof. We needonly shav R atomic implies R has nite chain length, by (2.7)
and (3.2). SupposeR 2 G, and let s be the rst level (if any) with an in nite
sheaf product. We follow the above notation. Fix some+, 2 A and de ne
a2 Gg, with j 1in the % coordinate and 1 in the other coordinates. Set

b= ((:::(a;i 1);i 1);:::);i 1) 2 Gr;
and setq= Ho;t}; bthi.
Let X. be the orderingson W ()® sothat X; = [ X+. SetC = ¢ 1(3). Then:
2 3
LR
C= 4 Xe (P1301052) [ Xa(122500052) [ 1o Xs(Tsg 1526)) 2
21 (1)1
We are assumingR is atomic, solet q= "' 1 ¢¢¢ , with eadr ' ; irreducible. We
may assume™”(X) = f3;i 1g by (2.6). SetD; = " 1(3). Note D; % C. We
will show that in fact oneof the ' ; factors and hencethat no sheafproduct in
R is innite.
Our rst goalis to show that eac D; consistsof all extensions,with t1 positive,

of somesubsetof X;. Pick P 2 X,, and Q 2 X with £6 #. Fix somek and
j. Let

K — koo gk gk Ll
€ = spfty;iiiitf it iiiig

et = spftd;td; i g
Let T bethe fan
(::(((P\ Q)e']u Gr,[FDIE?]:::)[E ] u i u Gr,[F® T[E®:
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Then X =T has8 orderings, namely the extensionsof P and Q with all t! positive
exceptpossibly t} and t,. Write theseorderingsasP(§ 1;§ 1) and Q(§ 1;§ 1),
wherethe Tst coordinate givesthe sign of t} and the secondgivesthe sign of
ti.

CJ:\ (X=T) = fQ(1;81)g sothat jC\ (X=T)j = 2. To easenotation slightly,
write D for oneof the D;. Let w= jD\ (X=T)j. Then by the easypart of the
Represemation Theorem we have:

(°) "~ 0 (mod jX=Tj)
°2X=T
3wi (8i w)~ 0 (mod 8)
w’” 0 (mod 2):

As D\ (X=T) 2 C\ (X=T) we have D \ (X=T) is either empty or all of
C\ (X=T).

Supposefor somek and j we are in the secondcase,D\ (X=T) = C\ (X=T).
Choose another pair g;h. Pick the fan T° generatedover P\ Q by E' for
i 8 1;k; g, the samee! asbeforeand

e = spfth; stk i stk g
°_ g.... .40 .40 ...
e = spftf; ity 1ither 00

Then X=TO has 8 orderings, namely the extensionsof P and Q with all t!

positive except tJ-k negative and t};tJ arbitrary. Write theseasP(§1;i 1;81)
and Q(8 1;i 1;8 1) with the st coordinate the signofti, the secondcoordinate
indicating that t}‘ is negative and the third coordinate the sign of tﬁ.

Again C\ (X=T9Y consistsof two orderings, Q(1;i 1;81). And as before we
getthat D\ (X=T9 is either empty or all of C\ (X=T9. But Q(1;i 1;1) is the
sameordering that wasdenotedby Q(1; 1) before(that is, with t1 positive, t}‘

negative and all other t's positive). Hencewe have D \ (X=T% = C\ (X=T9.

We cortinue to assumeD \ (X=T) = C\ (X=T). If we repeat this argumert

( “rst with a fan having tjk and t} negative) we get that any extensionQ with

t1 positive and only a “nite number of t! negative is in D. Now D = "i 1(3)
and the ertries of ' involve only a nite number of t'. Hencewe have that any
extensionof Q with t} positiveisin D.

The assumptionthat D \ (X=T) 6 ; meanswe are assumingsome extension
of Q with t} positive is in D. From this we concludethat all such extensions
arein D.

Let X7 denotethe orderingson R;[E!], namely the extensions2; of X ;. Write

DjX 7 for the orderingsin D restricted to R;[E']. We have shown that DjX §
consistsof all extensions,with t1 positive, of somesubset(call it DjX ;) of X;.
Each factor ' ; of q hasits setD;. Wehave C = [ D; and

[
[ (DijX1) = CjX1 = Xy

2 A
+6 +9
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A isinnite sosomeD;jX; meetsat leasttwo X .'s. For simplicity, call this D;

simply D and the corresponding form * . SupposeDjX; meets X4, and X.,,

+H 6 +. Set [

Do=  [(DjX1)\ X4](1) %2 X
2(1)=1

In words, Dy consistsof the extensionsfor X, that lie in DjX 7. We will use
Dy to construct a factor of ' .

