Document a Math. 201

Quadra tic Quaternion Forms,
Inv olutions and Triality

Max-Alber t Knus and Oliver Villa

Received: May 31, 2001

Communicated by UlIf Rehmann

Abstra ct. Quadratic quaternion forms, introduced by Seip-Hornix
(1965), are special casesof generalizedquadratic forms over algebras
with involutions. We apply the formalism of these generalizedqua-
dratic forms to give a characteristic free version of di®erent results
related to hermitian forms over quaternions:

1) An exact sequenceof Lewis

2) Involutions of certral simple algebrasof exponent 2.

3) Trialit y for 4-dimensional quadratic quaternion forms.
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1. Intr oduction

Let F bea eld of characteristic not 2 and let D be a quaternion division algebra
over F. It is known that a skew-hermitian form over D determinesa symmetric
bilinear form over any separablequadratic sub eld of D and that the unitary

group of the skew-hermitian form is the subgroup of the orthogonal group
of the symmetric bilinear form consisting of elemerts which commute with a
certain semilinear mapping (seefor example Dieudonn§ [E]). Quadratic forms
behave nicer than symmetric bilinear formsin characteristic 2 and Seip-Hornix
developed in [H] a complete, characteristic-free theory of quadratic quaternion
forms, their orthogonal groups and their classicalinvariants. Her theory was
subsequetly (and partly independerily) generalizedto forms over algebras
(even rings) with involution (seelfLd], [{Ld], [l [D-

Similitudes of hermitian (or skew-hermitian) forms induce involutions on the
endomorphism algebra of the underlying space. To generalizethe casewhere
only similitudes of a quadratic form are considered,the notion of a quadratic

pair was worked out in [E]. Relations between quadratic pairs and generalized
guadratic forms were rst discussedby Elomary [H].
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The aim of this paper is to apply generalizedquadratic forms to give a charac-
teristic free presenation of someresults on forms and involutions. After brie°y
recalling in Section 2 the notion of a generalizedquadratic form (which, follow-
ing the standard literature, we call an ("; ¥3-quadratic form) we give in Section
3 a characteristic-free version of an exact sequenceof Lewis (see[, [E, p. 389]
and the appendix to [Q]), which connectsWitt groups of quadratic and quater-
nion algebras. The quadratic quaternion forms of Seip-Hornix are the main
ingredient. Section 4 describes a canonical bijective correspondencebetween
quadratic pairs and ("; ¥3-quadratic forms and Section 5 discusseghe Cli®ord
algebra. In particular we comparethe de nitions givenin [[L0] andin [f]. In Sec-
tion 6 we dewelop trialit y for 4-dimensional quadratic quaternion forms whose
assiated forms (over a separablequadratic sub eld) are 3-P ster forms. Any
such quadratic quaternion form pis an elemen in a triple (pg; ;) of forms
over 3 quaternions algebrasD 1, D, and D3 such that [D][D,][D3] = 1in the
Brauer group of F. Triality acts as permutations on such triples.

2. Generalized quadra tic forms

Let D be a division algebraover a eld F with an involution 34: x 7! X. Let V
be a nite dimensional right vector spaceover D. An F-bilinear form

k:VEV! D

is sesquilinar if k(xa;yb) = ak(x;y)bfor all x,y2 V, a, b2 D. The additive
group of such maps will be denoted by Sesg,(V; D). For any k 2 Sesg,(V;D)
we write

k*(x;y) = k(y;x):
Let " 2 F£ besud that "* = 1. A sesquilinearform k suc that k = "k*

is call!ed "-hermitian and the set of such forms on V will be denoted by
Herm,,(V; D). Elemerts of

Alt,(V;D)=fg=f i "f°jf 2 Sesg(V;D)g:

are "-alternating forms. We obviously have Alt}," (V;D) % Herm,(V;D). We
set

Q.,(V; D) = Sesg,(V; D)=Alt ,(V;D)

and refer to elemens of Q;'/4(V; D) as ("; ¥-quadratic forms. We recall that
("; ¥)-quadratic forms wereintro ducedby Tits [Lq], seealsoWall [[L], Bak [fl] or
Sdcharlau [E Chapter 7]. For any algebraA with involution ¢, let Sym (A; ¢) =
fa2a Aja= "C',(a)g"and Alt (A;¢)=fa2Aja=cj "¢(c); c2 Ag. To
any classp = [k] 2 Q,,(V; D), represened by k 2 Sesg(V; D), we assaiate a
quadratic map
GV D=AI(D;%);  qu(x) = [k(x;x)]
where [d] denotesthe classof d in D=Alt (D). The "-hermitian form

bu(x;y) = k(x;y) + "k*(x; y) = k(x;y) + "k(y; x)
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dependsonly on the classp of k in Q!A,(V; D). Wesgy that by, is the polarization
of ..
Pr oposition 2.1 The pair (qy;h,) satis es the following formal properties:
Gu(x+y) = qux)+ quy) + [bu(x y)]
@) Gu(xd) = da,(x)d
B x) = qu(x) + "gu(X)
for all x, y 2 V, d 2 D. Conversely, given any pair (g;b), q : V !
D=Alt (D;%), b 2 Hermy(V;D) satisfying (), there exist a unique p 2
Qs,(V;D) suchthat q= q,, b= h,.
Proof. The formal properties are straightforward to verify. For the corverse
seel[fld, Theorem 1]. O

Example 2.2 Let D = F, %= Idr and " = 1. Then sesquilinearforms are
F-bilinear forms, Alt (D;%) = 0 and a (%")-quadratic form is a (classical)
guadratic form. We denote the set of bilinear forms on V by Bil(V;F). Ac-
cordingly we speak of "-symmetric bilinear forms instead of "-hermitian forms.

Example 2.3, Let D be a division algebrawith involution ¥2and let D be a
“nite dimensional (right) vector spaceover D. We usea basisof V to identify
V with D" and Endp (V) with the algebra M, (D) of (n £ n)-matrices with
ertries in D. For any (n£ m)-matrix x = (X ), let x® = X', wheret is transpose
andx = (Xj ). In particular the map a 7! a® is an involution of A = M, (D). If
we write elemens of D" as column vectorsx = (X1;:::;Xn)' any sesquilinear
form k over D" can be expressedas k(x;y) = x"ay, with a 2 M,(D), and
k“"(x; y) = x°a”y. We write Alt,(D) = fa = bj "b°g ¥2 M,(D), so that
Qy(V;D) = My (D)=Alt (D).

Example 2.4. Let D be a quaternion division algebra, i.e. D is a certral
division algebra of dimension 4 over F. Let K be a maximal subeld of D
which is a quadratic Galois extensionof F and let %: x 7! X be the nontrivial
automorphismof K. Let j 2 K nF bean elemen of trace 1, sothat K = F(j)
with j2=j+ ,,, 2 F. Let * 2 D besud that x 1! = x for x 2 K,
2=1 2 Ff The elemens f1;j;"; j g form abasisof D andD = K © 'K is
alsodenoted[K;1). The F-linear map %: D ! D, ¥%d) = Trdp(d)j d=d
is an involution of D (the \conjugation") which extends the automorphism
Y0f K. The element N(d) = d34d) = 3(d)d is the reduced norm of d. We
have Alt 13/41(D) = F and (% 1)-quadratic forms correspond to the quadratic
quaternion forms intro ducedby Seip-Hornix in [E]. Accordingly wecall (% 1)-
quadratic forms quadmtic quaternion forms.

The restriction of the involution ¢ to the certer Z of A is either the identity
(involutions of the “rst kind) or an automorphism of order 2 (involutions of the
second kind). If the characteristic of F is di®erent from 2 or if the involution
is of secondkind there exists an elemen | 2 Z suc that j + 3j) = 1. Under
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such conditions the theory of (%4")-quadratic forms reducesto the theory of
"-hermitian forms:

Pr oposition 2.5, If the center of D contains an elementj suchthat j +3(j) =
1, then Hermi, (V;D) = Alt,(V;D) and a (%;")-quadrtic form is uniquely
determined by its polar form .

Proof. If k = j "k® 2 Hermi, (V;D), then k = 1k = jk+ jk = jki j"k® 2
Alt,(V;D). The last claim follows from the fact that polarization inducesan
isomorphism Sesg,(V; D)=Hermi, (V;D) il Qy(V;D). O

For any left (right) D-spaceV we denote by / the spaceV viewed as right
(left) D-spacethrough the invollution ¢ If 7« is the elemen x viewed as an
elemert of , we have d =% 3{d)x . Let V* be the dual *Homp (V;D) as
a right D-module, i.e., (f d)(x) = df )(x), x 2 V, d 2 D. Any sesquilinear
form k 2 Sesg,(V;D) inducesa D-module homomorphismR : vV I v? x 7!
k(x;j ). Conversely any homomorphismg: V ! V© induces a sesquilinear
form k 2 Sesg(V;D), k(x;y) = 9(x)(y) and the additive groups Sesg,V;D)
and Homp (V;V®) can be identied through the map h 7! R. For any f
VI VOiletf®: V¥ 1 Vv bethe transpose, viewed as a homomorphisms
of right vector spaces. We identify V with V> through the map v 7! v*°,
v®(f) = f(v). Then, for any f 2 Homp (V;V*®), f° is again in Homp (V;V?)
andR" = k=. A (%4")-quadratic form q is called nonsingular if its polar form by,
inducesan isomorphism lﬁﬁ A pair (V; q,) with ¢, nonsingularis calleda (%;")-
guadmtic space. For any vector spaceW, the hyperbolic sppce V. = W © W*
equipped with the quadratic form gy, p= [K] with

k' (p:a); (p% D) = a(p);
is nonsingular. There is an obvious notion of orthogonal sumV ? V°and
a quadratic space decommseswhenever its polarization does. Most of the
classical theory of quadratic spacesextends to (3%;")-quadratic spaces. For
example Witt cancellation holds and any (34")-quadratic space decomposes
uniguely (up to isomorphism) asthe orthogonal sum of its anisotropic part with
a hyperbolic space. Moreover, if we excludethe case¥%.= 1 and " = j 1, any
(%4")-quadratic spacehas an orthogonal basis. A similitude of (34")-quadratic
spacest : (V;q) il (V%) is a D-linear isomorphism V i’ V© suc that
qUtx) = 1 (t)g(x) for somel (t) 2 F£. The elemer * (t) is called the multiplier
of the similitude. Similitudes with multipliers equalto 1 are isometries. As in
the classicalcasethere is a notion of Witt equivalenceand corresponding Witt
groups are denoted by W' (D; %j.

3. An exact sequence of Lewis

Let D be a quaternion division algebra. We x a represetiation D = [K;1) =
K © K, with "2 = 1, asin (4. Let V be a vector spaceover D. Any
sesquilinearform k : V £ V' ! D can be decomposedas

k(x;y) = P(X;y) + 'R(x;y)
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with P:VEV! KandR:V £ V! K. The following properties of P and
R are straightforward.

Lemma 3.1. 1) P 2 Sesg(V;K), R 2 Sesq(V;K) = Bil(V;K).
2) k= P"j 'RY, wher P?(x;y) = P(y;x) and R'(x; y) = R(y;X).