Letf : X7! Zbyf(P)=3ifP2Dgandf(P)=j 1if P 2Dy. Wewant to
usethe Represettation Theorem [11,7.13]to show f is represeried by a form
in Ry[E]. Let T % Ggr,E?! be a fan of "nite index. Then T, = T\ Gg, is a
fan in Gg, by (3.3)

Casel: (X1=T;1) 2 X, for somex2 A.

Here X =T = (X.=T1)(2), over someset of extensions2 to E*. If +6 # then
f(P)=i 1lforall P2 (X{=T) sinceDg only has extensionsfrom X.,. Thus

f(P)=ij X{=Tj" 0 (mod jX =Tj):
P2Xg=T

If = 4+ then P 2 Dy i® P 2 DjX 7 i® some (equivalertly, every) extension,
with t1 positive, of P to Xg liesin D i® *(P) = 3. Sof (P) = "\(P) for all
P 2 X{=T. We obtain

X
f(P)= “(P)" 0 (mod jX7{=Tj):
P2Xg=T P2xg=T

Case2: (X1=Tp) 6¥X. for some+2 A.

Here we must have X 1=T;j = 2 by [11, 8.12] Write X1=T; = fPg; P-g where
®;  aredistinct elemerts of A and Pg 2 X@ and P- 2 X-. Then X =T consists
of someset of extensions,to E*, applied to Pg and P-.

Again, if neither ® nor  are ; then all f(P) = j 1 and we are done. So
s&y ®= 4 (and so~ 6 ). If Py 2 DjX; then no extensionis in Dy and
all f(P) = i 1 again. SosupposePg 2 (DjX1)\ X4, . SinceP- 2 X4, no
extension of P- in X{=T is in Do. This is half of X{=T. The other half
consistsof extensionsof Pg and by (3.3) either none, exactly half or all of these
extensionsmake t1 positive, and hencelie in Dy. ThusjDo\ (X[)j = djX [=Tj,
whered is either (i) O, or (i) % or (iii) 3. In case(i) we have

f(P) =i X{=Tj" 0 (mod jX =Tj):
P2x?®

In case(ii) we have

f(P) = 2iX{=Tj¢3+ 3jX7=Tj¢(; 1)° 0 (mod jX7=Tj):
P2X7]
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In case(iii) we have

f(P)= 3jX{=Tj¢3+ %ij:Tj ¢(i 1)° 0 (mod jX{=Tj):
P2x>®

Thusin all caseswe have P f(P) ~ 0 (mod jX{=Tj). By the non-trivial half
of the Represetation Theorem we have f = A for someform A 2 R;[E!]. By
construction A(X®) = £3;j 1gand Ai 1(3) = Dy < D. Henceby [7, 1.7]A isa
proper divisor of ' . Hence' is not irreducible, a cortradiction.

We thus have if R 2 G, is atomic then all sheafproducts are nite. Hence
cl(R) < 1 ,using[12,4.2.1]. =

Corollar y 3.5. LetR2 G . If R[E] is atomic then sois R.

Proof. R[E] atomic implies R[E] has nite chain length by (3.4). Then , as
cl(R[E]) = cl(R), R has nite chain length and sois atomic by (3.2). =©

It is unknown if the reducedWitt rings of nite stability index lie in G sothe
following may improve (3.4), although (3.4) includes many atomic Witt rings
with X in nite.
Pr oposition 3.6. Supmse R has "nite stability index. The following are
equivalent:

(1) R has nite chain length.

(2) R has ACC on principal ideals.

(3) R is atomic.

(4) X is Tnite.

Proof. (1) and (4) are equivalent by [10] (rst shown, in the "eld casein [4]).
As in the proof of (3.4) we needonly show (3) implies (1). Supposethe stability
index of R is n. We can nd a prime p congruernt to 1 mod 2" by Dirichlet's
Theorem. R is atomic sop = ' 1 ¢¢¢ ; for someirreducible elemens ' ;. Note
that for each i we have j(X)j = fp;1g. Let A; = "\ (8§ p). The A;'s form a
clopen cover of X .

We wish to showv R has nite chain length. So supposewe have a tower

H(a1) > H(az) > H(ag) > ¢e¢:

First supposethereisans, 1 - s - t and a k suc that Ag\ H(ak) is a
non-empty, proper subsetof As. Denef : X ! Z by

v
£(®) = p; if®2 Ag\ H(ax)
L if®2A\ H(a):

Let T beafan, jX=Tj= 2™, wherem - n by de nition of the stability index.
Setw = jAs\ H(ak)\ (X=T)j. Then

f(® =wp+ (2" w)=w(pi 1)" 0 (mod2");
®@2X=T
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sincepi 1is a multiple of 2". By the Represemation Theorem, f = R for
someform A. Then ,5:(®) divides "¢(®) for all ® and for ® 2 Ag nH (ax),
A(®) 6 §"(®). So,using[7, 1.7], we have A is proper divisor of * s, which is
impossible.