The sesquilinearity of k implies the following identities:

R(X;y) = iPXy) R(xy) = P(xy)
(2 P(X5y) = iR((XY), P(x;y) = *R(XY)
P(X5y) = itP(Xy); R(X5y) = i*R(xy)

Let V° be V consideredas a (right) vector spaceover K (by restriction of
scalars)andlet T : V0! VO x 7! x'. The map T is a K -semilinear automor-
phism of V© such that T2 = 1. Conversely given a vector spaceU over K ,
together with a semilinear automorphism T such that T2 =1 2 F£ wedene
the structure of a right D-module on U, D = [K;1), by putting x* = T(x).

Lemma 3.2 Let V be a vector space over D. 1) Letf,; : VO£ VP! K bea
sesquilinar form over K. The form

foGy)=falsy)i 1 Ha(Txy)
is sesquilinar over D if and only if f1(Tx; Ty) = i 1f1(X;y).
2) Letf,: VO£ VOl K be a bilinear form over K. The form
fOGy) =i fa(Txy) + fa(xiy)

is sesquilinar over D if and only if fo(Tx; Ty) = j 1fo(X;y).

Proof. The two claims follow from the identities (f). O

Let f be a bilinear form on a spaceU over K andlet , 2 K£. A semilinear
automorphismt of U sudh that f (tx; ty) = , f (x; y) for all x 2 U is a semilinear
similitude of (U;f), with multiplier , . In particular Tx = X is a semilinear
similitude of R onV?, such that T? = * and with multiplier j *. The following
nice obsenation of Seip-Hornix [E p. 328]will be usedlater:

Pr oposition 3.3 Let R bea K -bilinear form overU andlet T be a semilinear
similitude of U with multiplier , 2 K£ and suchthat T2 = 1. Then:

)T 2F,

2) For any » 2 K and x 2 U, let ¥(x) = x». There exists® 2 K£ suchthat
TO=1% +T satises T® = 1%and R(T%: TY) = i L R(X; y).

B

Proof. The rst claim followsfrom® = | . For the secondwe may assumethat
.81 (if, =1 replaceT by T +% for an appropriate k). For° = (1j %, i 1)
wehavel®= 2t | .. O
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Assumethat k 2 Sesg(V;D) de nes a (%")-quadratic space[k] on V over
D. It follows from (EI) that P de nes a (¥%")-quadratic space[P] on V° over
K and R a (Id;j ")-quadratic space[R] on V° over K. Let K = F(j) with
j2=j+,.Letr(x;y) = R(x;y) i "R(y;x) bethe polar of R.

5

Pr oposition  3.4. 1) gpj(x) = * [r(x; Tx)]
2) qua(x) = "7 [r (% TX)] + “gry(x) i ¢
3) The map T is a semilinear similitude of qR];VO with multiplier j *.

Proof. It follows from the relations (B) that

3) P(x;x)+ "P(x;x) = R(X; TX) i "R(Tx;X) = r(x; Tx)

and opviously this relation" determinengx; X) up to a function with valuesin
Sym' "(K;3%). SinceSym' "(K;¥) = Alt*"(K; %) by (2.9), [P] isideterminec&by
(B). Sincer(x; Tx) = “r(x; Tx) by (@), we have 5 r(x; Tx) + " “jr(x; Tx) =

r(x; Tx) and 1) follows. The secondclaim follows from 1) and 3) is again a
consequencef the identities (E). O

i ¢ .
Cor ollar y 3.5 Any pair l[R];T with [R] 2 Q,(U;K) and T a semilinear
similitude with multiplier j ¢ 2 F# and suchthat T2 = !, determines the
structure of a (%;")-quadratic space on U over D = [K;1).

Pr oposition 3.6. The assignmentsh 7! P and h 7! R induce homomor-
phisms of groups %3 : W'(D;i) ! W' (K;j) and ¥% : Wi "(D;j) !
W' (K;1d).

Proof. The assignmets are obviously compatible with orthogonal sums and
Witt equivalence. 0

We recall that W' (K ;j ) canbeidentied with the corresponding Witt group
of "-hermitian forms (apply (E)). Howewer, it is more conveniert for the
following computations to view "-hermitian forms over K as (3;")- quadratic
forms. Let i 2 K% besud that 3%i) = j i (takei = 1if CharF = 2). The map
k 7! ik inducesan isomorphisms: W' (K;j )il Wi (K;i) (\scaling”). For
any spaceU overK, let Up = U- ¢ D. Weidentify Up with U© U" through
the map u- (x+ ‘y) 7! (ux; uyl) and get a natural D-module structure on
Up = UO®© U . Any K-sesquilinearform k on U extendsto a D-sesquilinear
form kp on Up through the formula

kp(x- ajy- b= ak(x;y)b

forx,y2U anda, b2 D.

Lemma 3.7. The assignmentk 7! (ik)p inducesa homomorphism
TIWIKs) D WD)

Proof. Let R = (ik)p. We have (R)® = i k=. O
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Theorem 3.8 (Lewis). With the notations alove, the sequene
W'(D:i) it WI(K:i) diii! WiT(D:i) qiif W(K;1d)
is exact.

Proof. This is essetially the proof givenin Appendix 2 of [E] with somechanges
due to the use of generalizedquadratic forms, instead of hermitian forms. We
“rst ched that the sequencds a complex. Let [k] 2 Q;'/4(V; D) andlet VO = U.
We write elemeris of Up = U©U" aspairs (x; y' ) and decomposekp = P+ 'R.
By de nition we have ¥4([k]) = [ (P)] and
T(P) Xy (k2i¥2) = 0 P(XaiX2) %P (X1Y2) + P (y1ix2)
+P(y1iy2) - ¢

Let (x;x) 2 UG U". We get _(P)I(x‘; X );(x;x) = 0 henceW =
f(x;x)g % U© U is totally isotropic. It is easyto seethat W % W7,
sothat [ (P)] is hyperbolic and ~ +%; = 0. Let [g] 2 Q;(U;K). The sub-
spaceW = f(x;0) 2 U © U g is totally isotropic for ¥ ([g]) and W ¥ W? .
Hence% ([g]) = 0. We now prove exactnessat W' (K ;i ). Sincethe claim
is known if Char 6 2, we may assumethat Char = 2 and " = 1. Let
[a] 2 Q,(U;K) be anisotropic such that ~([g]) = 02 Wi "(D;j ). In par-
ticular ~([g]). 2 Q}, (Up ;D) is igotropic. Hencethe exist elemerts X3, X, 2 U
such that [g] (X1;X27);(X1;X2") = 0. This implies (in Char 2) that

(4) g(X1;X1) + 1g(x2;X2) 2 F; g(X1;X2)" + "g(X2;X1) = O

Let V; bethe K -subspaceof V generatedby x; and x,. Since[q] is anisotropic,
[0] = [a1] ? [g2] with g1 = gjv,. We make V; into a D-spaceby putting

(X181 + Xz@2)" = X 281 + X182

To seethat the action is well-de ned, it suzces to shawv that dimg V; = 2.
The elemers x; and X, cannot be zero since [g] is anisotropic, so assume
X2 = Xi1C, ¢ 2 K£. Then (H) implies g(x1;x1) + ctg(x1;X1) 2 F, which
contradicts the fact that g is anisotropic. Let gi(X1;X1) + 1 01(X2;%X2) = 22 F.
Let f 2 Sesq(V:1;K). Replacingg; by g; + f + f° de nes the sameclassin
QZ/A(Vl;K) (recall that CharF = 2). Choosingf as

f(x1:x1) = jz; f(X2;%2) = 0; f(X1;%2) = f(X2;%1) = 0;
we may assumethat
(5) O1(X1;X1) + 1 01(X2;X2) = 0; gi(X1;X2)™ + "g1(X2;%1) = O
By (B-3) we may extend g, to a sesquilinearform
g y) = a6 y) + 1T e )
over D if g; satis es
(X3 y) =i taxy)
This can easily be chedked using (E) (and the de nition of x*). Then g; isin the
imageof ¥4. Exactnessat W' (K ;i ) now follows by induction on the dimension
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of U. We nally chedk exactnessat Wi "(D;j ). Let [k] be anisotropic such
that ¥%([k]) = 0in Wi "(K;Id). In particular ¥%([K]) is isotropic; let x 6 O
be suc that ¥%k(x; x) = 0 and let W be the D-subspaceof V generatedby x.
Since [K] is anisotropic, [k = [kjw] is nonsingular and [k] = [k ? [k°]. The
condition Yak(x; x) = 0 implies k(x; x) 2 K. Let W, be the K -subspaceof W
generatedby x. Dene g: W1 £ W; ! K by g(xa;xb) = k(xa; xb)ii ! for a,
b2 K. Then clearly [g] de nes an elemert of W' (K ;i ) and ~(g) = k% Once
again exactnessfollows by induction on the dimensionof V. O

4. Inv olutions on central simple algebras

Let D beacertral division algebraover F, with involution ¥%andletb: VEV !
D beanonsingular "-hermitian form on a nite dimensionalspaceover D. Let
A =Endp (V). Themap ¥ :A! A sudthat ¥(,)= 3%, ) forall, 2 F and

- ¢
b %(f )(x);y) = b x; f ()

for all x, y 2 V, is an involution of A, called the involution adjoint to b. We
have %(f) = B 1f°B, whereB : v it V® is the adjoint of b. Conversely
any involution of A is adjoint to somenonsingular "-hermitian form band b is
uniquely multiplicati\{ ely determined up to a %invariant,ele@en, of F£ ¢

Any automorphism A of A compatible with %, i.e., % A(a) = A ¥(a) , is of
the form A(a) = uau’ * with u: Vv if V asimilitude of b. We say that an invo-
lution ¢ of A is a g-involution if ¢ is adjoint to the polar by, of a (%")-quadratic
form u. Wewrite ¢ = %,. Two algebraswith g-involutions areisomorphic if the
isomorphism is induced by a similitude of the corresponding quadratic forms.
Over elds g-involutions di®er from involutions only in characteristic 2 and for
symplectic involutions. In view of possiblegeneralizations(for examplerings in
which 2 6 0is not invertible) we keepto the generalsetting of (34")-quadratic
forms. Let Fo bethe sub'eld of F of ¥invariant elemens and let Tg ¢, be the
corresponding trace.

Lemma41 Thg symmetric bilinear form on A given by Tr(x;y) =
Tr=r, TrdA(xy) is nonsingular and Sym(A; ¢)? = Alt (A; ¢).

Proof. If ¢ isofthe rst kind Fq = F and the claim is (2.3) of [B]. Assumethat ¢,
is of the secondkind. Sincethe bilinear form (x;y) ! Trda (xy) is nonsingular,
Tr is also nonsingular and it is straightforward that Alt (A; ¢) %2 Sym(A; ¢)7 .
Equality follows from the fact that dimg, Alt(A;¢) = dimg, Sym(A; ¢) =
dimg A. O

Pr oposition 4.2 Let (V;W), u= [k] be a (34")-quadratic space over D and
leth=R+"R*:Vv i’ Vv° The Fo-linear form
wiSYm(A; %) ! Fo;  fu(s) = Tr(h 1lés); s 2 Sym(A; %)

dependsonly on the classp and satis es fuI X+ ¥%(x) = Tr(x).
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Proof. The rst claim follows from (m) and the fact that if k 2 Alt ;A,(V; D)
then hi 1R 2 Altg/ (V; D) For the last claim we have

fu 'x + 3/1gjl(x) = Tr'hl 1Q(>&+ Y x)
i
= Tr hi lt%xq:+ Tr hi 1kh'éx h
|hl Rk + Tr 'Rhi 1x®
= Tr'h' R g + Tr! x(hi )°Re
[
= Tr'hi R+ Tr'hi Rex = Tr(x):

O

Lemma 4.3. Let ¢ be an involultion of Ag Endp (V) and let f be A Fo-linear
form on Sym(A,; ¢) suchthat f x + ¢(x) = Tr(x) for all x 2 A. There exists
an elementu 2 A suchthat f (s) = Tr(us) andu+ ¢(u) = 1. The elementu
is uniquely determined up to additivity by an element of Alt (A; ¢). We take
u=1=2if CharF 6 2.