Thus there does not exists a pair s;k suc that H(ax) \ Ag is a hon-empty,
proper subset of Ag. That is, for all i;j we have H(a;)\ A; 6 ; implies
Aj Y2H (a). The Aj's cover X soead H(a) is a union of Aj's. Let n(i) be
the number of A;'s required to cover H(a&). Then1- n(i + 1) < n(i) - t for
all i. Thus the tower is nite and we are done. ©

4. Irreducible  elements.
We look at someexamplesto illustrate factorization in reducedWitt rings.

Pr oposition 4.1. If 16 a2 G thenhl;j ai is irreduciblein R.

Proof. Supposehl;ij ai = g in R. We may assumeq is even dimensional and
' is odd dimensional. If a <g 0 then 2 = §®)(®). Thus §(® = 8§82 =
8§ sgrphl; i ai, for all ® with sgnghl;j ai 6 0. By (2.6) there existsad 2 G
such that hdihl;j ai = gand soqis an assiate of hl;j ai. =

Example. If R 6 Z then factorization into irreducible elemerts is not unique.
Namely, if a 6 §1 then hl;j aihl;j ai = hl;1lihl;j ai givestwo di®erer fac-
torizations of the P ster form. This is quite di®erert from the caseof factoring
odd dimensional forms. When X is Tnite there is unique factorization of odd
dimensional forms if the ideal classgroup of R is trivial or, equivalertly, the
stability index is at most 2, by [6, 2.7]and [7, 1.17].

We next nd the irreducible elemeris in Z[E;]. Note that any form q in this
ring is ass@iate to somen + mt with n, jmj.

Pr oposition 4.2. Letg= n+mt 2 Z[E;] with n, jmj. Then qis irr educible
i® (n; m) or (n;j m) equalsone of the following:

1 41

(2) 2%+ 1;2¢; 1), for somek, O

(3) (3(p+ 1);1(pi 1)), for someodd prime p.

Proof. Let qbeirreducible. First supposeq is evendimensional. If both n and
m are eventhen 2 is a factor of . Sowe haven and m odd. If n = 8§ m then n
is a factor of g and we must haven = 1. Thus (n; m) = (1;81). We may thus
supposen + m and nj m are non-zero. Write n+ m = 2%handnj m = 2K
with h and * odd and g;k , 1. Set

t1= 30+ 29+ 3% 29t
'o= L(h+ )+ i(hi Mt

Thenqg="':", and"' , is odd dimensional and so not an assaiate of . Thus
' 1 isan asscaiate of g. If ®is the ordering with t positivethenn+ m = §(®) =
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8§ (®) = 8§29, Sincen, jm weobtain n+ m = 29 and h = 1. Similarly,
taking signaturesat the ordering ~— with t negative gives™ = 1. If both g and k
are at least 2 then n and m are even which is not possible. Supposen+ m = 29
andnj m = 2. Then we get case(2). The reverse, n+ m=2andnj m= 2X
givescase(2) for the pair (n;j m).

Now supposeq is odd dimensional. If n+ m is composite, say n+ m = abwith
a;b> 1, then set

"1= z(a+ D)+ (@i Dt
2= 3(b+nj m)+ (bj n+ m)t:

Then g = ' ;' 2. Neither ' ; nor ' , is an assaiate of q as §(®) = ab while
"\ (®) = aand ",(®) = b. Hencen + m is not composite. Similarly, nj m is
not composite. If both n+ m and nj m are prime then set

1= i(n+m+ 1)+ (n+mij Ut

"2= 3(Ni m+ 1)+ F(1i n+ m)t:

Wehaveq= "' 2. Neither' ; nor' ; is an assaiate of gas§(®) = n+ m while
@ = 1land §( ) = nj m while () = 1. Thuswe must have n + m = p,
p an odd prime, and nj m = 1 (or the reverse). This givescase(3).

It is straightforward to ched the forms in cases(1) - (3) are irreducible. =

Example. Already for Z[E:], and in fact for any R 6 Z, the number of irre-
ducible factors in factorization of a given elemen can be arbitrarily large. For
instance, hi; 1;ti is irreducible (take p = 3 in (4.2)(3)) and hi;;j tihl; 1;ti =
hi; i ti. Hence
hi;j tii = hL; 1ihd; 25t "hl; ti

is afactorization into irreducible elemerts for any n. Again the situation is quite
di®erert if we consideronly factorizations of odd dimensionalforms. When X is
“nite, the number of irreducible factors in a factorization is uniquely determined
i® the stability index is at most 3 and R has no factor of the type (Z°)[E>],
with s, 3, see[7].

Notice that the even prime of Z remains irreducible in Z[E,] while the odd
primes of Z all factor in Z[E]. This holds more generally
Pr oposition 4.3. Let q2 R beirreducible.