Proof. The proof of (5.7) of [E] can easily be adapted. O

Pr oposition 4.4 Let ¢ be an involution of A =, Endp (V) and let f be A
Fo-linear form on Sym(A; ¢) suchthat f 'x + ¢(x) = Tr(x) for all x 2 A.

1) There exists a nonsingular (%")-quadrmatic form pon V suchthat ¢ = %
andf = f.

2) (Y fp) = (Yoifro) if and only if o= u for | 2 Fo.

3)If ¢ = ¥ andf = f, with f(s) = Tr(us), the classof u in A=Alt (A; %) is
uniquely determined by .

Proof. Herethe proof of (5.8) of [E] canadapted. We prove 1) for completeness.
Let ¢(x) = hi Ix®h, h="h®:V il V®°. Let f(s) = Tr(us) with u+ ¢(u) = 1
and let k 2 Sesg,(V;D) be sud that R=hu:Vv! Vo Wesetp= [K]. It is
then straightforward to ched that h = k + "k”. O

>

Pr oposition 4.5, Let A ! Endp (V);3/¢1¢ if I Endp (VO);3/ﬁo¢ be an isomor-
phism of algebas with involution. Let f(s) = Tr(us) and fo(s®) = Tr(u%9.
The following conditions are equivalent:

1) Ais an @omorphlsm of algebas vlwth g-involutigns.

2) fpo Als) = fu(s) for all s2 Sym Endp (V); @

3) [A(u)] = [u9 2 Endp (VO=Alt ' Endp (VO); %o -

Proof. The implication 1) ) 2) is clear. We chedk that 2) ) 3). Let A be
induced by a similitude t : (V;b) it (V%Dbp). Smc«l—:tfuo(As) = fis), we
have Tr(t' Tu%s) = Tr(u%sti 1) = Tr(us) for all s2 Sym Endp (V); % , hence
[A(u)] = [u9. The implication 3) ) 1) follows from the fact that u can be
chosenashi 1R, h= R+ "R O
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Remark 4.6. We call the pair (%;f,) a (%")-quadratic pair or simply a qua-
dratic pair. It determines p up to the multiplication by a ¥zinvariant scalar
. 2 F£. In fact ¥ determinesthe polar b, up to , and f, determinesu. We

have u= [B,ul.

Example 4.7. Let g:V ! F be a nonsingular quadratic form. ‘The polaﬁ\’bq

induces an isomorphismA : V - ¢ V il End (V) sugh that 3/@||A(x -y) =

A(y- x). ThusA(x- x) is symmetric and f4 A(x- x) = q(x) (see, (5.11)].
More generally; if V is a right vector spaceover D, we denote by “V the space
V viewed as a left D -spacethrough the involution ¥of D. The adjoint LQ of a
(%")-quadratic space(V; }j) inducesanisomorphismA,, : Y- p Vil Endp (V)

and A, (xd - x) is a symmetric (Ialemen of ¢EndD (V);% forall x2V andall

"-symmetric d 2 D. One hasf A(xd- x) = [dk(x; x)], wherep= [K] (see[,

Theorem 7]).

5. Cliff ord algebras

Let % be an involution of the rst kind on D and let p be a nonsingular
(%4")-quadratic form on V. Let %, be the corresponding g-involution on A =
Endp (V). Weassumein this sectionthat over a splitting A- ¢ F if End-(M)
of A, k= = p- 1 is a (I d;1)-quadratic form e over F, i.e. |- is a (classical)
quadratic form. In the terminology of [E] this meansthat % is orthogonal
if Char 6 2 and symplectic if Char = 2. From now on we call such forms
over D quadmtic forms over D, resp. quadmtic spaces over D if the forms are
non-singular.

Classical invariants of quadratic spaces(V; ) are the dimension dimp V and
the discriminant disc(y) and the Cli®ord invariant assaiated with the Cli®ord
algebra. We refer to [E, x7] for the de nition of the discriminant. We recall the
de nition of the Cli®ord algebra CI(V; ), following [@, 4.1]. Given (V; W) as
above, let p= [K], k 2 Sesg,V;D), b, = k+ "k® and h = &, 2 Homp (V;V°).
Let A = Endp (V), B = Sesg(V;D) and B°= V - p /. We identify A with
V - p A/” through the canonicalisomorphism (x- % )(v) = xf (v) and B with
Ve- 5 A/® through (f - *g)(x;y) = g(x)f (y). The isomorphismh canbe used
to de ne further isomorphisms:

"wiB%=V-p W if A=Endp(M); ' p:x- y7! x- h(y)
and the isomorphism A, already consideredin (§.7):
A:AT B Aix- 7 h(x)-

Weuse' , and A, to dene mapsBPE B! A, (%0 7! hand A£ B°! B,
(a;°) 7! atP

(x- *9)(h(u)- @) = xb(y;u) - *f and (x- ;7 )(u- ;") = xf (u) - *h(v)
Furthermore, let ¢, = ' 1'%’ , : B®! BPbe the transport of the involution
¥ onA. Wehave gu(x- %) ="y - %. Let Sy = fs; 2 B%j ¢u(s1) = s19. We
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have S; = 'Alt’ (V;D)¢? for the pairing B°£ B! F; (% b) 7! Trda (bb). Let
Sandbe the bilinear map B% B°£ B! B%de ned by Sandk- 1B;b) = Bbl.
The Cli®ord algeba CI(V; 1) of the quadratic space(V; ) is the quotient of the
tensor algebra of the F-module B° by the ideal | generatedby the sets

I fs1i Trda(s1k)1; 812 Si9 ¢
I, fci Sand(c;k) j Sand c;Alt (V;D) = 0g:

The Cli®ord algebra CI(V; ) has a canonical involution ¥ induced by the
map ¢. We have CI(V; ) - £ B = CI(V - £ B;u- 1) for any “eld extension®

of F and CI(V; q) is the even Cli®ord algebra Co(V;q) of (V;q) if D = F ([E

Th@omme 2]). The reduction is through Morita theory for hermitian spaces
(seefor example [B, Chapter |, x9] for a description of Morita theory). In [B,

x8] the Cli®ord algebra C(A; ¥;f,) of the triple (A; ¥;f,) is de ned as the
quotient of the tensor algebra T (A) of the F-spaceA by the ideal generated
by the sets

J1
J2

fsi Trda(us); s2 Sym(A; %.)9
fc; sand(c:u); c2 A with Sand c;Alt (A: 3/1&) = 0g

whereu = Qi k and Sand: (A- A;A)! AisdenedasSand(a- b;x) = axb.
The two de nitions give in fact isomorphic algebras:

Pr oposition 5.1 The isomorphism' , : V - p / il Endp (V) induces an
isomorphism CI(V; 1) it C(A; ¥ ).

Proof. We only ched that ' , maps|, to J;. By de nition of ¢ and Sy, s =

' u(s1) is a symmetric elemen of A. On the other hand we have by de nition
of the pairing B°£ B | A,

TrdA (Sl k)

TrdA n(s) l(k)
Trda'shi 1R = Trda(su) = Trda(us);

hencethe claim. O

i ¢
In particular we have CIEndF (V);¥%;fq = Co(V;q) for a quadratic space
(V;q) over F. It is corveniert to useboth de nitions of the Cli®ord algebra of
a generalizedquadratic space.

LetD = [K;1) = K© K beaquaternion algebrawith conjugation % Let V be
aD-module and let V° beV asaright vector spaceover K (through restriction
of scalars). Let T: V%! VO Tx = x". We have Endp (V) ¥ Endk (V°) and

Endp (V) = ff 2 Endk (VO jfT = Tfg:

Let u= [k] bea (% 1)-quadratic spaceand let k(x;y) = P(x;y) + 'R(X;y) as
in Section 3. It follows from (@) that R de nes a quadratic space[R] on V°
over K.

Pr oposition 5.2 We have ¥gjjend, (v) = ¥ and f, = firijend, (v)-
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W
Proof. We have an embeddingD | M,(K), a+ "b7! z and conjuga-
H 1
tion givenby x 7! x® = ¢ x'c, c= _01 é . The choice of a basisof V over
|

D identies V with D", VO with K 2", Endp (V) with M, (D) and Endk (V°)
with M, (K), wheren = dimp V. We further identify V and V*® through the
choice of the dual basis. We embed any elemen x = x; + |:1X2 2 MKW(D),
Xi 2 Myt (K) in Moo (K) through the map §: x 7! » = % X2
' ’ X2 X1
particular D" is identi ed with a subspaceof the spaceof (2n £ 2)-matrices
over K. Then D ¥2M,(K) operateson the right through (2 £ 2)-matrices and
Mn(D) %2 M2, (K) operateson the left through (2n £ 2n)-matrices. With the
notations of Example (E) we have f(x®) = Int(c¢ })(x!). Any D-sesquilinear
form k on D" can be written ask(x;y) = x®ay, wherea 2 M, (D), asin (2.3).
Leta=a;+ ‘az, 8 2 M,(K) and let

_ _ a &
®= 1@ = a a
Let " = fy), y=y1+ y2. Wehave
i Pa im Py iy
k(x:y) = x"ay = »® = <t X2 1 T& Y1 Y2
X2 X1 a a Y2 N1
On the other sideit follows from h= P + 'R t1rT1at R(x;y) = »'% with
e H az a
o= D
iar &

Assumethat p = [k] , sothat % correspondsto the involution Int(°i ) £z,
where® = ®j ®°. Similarly ¥g; corresponds to the invoLIlution Irﬁt(% 1+t
where &= Y%+ %, We obviously have 2= c® with ¢ = _01 (1) , So that
|
Wh=@&c=j®c=icaand¥% ¥ = c(® @) orc° =% Now® = Int(c 1)+t
implies ¥griim, (o) = Yu- We nally ched that fi, = frjjsymm, (D)%) We
have f,(s) = Trdu,)(°' '®s) and fri(s) = Trdw,, k)(& %23, hencethe
claim, since’s= c®and &= c° implies °1 1®= & 1% O

Cor ollar y 5.3 Trlne emtedding En%; (V) ! iEndK (V9 induces

1) an isomorphism " Endp (V); % fy ¢ K i Endk (V°);%ry: Ry

2) an isomorphism C' Endp (V); %:fu - K il Co(Vo%[R].

In view of (B) the semilinear automorphism T : V° {7 VO Tx = x, is a

semilinear similitude with multiplier j * of the quadratic form [R], such that
T2=1,

Lemma 5.4 The map T induces a semilinear automorphism Cgo(T) of
Co(V?; R) suchthat

Co(T)(xy) = (i *)' *T()T(y) for x, y 2 V°
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and Co(T)? = I d.
Proof. This follows (for example) asin [ﬂ (13.1)] O

Pr oposition 5.5
i ¢
C'Endp (V); %ty = fc2 Co(VOR) j Co(T)(0) = cg:

[ ¢
Proof. The claim follows from the de ning relations of c' Endp (V); %, fyu and
the fact that

Endp (V) = ff 2 Endc (VO jTI Y% T ="fg:
O

i ¢
We call CI Endp (V); %, fu or equivalertly CI(V; ) the Cli®ord algebe of the
quadmtic quaternion space (V; ).