(1) If gis evendimensional then g remains irr educible in R[E{].
(2) If qis odd dimensional then g remainsirr educiblein R[E;] i® g is not
ass@iate to 1+ 2qy, for someq 2 R.

Proof. First say g = 1+ 2qy, for someqg 2 R. Sinceq is not a unit, there
existsan ® 2 Xr with §(®) 6 §1. Let ® and ® denote the extensionsof ®
to R[E] with, respectively, t positive and t negative. Now

q= (1+ qhl;ti)(1 + qoht;j ti):

Document a Mathema tica C¢Quadra tic Forms LSU 2001 ¢141{163



162 Robert W. Fitzgerald

Neither factor is an assaiate of q as the rst has signature 1 at ® and the
secondhas signature 1 at ®" . Thus g is not irreducible in R[E4].
Now supposewe have an irreducible g that factorsin R[E;]. We want to shav
g is odd dimensional and assiate to somel+ 2qy. Write g= (a+ bhl;ti)(c+
dht; i ti), with a;b;c;d 2 R and neither factor an assaiate of g. The coexcient
of t, namely bcj ad, must be zeroand soq= ac+ ad+ bc Then

(4.4)
(4.5)

ac+ 2bc = c(a+ 2b)
ac+ 2ad= a(c+ 2d):

o]
1]

As qisirreducible in R, (4.4) shows that either c or a+ 2bis an assaiate of g.
We may assumec is the assaiate of . Namely, if a+ 2bis the assaiate then
rewrite q as

q= ((c+ 2d) + (i d)hL;ti)((a+ 2b) + (i HhL;i ti)
©(@%+ Bl ti)(cP+ dn; ti):

Then c°= a+ 2bis asswiate to q.

Write uq = c for someunit ¢ 2 R. Equation (4.5) shows that either a or c+ 2d
is an assaiate of g. Assumeby way of cortradiction that vq= c+ 2d for some
unit v2 R. Note (v u)q= 2d; setA=vij u. Let Z = f®2 Xy : §®) 6 Og.

From (4.4), q = qu(a+ 2b) sothat 0 = &4+ 2D on z. Similarly, from (4.5)
q= quasothat ¢ = AonZ. Thus,onZ, A= ¢ 0= i 2B Now u and v are
units and so have signatures § 1 at all orderings. Thus A(Xg) %2;0;; 2g. If
b is even dimensional then we must haveh= 0 on Z. Then A= 0 on Z and
0= gA = 2d. But then d = 0 and the secondfactor of g, c+ dhl; ti = ¢= uq
is an assa@iate of g, a cortradiction. Hencebis odd dimensional. In particular,

B is never zero. So¥¢j Gisnot zeroonZ. We must have9 = j ¢ (as and ¢
are always §1). SOA= 2¢ onZ. Then 2vq= gA = 2d and vq = d. But then
the secondfactor of qisc+ dhl;j ti = ugq+ vgnl;j ti = qlu+ v vt) = j vtq,
an assciate of g. This is impossible.

Hencewe must have that g is an assaiate of a aswell asc. Write ug= c and
vg = a for units u;v 2 R. Equation (4.4) givesq = ug(a+ 2b). If gis even
dimensionalthen a+ 2bis odd dimensional and so a is odd dimensional. But

a is an assaiate of the even dimensional g so a must be even dimensional, a
contradiction.

We have then that qgis odd dimensional. Then g = ug(a+ 2b) implies u(a+ 2b) =

1. Souvg=ua= 1j 2ub, asdesired. =

It can be shown that a+ bt 2 R[E,] is irreducible if a+ bis irreducible in R
and aj bis aunit. Thus in the factorization of (4.3) 1+ 290 = (1 + o +
Ppt)(1 + i qt), both factors are irreducible. However, not every irreducible
a+ bt 2 R[E,] satises a+ birreducible and aj b a unit. For instance, one
may easily chek that g = hli + hhy;t,;t3ii 2 Z[E3] is irreducible. As a form

Document a Mathema tica C¢Quadra tic Forms LSU 2001 ¢141{163



Isotr opy and Factoriza tion 163

in R[E1], whereR = Z[E;], we have g = a+ btz with a = hli + hh;tii and
b= hhy;toii . Then aj bisaunit but a+ b= 1+ 2ht;tsii = (1j hHy;toii )2
In fact, we have been unable to determine the irreducible elemens of R[E{]
in terms of the irreducibles of R. For products, we can determine only the
irreducible odd dimensional forms.

Pr oposition 4.6. If R = R;u R, and (a;b) 2 R is odd dimensional then
(a;b) is irreducible i® a is irr educible in R and b is a unit or the reverse,a is
a unit and b is irr educible.

Proof. We have (a;b) = (a;1)(1;b). So (a;b) irreducible implies either a or b
isaunit. Say bis aunit. If a = xy then (a;b) = (x; b(y;1), soa must be
irreducible in R. =
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