Let t be a semilinear similitude of a quadratic space(U;q) of even dimen-
sion over K. Assumethat disc(qg) is trivial, sothat Cy(U;q) decompsesas
produlct of two K -algebrasC* (U;g) and Ci (U;g). We say that it is propeg if
Co(t) C8 (U:q) % CS8 (U;q) and wesay that t isimproper if Co(t) C% (U;q) %
C (U;0). In generalwe say that t is proper if t is proper over some eld exten-
sion of F which trivializes disc(g). For any semilinear similitude t, let d(t) = 1
is t if properand d(t) = j 1if t isimproper.

Lemma 5.6. Let tj be a semilinear similitude of (Uj;q), i = 1;2. We have
d(ty ? t2) = d(t2)d(t2).
Proof. We assumethat disc(qg), i = 1;2, is trivial. Let e be an idempotent

generating the certer Z; of Co(g). We have tj(g) = ¢ if tj is proper and
ti(e) = 1j g iftj isimproper. The idempotent e = e;+e;j 2e16, 2 Co(th ? )
generatesthe certer of Co(qu ? @) (seefor example[E, (2.3), Chap. IV] ) and
the claim follows by casecheding. O

Lemma 5.7. LetV, i, V% R and T be asatove. Let dimkx V® = 2m. Then T
is proper if m is evenand is improper if m is odd.

Proof. The quadratic space(V; ) is the orthogonal sum of 1—idimens'k9nalspaces
and we get a corresponding orthogonal decomposition of 'V?;[R] into sub-
spaces(U;; g) of dimension 2. In view of ‘g@) it suxces to ched the case

m=1 Let ®=a= a;+ ‘a2 D and Y= _a2 ?T : We choose?! = 1,
a0 &
a1 =] (j asin (B4), puti=1j 2j, sothat i = j i and choosea, = 0. Let

X = X161+ X268 2 VO, so[R](X1; X2) = ix1x, and C([R]) is generatedby e;; e,
with the relations €2 = 0, €5 = 0, e;e; + e,6; = i. The elemen e= ii leje; is
an idempotent generatingthe certer. SinceT (Xx1€1 + X&) = Xo€1 + X162, We
have Co(T)(e1€2) = | e26; and Co(T)(€) = 1j e ThusT is not proper. O
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Of special interest for the next section are quadratic quaternion forms [k] such

that the induced quadratic forms ¥ ([k]) are P ster forms. For corvenience
we call such forms P ster quadmtic quaternion forms. Hyperbolic spacesof
dimension 2" are P ster forms, hencespacesof the form ~ ([b]), b a hermitian

form over K, are P'ster, in view of the exactnessof the sequenceof Lewis [f].

It is in fact easyto give explicit examplesof P ster forms using the following

constructions:

Example 5.8 (CharF Q,Z). Let =< ,1;:::;,n > beadiagonal quadratic
formonF",ie.,qx) = ,ix?. Let [klonD" begivenby the diagonalform ‘q.
Then the corresponding quadratic form [R] on K 2" is given by the diagonal
form < 1;j* > - g. In particular we get the 3-P ster form << a;b;t >>
choosing for g the norm form of a quaternion algebra (a; b)g .

Example 5.9 (CharF = 2). et b =< 415, > be a bilinear diagonal
form on F", i.e., b(x;y) = LiXiyi. Let k = (j + )bon D". Then the
corresponding quadratic form [R] over K = R(j), j2 = j + ,, is given by
the form [R] = b- [1;,] where [»; ] = »x2 + x1Xo + “x22. In particular, for
b=< 1;a;c;ac >, we get the 3-P ster form << a;c;, ]] with the notations of

[, p. xxi.

6. Triality  for semilinear similitudes

Let C be a Cayley algebra over F with conjugation ¥2: x 7! X and norm
n: x 7! xX. The new multiplication x ?y = Xy satis es

(6) x?(y?x) = (x?y) ?x = n(x)y

for x, y 2 C. Further, the polar form b, is assaiative with respectto ?, in the
sensethat

bh(x?y;2z) = by(x;y ?2):

Pr oposition 6.1 For x, y 2 C, letrx(y) = y?x and "x(y) = x ?y. The map
C! Endg (C© C) given by

Ky ‘Xﬂ

|
X 7! r, 0
) . . i ¢ . i ¢
induces isomorphisms®: C(C;n);¢, it Ende(C©C); %~ and
i ¢ . (O ¢
(7) ®: 'Co(Cin)ico ¥ Ende(C);% £ Ende(C);% ;
of algebas with involution.

i ¢ i ¢
Proof. We have rxl‘x(y) = ‘Xlrx(y) = n(x) ¢y by (E). Thus the existence
of the map ® follows from the universal property of the Cli®ord algebra. The
fact that ® is compatible with involutions is equivalert to

i ¢ i ¢
b x?(z?y);u = by 2,y ?(u?x)
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for all x, y, z, uin C. This formula follows from the assciativit y of b,. Since
C(C;n) is certral simple, the map ® is an isomorphism by a dimension court.
O

Assumefrom now on that Cis de ned over a eld K which is quadratic Galois
over F. Any proper semilinear similitude t of n indycesa semilinear automor-
phism C(t) of the even Cli®ord algebra Cy(C;n); ¢o , which doesnot permute
the two componerts of the certelr of Co(C;n).¢Thus @y = Co(t) +® ! is a pair
of semilinear automorphisms of Endg (C); ¥ . It follows asin (#.5) that, for
any quadratic space(V; g), semilinear automorphisms of (Endk (V); % f4) are
of the form Int(f ), wheref is a semilinearsimilitude of g. The following result
is due to Wonerburger [fLd] in characteristic di®erert from 2:

Pr oposition 6.2 For any proper semilinear similitude t; of n with multiplier
14, there exist proper semilinear similitudes t,, t, suchthat

@ £ Co(ty) + @) = im'f(tz); Int(t3)¢

and

t1(x) ?t2(y);
(8) 11t (x ?y) ta(x) ?2ta(y);
15 Mo(x ?y) t3(x) ?ta(y):

Let t; be an improper similitude with multiplier * ;. There existimproper simil-
itudes t,, t3 suchthat

15 tg(x ?y)

t1(y) ?t2(x);
1ty (x ?y) ta(y) ?ta(x);
1) Ma(x ?y) t3(y) ?ta(x):
The pair (tz;t3) is determined by t; up to a factor (,; ,i 1),
havel 1,13 = 1:
Furthermore, any of the formulas in (E) implies the two others.

15 ta(x ?y)

2 K£, and we

B

Proof. The proof given in [E, (35.4)] for similitudes can also be usedfor semi-
linear similitudes. O

Remark 6.3. The classof two of the t;, i = 1; 2; 3, modulo K £ is uniquely
determined by the classof the third t;.

Cor ollar y 6.4. Let T; be a proper semilinear similitude of (C;n) such that
T2 =14, 112 KE and with multiplier j ;. There exist elementsa; 2 K%,
i = 1; 2; 3, and proper semilinear similitudes T; of (C;n), with Ti2 =1;,1;2
K £ and with multiplier j i, i = 2; 3; suchthat a@*; = 1j41 %i+» and

agTa(x?y) = Ti(x) ?Ta(y)
aiTi(x?y) = Ta(x) ?Ta(y)
aTa(x?y) = Ta(x)?Ti(y
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The classof any T; modulo K £ determines the two other classesand the t;'s
are determined up to norms from K £ . Furthermore any of the three formulas
determinesthe two others.

Proof. Counting indices modulo 3, we have relations
Ti(x) ?Tis1 () = bs2 Tivz; B 2 K®

in view of (E). If wereplaceall T; by T; +%,,° 2 K £ we get new constarts
a;. The claim then follows from (B.3). O

7. Triality  for quadra tic quaternion forms

Let D, = K© 1K = [K;* 1) beaquaternion algebraover F and let (V1; q,) be
a quaternion quadratic spaceof dimension4 over D;. Let iy = [hy], hi(X;y) =

P1(x;y) + 'R1(X;y), so that [R1] = ¥(W) corresponds to a 8-dimensional
(classical) quadratic form on Vloiover K.¢The map Ty : VP I VP, Ti(x) =

X1, is a semilinear similitude of V;[R;] with multiplier j *; and sud that

T2 = 1. Werecall that by (E) it is equivalert to have a quadratic quaternion
space(Vi; ) or apair V?;[T1] . Weassumefrom now on that the quadratic
form g, is a 3-P ster form, i.e.,the norm form n of a Cayley algebra C over
K. In view of (@) T1 inducestwo semilinear similitudes T,, resp. Tg, with

multipliers 15, resp. 13, which in turn de ne a quaternion quadratic space
(V2; o) of dimension 4 over D, = [K;15), resp. a quaternion quadratic space
(V3; ) of dimension4 over D3 = [K;13). Let Br(F) be the Brauer group of
F.

Pr oposition 7.1 1) [Dl][DF][D3]¢= 12 Br(F),
2) The restriction of ® : Co C;n) il Endk (C) £ Endk (C) to C(Vi;Di; i)
induces isomorphisms¢ ¢ ¢
i > i
® : C(\/IrDlapi)’C- |i EndDi+1 (\/i+l);:yﬁi+1 £ EndDi+2 (\/i+2);:yﬁi+2

Proof. The rst claim follows from the fact that 1,1, = * 3 Nrdp,(as) and the
secondis a consequencef (b.5), (B-) and the de nition of ®. O

Example 7.2 Let Cy be a Cayley algebraover F and let C= Cy- ¢ K. For
any c2 Cysuchthat =1, 2 Ff T, :C! Cgivenby Ti(k- x) = k- xcis
a semilinear similitude with multiplier j *, sud that Tf = 1,. The Moufang
identity (cx)(yc) = ¢(xy)cin Cimplies that

(xc) ?(cy) = T(x ?Yy)T:
Thus To(k - y) = k- cy and Ta(k- z) = ik- Tzc (wherei 2 K% is such

§hat i = i) satisfy (E)q; The corresponding triple of quaternion algebrasis
[K;11);[K;11);[K;ii12) ), the third algebrabeing split.

Example 7.3 Let D, i = 1;;2; 3, be quaternion algebrasover F suc that
[D1][D2][D3] = 1 2 Br(F). We may assumethat the D; contain a common
separablequadratic "eld K andthat D; = [K;1;),1; 2 F£ sudthat 1 11,132
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FEZ In [E (43.12)] similitudes S; with multiplier *;, i = 1; 2; 3, of the split
Cayley algebraCs over F are given, such that 1) 1} 1S5(x ?2y) = Si1(x) 2 Sa(y)
and2) S? = ;. Let C= K - Gs. Let u2 K% besuc that U = j u. The
semilinear similitudes T;(k - x) = uk- Sj(x), i = 1; 2; 3, satisfy

agTs(x ?y) = Ti(x) ?Ta(y)

with ag = ut} 1 (we usethe samenotation ? in Cs and in C). Thus there exist
a triple of quadratic quaternion forms (L ; kp; ) corresponding to the three
given quaternion algebras. We hope to describe the corresponding quadratic
quaternion forms in a subsequeh paper.
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